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ADVERTISEMENT 



TB35 FIFTH EDITION. 



On examination of the fourth New York Edition of 
Bonnycastle's Introduction to Algebra, I found it to be 
replete with t)rpographical errors, which induced me to 
solve every example and problem anew, and also to ex- 
amine the whole work with the greatest care. 

Many errors have also been detected in the original, 
which were not corrected in any of the former Editions 
published in London or in the United States. 

To this Edition, there iu added an Addenda, by 
Charles Bonnycastle, containing a new method of ap- 
proximating to the roots of equations, similar to the me- 
thods of Holdred, Homer, Nicholson, &c., &c. 

So that, upon the whole, the fifth New York Edition 
of this work will be found the most useful and correct of 
any that has been yet published on either side of the 
Atlantic. 

JAMES RYAN. 

New York, June let, 1831. 
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THE SECOND NEW YORK EDITION. 



It would be supeifluous to advance any tkihg in commendatioai 
of " Bonnycastle's Introduction to Algebra," as the number of 
European editions, and the increase of demand for it since its 
publication in this aountry, arcsufficient proofs of its great utility. 

But to make it Universally useful bodi to the tutor and scholar, 
I have given, in this edition, the answers that were omitted by 
the author in the original. 

In the course of the work, particularly in Addition, Subtrac- 
tion, Multiplication, Division, Fractions, Simple Equations, and 
Q,uadratic9, 1 have added a great variety of practical examples, 
tti' being essentially necessary to exercise young students in the 
elementary prificiples. ^ 

Several new rules are introduced, those of principal. note are 
the following : Case 12. Surds, containing two rules for finding 
any root of a Binomial Sard, the Solution of Cubics by Converg- 
ing Series, the Solution of Biquadratics by Simpson's and 
Euler's methods : all these rules are investigated in tne plainest 
manner possible^ with notes and remarks, interspersed throughout 
the work, contaming some very useful matter. 

There is also given all the Diophantine Analysis, contained 
in Bonnycastle's Algebra^ VoL I. &vo. 1820, heins a methodical 
abstract of this part of the science, which comprehends most of 
the methods hitherto known for resolving problems of this kind, 
and will be found a ready compendium for such readers as may 
acquire some biowledgd of the Analytic Art. 

JAMES RYAN- : 
. Ntw York, January 1, 132SL 
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The poweis of the mind, like those of the body, arc increased by fre- 
quent exertion; application 'and industry supprjr the place of genius 
and iarention ; andeven the creative facul^ itself maybe strengthened 
and improved by use and perseverance. Uncultivated nature is uni« 
formly rude and imbecile, it being by imitation alone that we at first 
acquire knowledge, and the means of extending its bounds. A just and 
perfect acquaintance with the simple elements of science, is a nece^ary 
step towards our future process and advancement ; and this assisted 
by laborious investigation and habitual inquiry, will constantly lead to 
eminence ai^d perfection. 

Books of rudiments, therefore, concisely written, well digested, and 
methodically arranged, are tresisures of inestimable value; and too 
many attempts cannot be made to render them perfect and complete. 
When the first principles of any art or science are firmly fixea and 
rooted in the mind, their application soon becomes easy, pleasant "and 
obvious ; the understanding is delighted and enlarged; we conceive 
clearly,, reason distinctly, and form just and satisfactory conclusions. 
Button the contrary, when the mind, mstead of reposing on the stability 
of truth and received principles, is wandering in doubt and uncertainty, 
our ideas will necessarily be confused and obscure ; and everv step we 
take must be attended with fresh difficulties and endless perplexity. 

That the grounds, or fundamental ^aits of every science, are dtA 
and unentertaining, is a complaint universally ma,ae, «nd a tmth not 
to be denied ; but then, what & obtained with difficulty is usually re- 
membered with ease ; and what is purchased with pain is often po«&- 
sessed with pleasure.. The seeds.'of knowledge are sown in every soil, 
but it is by proper culture alone that they are cherished and brought ta 
maturity. A few years of early and assiduous application never fails 
to procure us the reward of our industry ;: and who is there, who knows 
th* pleasures and advantages which the sciences afford, that would 
think his time, in this case, misspent, or his labours useless % Riches 
and Honours are the gift of fortune, casually bestowed, or hereditarily 
received, and are frequently abused by their possessors; but the supe- 
riority of wisdom and knowledge is a pre-eminence of merit, which 
originates with the man, and is the noblest of all distinctions. 

Nature, bountiful and wise in all things, has provided us with an in- 
finite variety of scenes, both for our instruction and entertainment; 
and, like a kind and indulgent parent, admits all her children to an 
^Q^ual participation of her blessings. But as the modes, situations, and 
Circumstances of life are various, so accident, habit, and education, nave 
each their predominating influence, and give to every mind its partio- 
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ular bias. Where examples of excellence are wanting, the attempts to 
attain it are but few ; but eminence excites attention^ and produces imi- 
tation. To raise the curiosity, and to awaken the listless and dormant 
powers of younger minds, we have only to point out to them a valuable 
acquisition, and the means of obtaining it ; the active principles are 
immediately put into motion, and the certainty of the conquest is en- 
sured from a determination to conquer. . 

But of all the sciences which serve to call forth this spirit of enter- 
prise and inquiry, there are none more eminently useful than Mathe- 
matics. By an early attachment to these elegant and sublime studies, 
we acquire a habit of reasoning, and an elevation of thought, which 
tres the mind, and prepares it for every other pursuit. From a few 
axioms, and evident principles, we proceed gradually to the most 
general propositions and remote analogies; deducing one truth from ^ 
another, m a chain of argument well connected and logically pursued ; 
which brings us at last, in the most satisfactory manner^ to the conclu- 
sion, and serves as a general direction in all our inquiries after truth. 

And it is not only in this respect that mathematical learning is so 
highly valuable; it is,, likewise, equally estimable for its practical util- 
ity. Almost all the works of art and devices of man, have a depend- 
anoe upon its principles, and are indebted to it for their origin andper- 
£acjtion. The cultivation of these admirable sciences is, therefore, ft 
tiling of the utmost • importance, and ought to be considered as a 
principal part of every liberal and well-regulated plan of education. 
They are the guide of our youth, the perfection of our reason, and the 
foimdation of every great and noble undertaking. 

From these considerations, I have been induced to compose an mtro- 
ductory course of mathematical science; and from the kind encourage- 
ment which I have hitherto received, am not without hopes of a con- 
tinuance of the same candour and approbation. Considerable practice as 
a teacher, and a long attention to the difficulties and obstructions which 
retard the progress of learners in general, have enabled me to accom- 
modate myself the more easaly to Uieir capacities and understandings. 
And as an earnest desire of promoting and difiusing useful knowledge 
is the chief motive for this undertakmg, so no pains or attention shall 
be wanting to make ft as complete and perfect asposs;ible. 

The subject of the present performance is Algebra ; which is one of 
the most important and useful branches of those sciences, and may be 
justly consiaered as the key to all the rest.- Geometry delights us by 
ti» simplicity of its principles, and the elegance of its demonstrations ; 
Arithmetic is confined in its object, and partial in its ap|)lication ; 'but 
Algebra, or the Anal3rtic Art, is general and comprehensive, and'may 
be applied with success in all cases where truth is to be obtained and 
prqper data can be established. 

To trace this science to its birth, and to point out the various altera- 
tions and improvements it has undergone in its progress, would far 
expeed the limits of a preface.* It will be sufficient to observe that the 
invention is of the hignest antiquity, and has challenged the praise and 
adoration of all ages. DiopkantuSy a Greek mathematician, of Alex- 
andria in Egypt, who flourished in or about the thiM century after 
Christ, appears to have been the first, among the ancients, who applied 
it to the solution of indeterminate or unlimited problems; but it is to 
the modems that we are principally indebted for the most curious re- 
finements of the art, and its great and extensive usefulness in every ab- 
struse and difficult inquiry. Newton, Madawrin^ Sanderiouy SUrnpson^ 

* Those who axe desirous of a knowledge of this kind, may consult the Introdiftotton to 
my Treatist an Algebra: where they will And a regular historical detail of the rise anl 
itro0DQM qH the jKtencei nan iU fint rode beeiniUsei4o the pxesent tiaee. 
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and Emerson^ amon^ our own coimtiymen, and dairaidf BuUr^ Lor' 

fremg^y and Lacrotx^ on the continent, are those who have particular- 
excelled in this respect ; and it is to their works that I would refer 
ejoung student, as tne pattern^ of elegance and perfection. 

The following compendium is formed entirely upon the model of those 
writers, €md is mtended as a useful and necessary introduction to them. 
Almost every subject, which belongs to pure Algebra, is concisely and 
distinctly treated of; and no pains nave been spared to make the whole 
as easy and intelligible as possible. . A great number of elementary 
boolB have already been written upon this subject ; but there are none, 
which I have yet seen, but what appear tome to be extremely defective. 
Besides being totally unfit for the purpose of teaching, they are gene- 
rally calculated to vitiate the taste, and mislead the judgment. A te« 
dious and inelegant method prevails through the whole, so that the- 
beauty of the science is generally destroyed by the clumsy and awkward 
manner in which it is treated ; and the learner, when he is afterwards 
introduced to some of our best writers, is obliged, in a great measure, 
to unlearn and forget every thing which he has been at so much pains 
in acquiring. 

There, is a certain taste and eleg,ance in the sciences, as well as in 
every branch of polite literature, which is only to be obtained from the 
best authors, and a judicious use of their instructions. To direct the 
student in his choice" of books, and to prepare him Properly for the ad- 
vantages he may receive from them, is therefore, the business of every 
writer who engages in the humble but Useful task of a preliminary 
tutor. This information I have been careful to give, in every part of 
the present performance, where it appeared to be in the least necessary: 
and, though the nature and confined limits of my plan admitted not of 
difiused observations or a formal enumeration ox partictdars, it is pre* 
sumed nothing of real use and importance h)^ been omitted. My prin- 
cipal object was to consult the ease, satisfaction, and accommodation of 
the learner : and the favourable reception the work has met wit^ from 
the public, has afforded me the gratification of believing that my la- 
bottis have not been unsuccessfuUy employed. 
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ALGEBRA. 



Algebra is the science which treats of a general method 
of performing calculations, and resolving mathematical prob- 
lems, by means of the letters of the alpluibet. 

Its leading rules are the same as those of arithmetic ; and 
the operations to be performed are denoted by the following 
characters : — 

+ plus^ or more, the sign of addition ; signifying that the 
quantities between which it is placed are to be added to- 
gether. 

Thus, a-\-h shows that the number, or quantity, represented 
by b, is to be added to that represented by a ; and is read a 
plus b. 

— minus, or less, the sign of substraction ; signifying that 
the latter of the two quantities between which it is placed is 
to be taken from the former. 

Thus a— b shows that the quantity represented by 6 is to 
be taken from that represented by a : and is read a minus h 

Also, a^ represents the difference of the two quantities 
a and b, when it is not known which of them is the greater. 

X into, the sign of multiplication; signifying that ^e 
quantities^between which it is placed ar^ to be multiplied 
together. 

Thus, aXb shows that the quantity represented by a is to 
be multipled by that represented by b ; and is read a into h. 

The multiplication of simple quantities. is also frequently 
denoted by a point, or by joining the letters together in the 
form of a word. ^ 

Thus, axh^»h s^d ^) all signify the product of a and 
b ; also, 3 X ^a^y or 3a, is the product of 3 and a \ and is read 
- 3 times a, 

-T- by, the sign of division ; signifying that the former of the 
two quantities between which it is placed is to be divided by 
the latter. ' 

Thus, a-^b, shows that the quantity represented by a is 
to be divided by that represented by b ; and is read a by i, 
Qx a divided by h. 
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Division is also frequently denoted by placing one of the 
two quantities over the other, in the form of a fraction 

Thus, h-^ a and - both signify the quotient of b divided 
a 

a — b 
by a ; and ~-j-- signifies that a — b is to he divided by 

a + c. 

== eqtial to, the sign of equality ; signifying that the quan- 
tities between which it is placed are equal to each other. 

Thus, x = a-^-b shows that the quantity denoted by x is 
equal to the sum of the quantities a and b ; and is read x equal 
- to a plus b. ' 

Any two algebraic expressions a^ said to be identical^ 
when they are of the same value i for all the values of the 
letters of which they are composed. 

• Thus (ac + a) X (a? — a) = ac"— o*, whatever numeral 
values may be given to the quantities represented by x 
and a. 

> greater than, the sign of majority; signifying that the 
former of the two quantities between which it is placed is 
greater than the latter. 

Thus o > ^ shows that the quantity represented by a is 
greater than that represented by b ; and is read a greater 
than b, 

< less thauy the sign of minority ; signifjring that the former 
of the two quantities between Which it is placed is less than 
the latter. ' 

. Thus, o < ft shows that the quantity represented by a is 
less than that represented by b ; and is read a less than b. 

: as, or to, and : : so is, the signs of an equality of ratios ; 
.signifying that the quantities between which they are placed 
are proportional. 

Thus, a :b :: c : d denotes that a has the same ratio to b 
that c has to d, or that a, b, c, d^ are proportionals ; and is 
read, as a is to ft so is c to (2, or, a is to ft as c is to (7. 

V the radical sign, signifying that the quantity before 
which is placed is to have some root of it extracted. 

* WoodhoTise, in his Principles of Analytical Calculation, sajrs that 
re' — a^ is not generally = (a>— a) . (a?+a): for instance, the particular 
case of a; = tt IS to be excluded; the proof essentfelly demanding this 
circumstance, to wit, that x — a be a quantity, or that x be greater than 
a^ Euler calls x — l=x — I an identical equation ; and shows that 

'!» is indeterminate, or that any number whatever may be substituted 
for it. See Euler's Algebra, page 289, Vol. I.— Ei>. 
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Thus, \/a is the square root of a ; \/a is the cube root of 
o ; and \/ a'v^ the fourth root of a ; <$tc. 

The roots of quantities are also represented by figures 
placed at the righthand comer of them, in the form of a 
fraction. 

Thus, o' is the square root of a ; a^ is the cube root of it; 

and dS^ is the »th root of a, or a root denoted by any num- 
ber n. 

In like manner, c? is the square of a ; o^ is the cube of a \ 
and €S^ is the iwth power of «, or any power denoted by the 
number m^ 

GO is the 'sign of infinity, signifying that the quantity stand- 
ing before it is of an luilimitBd value, or greater than any 
quantity that can be assigned. 

The coefiicient of a quantity is the number or letter which 
is prefixed to it. 

Thus, in the quantities 3i, — |i, 3 and — f are the coefiSi- 
cients of h ; and a is the coefiicient of a; in the quantity ax. , 

A quantity without any coefiicient prefixed to it is sup- 
posed to have I or unity ; and when a quantity has no sign 
before it, 4- is always understood. 

Thus, a is the same as •\- a^ ox '\- \a\ and — a is the 
same as — la, 

A term is any part or member of a compound quantity, 
which is separated from the rest by the signs -|- or — . 

Thus a and h are the terms of a + ^ ;, ^nd 3a, — 25, and 
-f- 5c(?, are the terms of 3a -^ 26 + 5ci. 

In like manner, the terms of a product, fraction, or propor- 
tion, are the several parts or quantities of which they are 



a 
Thus, a and h are the terms of ai, or of -; and. a, 5, c, J, 

h 

are the terms of the proportion a : 5 : : c : rf. 

A factor is one of the terras, or multipliers which form the 
product of two or more quantities. 

Thus, a and h are the factors of ab ; also, 2, a, and 5', are 
the factors of 2aJ* ; and a-- x and 6 — x are the factors of 
the product (a — ac) X (^ — «). 

A composite number, or quantity, is that which is produced 
by the multiplication of two or more terms or factors. 

Thus, 6 is a composite number, formed of ihe factors 2 and 
8, or 2 X 3 ; and Zahc is a composite quantity, the factors of 
which are 3, a, 6, c. 

2 



X4 DfiPlNinONS. 

Like quaKitities, are those 'whicli consist of the same letters 
Or combinations of letters ; as a and 3a, or bah and lab^ or 
2flr*5 and 9a»Z». . • 

XJnlike quantities, are those which consist of diflferent let- 
ters, or combinations of letters ; as a and h^ or 3a, and a', or 
6a&^ and 7a^i. 

Given quantities, are such as have known values, and are 
generally represented by some of the first letters of the 
alphabet ; as a, ^, c, (2, &c. 

Unknown quantities, are such as have no fixed values, and 
are usually represented by some of the final letters of the 
alphabet ; as a?, y, z. 

Simple quantities are those which consist of one term 
only ; as 3a, baby — Sc^b, &c. 

Compound quantities, are those which consist of several 
terms ; as 2a -f b, or 3a —2c, or a + 2i — 3c, &c. 

Positive, or afiirmative quantities, are those which are to be 
added ; as a, or + a, or -j- 3a5, &c. 

Negative quantities are those which are to be subtracted : 
as — a, or — 3^^) or r- 7a&^, &c. • 

Like signs, are such as are all positive, or all negative *, 
as + and +> w — and — . 

Unlike signs, are when some are positive and others nega- 
tive ; as 4-.and — , or — and + . 

A monomial, is a quantity consisting of one term only ; . 
as a, 25, — 3a*5, &c. 

A binomial, is a qjiantity consisting of two terms, as a + 5, 
or a — 5 ; the latter of which is, also, sometimes called a re- 
sidual quantity. 

A trinomial, is a quantity consisting of three terms, as 
fl -|-^J — 3c ; a quadrinomial of four, as a — 25 -f 3c — (;?, 
and ^ polynomial, or multinomial, is that which has many 
terms. 

The power of a quantity, is its square, cube, biquadrate, 
&c. ; called also its second, third, fourth power, &c. ; as 
a", a^ a*, &c. 

The index, or exponent of a quantity, is the number which 
denotes its power or root. 

Thus, — 1 is the index of a-*, 2 is the index of a*, and i 

of a or y/ a. 

When a quantity appears without any index, or exponent, 
it is always understood to have unity, or 1. 

Thus, a is the same as a*, and 2x is the same as 2a;* ; the 
I, in such cases, being usually omitted. 



DEFINITIONS. . 15 

. A rational quantity, is that which can be expressed in finite 
terms, or without any radical sign, or fractional index ; as a, 
or ia, or 5a, &c. 

* An irrational Quantity, or Surd, is that of which the value 
cannot be accurately expressed in numbers, as the square 
roots of 2, 3, 5. Surds are commonly expressed by means 
of the radical sigh y/ ; as y/2, -/a, V<^> of a fractional in- 

J. 4 |. 
dex ^ as 2 , a , a , &c 

^ A square or cube number, <&c., is that which has an exact 
square or cube root, &c. 

Thus, 4 and -la* aare square numbers ; and 64 and ~a? 
are cube numbers, &c. 

A measure of any quantity, is that by which it can be 
divided without leaving a remainder. 

Thus, 3 is a measure of 6, 7a is a measure of 35a, and 9<tb 
of 27 a*&^. 

Commensurable quantities, are such as can be each divided 
by the sam6 quantity, without leaving a remainder. 

Thus, 6 and 8, 2\/2 and 3\/2, 5a*ft and«7aft*, are com- 
mensurable quantities; the common divisors being 2, ^/2, 
and ah. 

Incommensurable quantities, are such as have no common 
measure, or divisor, except miity. 

Thus, 15 and 16, ^/2 and -/S, and a + 5 and a* + i* are 
incommensurable quantities. 

A multiple of any quanjtity, is that which is some exact 
number of times that quantity. 

Thus, 12 is a multiple of 4, 15a is a multiple of 3a, and 
20aV of 5a*. 

The reciprocal of any quantity, is that quantity inverted, or 
unity divided by it. 

Thus, the reciprocal 3f a, or r is - ; .and the reciprocal of 
- 1 a 

a, b 
Tis-. 
a 

A function of one or more quantities, is an expression into 
which those quantities enter, in any manner whatever, either 
combined, or not, with known quantities. 



* This definition of a Surd, 6r irrational Cluantity, is due to Robert 
Adrian, LL. D., Professor of Mathematics and Natural Philosophy in 
Ihe TJniversitv of ^ennsyi™iia, who had first published it in his edition 
of Hutton's Course of Matnematics. — Ed. 
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Thus, a^— 2a?, ax +3a^, 2a; — a (o*— a;") , aaJ»", o*, &c., 

are functions of x ; and axy-\-ha^, ay-\-x {aa^ — ^y^)'^, &c., are 
functions of x and y. 

A vinculum, is a bar — ^ — , or parentheses ( ), made use of 
to collect several quantities into one. 

Thus a -{- b X c,QT {a + b) c, denotes that the compound 
quantity a -^ b is to be multiplied by the simple quantity c ; 

and y/ab -\- c^, or {ab + c*)^, is the square root jof the com- ^ 
pound quantity ab -^ (^. 

Practical Examples for computing the numeral Values of 
various Algebraic Expressions^ jot Combinations of Letters, 

Supposing a = 6, J = 5, c = 4, (2 = 1, and e = 0. 
Then 

1. V + 2a* — c + (Z = 36 + 60 - 4 + 1 = 93. 

2. 20^ - 3(r»3 + c» = 432 - 540 + 64 = — 44. 

3. a" X {a + b) — 2abc = 36 X H - 240 = 156. 

4. 2av^(&^-.ac)+ v^ (2oc + c^) = 12 X 1 + 8 = 20. 

5. 3a y/ (2ac +c^), or 3a (2ac + c^)* = 18V64 = 144. . 

6. y/ [2a« — yf {2ac + <J^) 1 = V{72 — V 64) = y/ (72 — 
8) = x/64^8. 

2a + 3c 4bc _I2 + 12 80 J^24 

'^' 6d -^Te'^ V (2ac + c") 6 + "^ ^ (48 + 16)~T 
80 _ 
+^=14. 

Required the numeral values of the following quantities ; 
supposing a, b, c, d, e, to be 6, 5, 4, 1, a;id 0, respectively, as 
above. 

1. 20^ + 3^-5(^=127 ■ ^ 

2. 5(^b —lOab^ + 2e = —600 

3. 7(^ + b-^cXd + e=: 253 • 

4. 5 v^a* + ft* - 2a& - 6* = - 7.613875 

a a -^ b 

5. "Xd 3 h2a*c =i. 

c a 

6. 3 ^/c + 2 x/ (2a + * - (?) = 14 - 

7. a ^/ (a^ + ft^) + 3*c ^/ (a= — i») = 245.8589862 . - • 

8. 3a'b+l/l(^+ V {2ac + c»)] = 542.^44991 
2b + c y/5b + 3y/c + d 

^*3a^c 2a + c "^ *' 



ADDITION. . n 

ADDITION. 

Addition is the connecting of quantities together by 
means of their proper signs, and incorporating such as are 
like, or that can be united into one sum ; the rule for per- 
forming which is commonly divided into the three following 
cases.* 

CASE I. 

When the QuaTttities are like, and have like signs. 
Rule. — ^Add all the coefficients of the several quantities to- 
gether, and to their sum annex the letter or letters belonging 
to each term, prefixing, when hecessary,4he common sign. 

EXAMPLES. 

3a — r Sax 2b -|- 3y 

5a — 6aa; ^ 56 + 7y 

a - —ax ^ + 2y , 

7a .— 2aa; Sh +" y 

12a — 7aaj 45 + 4y 



28a — 19aa; 



-2hf 

— 8*y» 
-6/ 



36aar' 



— : 


I86y» 


7a:. 

a? 

3a? 

X 

4x 


-4y 
-8y 
-y 
^3y 

-y 


16a: 


^17y 



206 4-17y 


a— 2a;* 
a-6ai* 
4a— (K* 
3a-5«« 
7a-«« 


16a-15a:« 


2a + a:* 
3a + a:* 

a + 20^ 
9a + 3«« 
4a + a^ 


19a + 8ar» 



♦ The term Addition, which is generally used to denote this rale, is 
too scanty to exwess the nature of the operations that are to be per- 
fowned in it ; which are sometimes those of addition, and sometimes 
subtraction, accor^ig as the quantities are negative or positive. ^ It 
should, therefore^ be called by some name signifying incorporation, or 
striking a balance-; in which case, the incongruity here mentioned 
.would be removei '' 

. 2* 



IS ADDITION. 

CASE II. 
When the Quantities are like, hut have unlike Hgn^. 
RuLE.->— Add all the affirmatiye coefficients into one sum, 
and those that are negative into another, when there aro 
several of the same kmd : then subtract the less of these 
sums from the greater, and to the difference prefix the sign 
of the greater, annexing the common letter or letters as 
before. 



-3a 
+ 7a 
+ 8a 
— a 


EXAMPLES. 

2a— 3a; 

— 7a + 5a:* 

— 3a + a?» 
+ a-3a:* 


6a: + 5ay 
— 3a? + 2ay 
X — 6ay 
2a: + ay 


4-lla 


-7a • 


6a: + 2ay 


-2a* 
-3a» 
^8a* 
+ I0a» 
+ 130* 

+ l(Ja* 


3ay-7 

-ay + 8 

+ 2ay - 9 

-3ay- 11 

+ 12ay + 13 

+ 13ay-6 

— 6a* + 26 
+ 2a*-36 

- 5a* - 86 
+ 4<ia_26 
-3a* + 96 ' 


— 3a6 + 7a: 
+ 3a6 - 10a: 
4- 3a6 — 6ar 
— o6 — 2a: 
•\-2ab + Ix 

+ 4a6 — 4a: 


— 2a>/» 

+ a^/x 

-3a^/a: 

^Aa^/x 


Swi? + 5a:» 
-2aa^-6a:^ 
+ 3aa* - 10a?* 
- 7aa;* + 3a?a 
+ aa?* -Klla?^ 


— Uy/X 


— 8a* - 26 


•\^a:^ + 3a;^ 




CASE III. 





tff\ 



When the Quantities are unlike; or some like and others 
unlike* » 

Rule. — Collect all the, like quantities together, by taking 
their sums or differences, as in the foregoing cases, and set 



down those that are unlike, one after another, with their pro- 
per signs. 



EXAMPLES. 



5xy 2xy — 2a;' 2aa; — 30 

4aap . 3jr" + tty Sop" — 2ax 

— ay flc* + ajy 5a:* — Sflc* 

-4oa? 40* — 3ay 3Va? + 10 



4ay Ga:' + ay 8a^ — 20 



+ oa;« 8flr*a:« — ^ax 10ft« — 3a"a? 

+ 3aa:? 9a? y — 5a« 50 -f2a*a: 

— oa:' 2c^a^ -{- xy c^s^ + 120 



+ 200* 10a'a:' + 5ary — ax 96» + 3<r»aj»--a*ar+ 170 
+ 3a*y 2^/3?— 17y 20*— 3aV« 



X JL 



— 2a;y'* 3 ^/ a?y + 10a: aj* — 2a««« 

— Sy^a? 2a:'y + 25y 30* — 13a:y 

— 6x^1/ Vlxy—y/xy a?y + 32a* 

-\-2xf — 9y + 18a;^ * 20 — 65a^ 



\ Zc^y — 3y*a; — Sx'y ( 19 x/x + 12xy ) 37a» — 3a Vx — 12xy 



EXAMPLES FOR PRACTICE. 

1. Required the sum of ^ (a + h) and ^ (a —5). Ans. a. 

2. Add 5x — 3a + 5 + 7 and — 4a — 3x + 2* — 9 togeth- 
er. ' Ans. 2x — 7a + 35 — 2. 

3. Add 2a + 35 — 4c — 9 and 5a — 35 + 2c — 10 togeth- 
er. Ans. 7a — 2c — 19. 

4. Add 3a + 25 — 5, a + 65 — c, and 6a — 2c + 3 to- 
gether. Ans. 10a + 75 — 3c —2. . 

6. Add X* + ax* + 5x + 2 and x^ + ex* + ^^ — ^ together. 
Ans. 2x^ + (a + c) X* + (5 + (?) X 4- 1. 
' 6. Add 6xy — 12x*, — 4a?* + 3xy, 4x* — 2xy, and — 3xy 
+ \tdf together: Ans. 4xy — . 8«* 



20 SUBTRACTION. 

7. Add 4ar — 130 + 3a;«, 5oi^ + 3ax + ^A 7ary — 4x* + 
90, and ^/ a; + 40 — 6jc^ together. Ans. lax -|- &r* + 7xy, 

8. Add 2a» -- Bab + 2^^^- So", 36' — 2(r» + a' - 5<r», 4c3 
— 2P + 5a6 + 100, and 20a6 + 1 6flr» — 6c — 80 together. 

Ans. 13a^ + 22a6 + 36^ + a' -. c^ + 20 - 6c. ' 
5a 3c^ 7^/6c ^\a6 +.a;, . 8a , 7c« 

9. Add -T +— ^^^ 9(— ^)and-- + 

b a X ^ d b a 

y/bc „ .ab + a. , 

12 .^— + 6 {—^) together. 

13a^4c« . V(6c) o/«* + ^ 

Ans. -T- H 5 — ^— — 3 ( — 3 — ). 

o a a: a ' 

10. Add 30^ + 46c - c* + 10, - 5a» + 66c + 2e» - 15, 
and — 4a* — 96c — lOc* +21 together. 

' Ans. 6c - 6a» - 96* + 16. 



SUBTRACTION. 

Subtraction is the taking of one quantity from another ; 
or the method of finding the difference between any two quan- 
tities of the same kind ; which is performed as follows : — * 

Rule. — Change all the signs (+ and — -) of the lower line, 
or .quantities that are to be, subtracted, into the contrary signs, 
or rather conceive them to be so changed, and then collect 
the terms together, as in the several cases of addition. 

EXAMPLES. 

5a* — 26 a* — 2y + 3 bxy + 8a: — 2 

2a* + 56 4ar» + 9y — 5 3a:y — 8«? — 7 

3a* — 76 i- 3x* — lly + 8 2a:y + 16a: + 5 



* This rule being the reverse of addition, the method of operation 
must be so likewise. It depends upon this principle, that to subtract an 
affirmative quantity from an affirmative, is the same as to add a nega^ 
tive quantity to an affirmative. 

Thus, according to Laplace, we can write 

a = a-{-b-'b (1), 

a — c=a — c-\-b — b . . . ri); 
so that if from a we are to subtract + d, or — b\ or what amounts to 
the same thing, if in a "^e suppress -\-b, or — b\ the remjjinder from 
transformation (1), must he a — b m the first case, and a -{-bin the se- 
cond. Also, if from a — c we take away -j- *, or — 6, the remainder^ 
from (2), will bea — c — *, ora — c-f b. — Ed. 



^ 
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5«y— 18 8y* — 2y — 5 10 — 8«— 3ay 

— ay + 12 — y* + 3y + 2 — « + 3 —ay 

6ay — 30 9ya — 5y — 7 7 — 7x — 2ay 



— Sar'y — 8a ^^/ax — ^ai^y 5a^ + v^a;— 4]^ 

+ 3a^y —7ft S^/ax — 5acy* 605* ^ 8a? — x« 



— Sa^y— 8a+7ft >/a*— ^jc'y + 5a;y* — a5* + 8a? + 2 v^x— 4y 



EXAMPLES FOR PRACTICE. 

1. Find the diflference of J (a + ft) and ^ (a — ft). Ans. ft. 

2. From 3a? — 2a — ft + 7, take 8 — 3ft + a + 4x. 

Ans. 2ft — a? — 3a — 1. 

3. From 3a + ft + c — 2<?, take ft — 8c + 2i — 8. 

Ans. 3a + 9c — 4(^ + 8. 

4. From 13a^ — 2aaf + 9ft", take 5a?* — 7aa? - b\ 

Ans. 8a;* + 5aa: + lOft^. 

JL 

5. From 20aa: — 5 ^a? + 3a, take 4aa: + 5x« — a. 

Ans. 16a« — 10 \^ x + 4a. 

6. Fr6m5aft + 2ft* — c + ftc — ft, takeft*— 2aft + ftc. 

Ans. 7aft + ft* — c — ft- 

7. From ax* — fta^ + ex — J, take ftx* + ex — 2 J. 

Ans. ax* — 2ftx + (c — e) « + (f. 

8. From — 6a — 4ft — 12c + 13x, take 4x — 9a + 4ft — 5c. 

Ans. 3a + 9x — 8ft — 7c. 

9. From 6x*y — 3 / (xy) — Gay, take 3x*y + 3 (xy)* — 4ay. 

Alls. 3a?*y — 6 >/(xy) — 2ay. 

10. From tke sum of 4ax — 150 + 4xa, 5x* + 3ax + 10x«, 
»nd 90 — 2ax — 12 v^ (x); take the sum of 2ax — 80 + 7x*, 

7x» - 8ax - 70, and 30 — 4 V(a?) - 2x* + 4a*x*. 

. Ans. llax + 60 — x« — 4a*x*. 

MULTIPLICATION. 

Multiplication, or the finding of the product of two or 
more quantities, is performed in the same manner as in arith- 
metic ; except that it is usual, in this case, to begin the 
operation at the lefthand, and to proceed towards the right, 
or contrary to the way of multiplying numbers. 



» MULTIPLICATION. 

The rule is commoidy divided into three cases ; in each of 
which it is necessary to observe, that like signs, in multiply- 
ing, produce +, and unlike signs, — . 

It is. likewise to be remarked, that powers, or roots of the 
same quantity, are multiplied together by adding their in- 
dices : thus, 

X L JSl 

dXc?, or fl* X a^ = o^; a* X a^ = a^\ a^ X o^ = a* ; 9^nd 
a»* X o'* = <2'"* **. 
The multiplication of compound quantities, is als6, some- 
^ times, barely denoted by writing them down, with their pro- 
per signs, under a vinculum, without performing the whole' 
operation, as 

2ah{a-h),ox2ay/{(f + yy 
Which method i« often preferable to that of executing the 
' entire process, particularly when the product of two or more 
factors is to be divided by some other quantity, because, in 
this case, arty quantity that is common to both th^ divisor and 
dividend, may be more readily suppressed ; as will be evident 
from various instances in the following part of the work* 

CASE L 

When the factors are both simple quantities. 

Rule. — Multiply the coefficients of the two terms to- 
gether, and to the product annex all the letters, or their 
powers, belonging to each, after the manner of a woi^d ; and 
the result, with the proper sign prefixed, will be the product 
required.! 

* The above rule for the signs may be proved thus : If b, i, be any 
two quantities, of which b is the greater, and b — * is to be multiplied 
by a, it is plain that the product, in this case, must be less than as, be- 
cause B — i is less than b ; and, consequently, when each of the terms 
of the former are multiplied by a, as above, the result will be 
(B^-d)X«i = <2B — ah. 

For if it were aB +fli, the product would be greater than aB, which 
is absurd. - ^ 

Also, if B be greater than ^, and a greater than ay and it is required 
to multiply b — b by a — fl, the result wiU be 

(b — i^ X (a — fl) = AB — OB — hk-\- ah. 

For the product or b — ^ by a is a (b — b\ or ab — a3, and that of 
B — h by — a, which is to be taken from the former, is — a (b — i^ as 
has been already shown ; whence b — ^ being less than B, it is eviaent 
that the part, which is to be taken away must be less than «b; and con- 
sequently since the fir§t part of this product is — « b, the second part 
must be 4- a* ; for if it were — ad, a greater part than as would be to 
be taken from a (b — d), which is absurd. 

t When any number of quantities are to be multiplied together, it is 
the same thing* in whatever order they are plaqed: thus, if «d is to b© 



12a 
3b 


EXAMPLES. 

— 2a +5a 
+ 46 - 6x 


4 

— 5*a 


26 ab 


-8a6 


— 30aa? 


+ 456a» 


7db 
— 5ac 


-6a*a: 
. + 5x 


— 2ay' 


— 7oay 
+ 6ay 


— 35Mc 


— 30a*«* 


+ 2xy 

+ afz 
— 6aa:y V 


— ^a"*/ 


3<£'b 
2bc? 


12a«aj 
-2a:*y 

— 24a»ar»y 




6a*&* 


-2a«ir»y» 



CASE II. 

fT^en one of the factors i$ a compound quantity. 
Rule. — Multiply every tenn of the compound factor, con- 
sidered as a multiplicand, separately, by the multiplier, as in 
the former case ; then these products, placed one after another, 
with their proper signs, will be the whole product required. 



3a - 26 
4a 


EXAMPLES. 

6iry — 8' 
3a? 


aa^-.2a: + l 
4a? 


'l2o* -8a6 


18a:«y -24a: 

35a? - 7a 
— 2a: 


4a"a? - Sic* + Ax 


12a? - a6 
5a 


3/ + y-2 
xy 


eOaoj - 5a*6 


- 70a?« + 14aa: 


3xy* + xy' —2xy 


13a?2-a*6 
— 2a 


25a?y + 3a» 
13a?* 


3a?* -^xy + 2f 
50-* 


-26aa;* + 2a^6 


325a?^y + 39aV 


15a;*-5a?V-10jcy 



multiplied by c, the product is either fl6c, acb^ or 6ca, &c. ; though it is 
usual, in this case, as well as in addition and subtraction, to put them 
according to their rank in the alphabet. It may here also be observed 
in conformity to the rule given above for the signs, that(+a) X (+6), 
or(-a)X<-6) = +a6j and( + (i)X(-6), or(-a)xC + *) 
= — «6. 
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CASE III. 
When both thefcfctors are com^pound c^ntitie8. 
Rule. — Multiply every term of the multiplicand separately, 
by each term of the multiplier, setting down the products 
one after another, with their proper signs ; then add the 
several lines of products together, and their sum will 1)6 
the whole product required. 

EXAMPLES. 

a + y 5« + 4y a" + apy — y* 

a + y 3x — 2y » — y 



a* + ay 15a^ + I2xy ac* + ar'y — acy* 
•^-i^y + J^ — lOxy — 8y* —oi^y — xy^ + f 

a:« + 2xy4-y^ 15a:" 4- 2xy — 8y» i^ • — 2ay».+ y^ 

a? + y a* + y a^ + xy + y^ 

a? — y ac^ + y a — y 



a^ + xy a?* + ar^y a* + a^y + x^ 

— xy-^y' +a^y-\'f — «*y— ^"f 

«« * — y" a;* + 2a:'y + y» a;^ * * - y' 



EXAMPLES FOR PRACTICE. 

1 . Required the product of a* — ay + y* and x-\'y. 

Ans. s^*\-y^, 

2. Required the product of aj* + a"y + ay* + y* and a — y. 

Ans a* — jr. 

3. Required the product of a" + ay + y" and x^ — xy + j^. 

Ans. a* + a'y* + y*. 

4. Required the product of 3a* — 2ay + 5, and a*+ 2ay — 3. 

•Ans. 3a* + 4a^y — 4a*y* — 4a» + 16ay - 15. 

5. Required the product of 2o* — 3aa + 4a* and 5c^ — 6ax 
— 2a*. Ans. 10a* — 27a3a + 34a*a* — ISoa^ — 8a*. 

6. Required the product of 5a' + 4aa* + 3a*a + a*, and 
2a* — 3aa + a*. . Ans. 10a*. — 7aa* - a»a* — 3a*a* +a». 

7. Required the product of Sa' + 2a*y* + 3y* and 2a' — 
3a*y* + 5f, 

Ans. 6a«» - 5a«y* - 6a*y* + 21a?y* + a*y* -f- 15y*- 

8. Required the product of ar* — aa* + fta — c and a* — (la 
+ e. Ans, a* — ca* — da* + {b + ad + e)o?-^{c + hd +.«») 

«* + (c^ + eh) a — cc. 



DIVISION. as 

9. • Required the product of the four following factors, viz. 
I. II. III. IV. 

(a + h), ((^ + ab + b^), (a - 5), and (a* - a* + h'). 

Ans. a* — b*. 

10. Required the product of cP + 3<^x -\- 3aot^ -\- a^ and 
€^ — 3a*x + Saa^ — aP, • Ans. cfl — 3oV + 3a"a?* — aJ». 

11. Required the product of a* + o?f? + c* and a" — c*. 

Ans. a' — c*. 

12. Required the product of (^ ■\- }? '\- <? — ab ^ ac ~- he 
and a + 5 + c. Ans. d? — 3a5c + 6^ + c^. 

DIVISION. 

Division is the converse of mulplication, and is performed 
like that of numbers; the rule being usually divided into 
three cases ; in each of which like signs give + u^ the quo- 
tient, a^d unlike signs ~, as in finding .their products.f 

It is here also to be observed, that powers and roots of the 
same quantity, are divided by subtracting the index of the 
divisor from that of the dividend. 

-«, . . a' I. X aa 1. . 

Thus, (T ~ cr, or -5 = ^; a^ -r o^, or — = a« ; 
" a 

« ♦ -f- «', or — =- a^ : and (t^ -7- d", or — = c»»-«. 

CASE I. 

Wkeii the divisor and dividend are both simple quantities. 

Rule. — Set the dividend over the divisor, in the manner of 
a fraction, and reduce it to its simplest form, by cancelting 
the lettei^ and ^gures that are common to each term. 

* I would advise the learner to perform the calculation of th|9 ex- 
ample several ways : viz. First, oy multiplying the product of the 
factors I. and II. by the product of the factors III. and I v . Secondlr, 
bv multiplying the product of the factors I. and III. by the product of 
the factors Ii. and IV. Thirdly, by multipljring the product of the 
factors I. and IV. by the product of the factors II. and III. The laat 
method is the most concise. See Euler's Algebra, page 1 19, Vol . I. — Ed. 

t According to the rule here given for signs, it follows that 
■4-ab . — ab . — ab +ad . 

as wiU readily appear by multiplying the quotient by the divisor; the 
signs of the product bemg then the same as would take place in the 
former rule. 



Ans. — 3^, and — -a' x^ 
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EXAMPLES. 

6ab , , , ^ 12aar» / 

Bob — 2o, or — = 3ft ; and I2aar ~ 3a:, or -- — = 4(KCi 
2a 3a? 

a , , flf , 

tf -^ a, or - = 1 ; and a-i a, or = — i. 

a ' ""* 4. .1 X 

Also — 2o -^ 3J, or ^^ = — | ; and 9a; -r 3a;* = 3'a;*. 
oa 

^ 1. Divide 16a;* by 8a;, and 12flr»a;* by — 8a»a?. * 

3a? 

Ans. 2a;, and 

2 

2. Divide — 15ay* by 3ay and — 18aa;*y by — 8aa;. 

9a;y 
Ans. — 5y, and — • 

3. Divide - I J by Ja^, and aa;^ by - -a^ a^ 

3 

4. Divide 12a*ft" by — 3a»6, and — 15ay* by - 3oy^ 

Ans. — 4ft, and 5y« . 

5. Divide — 15fl*a;* by 5aa;*, and 21oVa;* by — 7a€^x*. 

Ans. — 3o, and — Sax*, 

6. Divide — ITcc^c'c by — 5a;^a"c^ and 24a;y by 8 /(«y). 

17a;«ac^ 
Ans. r J and 3 -•(ay). 



CASE II. 

fFTien thes^ivisor is a simple quantity, and the dividend a 
compound one. 

Rule.— Divide each term of the dividend by the divisor, 
as in the former case ; setting down such as will not divide in 
the simplest form they will admit of. 

EXAMPLES. 

aft+ft^ , a+ft 

(aft + ft»)-2ft, or-^^=la + ift = ~2-- 

lOaft — 15<ia; . . ^ 
(lOoft - IStta;) -r 5a, or — = 2ft - Sap. 
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(30eix — 48a;') -^ 6a;, or ^J" = 5a — 8«. 

1. Let Sa;' + 6«* + 3ax — 15a; be divided by 3a?. 

Ans. a^ + 2x + a —6. 

2. Let Babe + 12a^ — 9a*ft be divided by Sab, 

Ans. c + 4« — 3fl. 

3. Let 40a3i3 + 60««6» — 17ai be divided by — ab. 

Ans. — 40a>6" — eOoft + 17. 

4. Let ISo^ic — 12aca;* + Sad* be divided by — 5ac. 

^ , 12«* (P 
Ans. -3aft + — --. 

5. Let 20aE' + ISoa;* + lOoa? + 5a be divided by 5a. 

Ans. 4aj« + 3a;* H- 2» + 1. 

6. Let Qbcdz + 4bzcP — 21^^ be divided by 2*;y. 

Ans. 3cd -f- 2iP — *jr. 

7. Let 14a» — 7ab + 21ax — 28a be divided by 7a. 

Ans. 2a — 6 + 3aj — 4 

8. Let — 20a^ + SOalP — 12a"6" be divided by — 4a6. 

Ans. 5 — 156" + ^ab. 

CASE in. 
When the divisor and dividend are both compound qiudiHeB* 

Rule. — Set diem down in the same manner as in division 
of numbers, ranging the terms of each of them so, that the 
higher power of one of the letters may stand before the 
lower. 

Then divide the first term of the dividend by the first term 
of the divisor, and set the result in the quotient, with its proper 
sign, or simply by itself, if it be affirmative. 

This being done, multiply the whole divisor by the term 
thus found ; knd, having subtracted the result from the di- 
vidend, bring down as many terms to the remainder as are 
requisite for the next operation, which perform as before ; and 
80 on, till the work is finished, as in common arithmetic. 

EXAMPLES. 

a; + y) ar' + 2ay + y'(a? + y 
a;' 4- ay 

ay + y' 
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a + x)€p + 5a^x+ 5ax^ -{-a^ (a' + 4ax +x' 
cP + a^x 



4a^x + 5ar» 
4a^x + 4oa:' 






a;— 3)ar»-9a;« + 27a;-27(ar« - 6« + 9 
a;' — 3a:8 



— 6a?»+27ir 

— 6a;«+18a; 



9a? — 27 
9a: — 27 

* 
2«'» — 3aaj + a«) 4a;* — 9a«a?» + 6cPx — a* (2«' + 3tfa; — a* 
4a!* — 6«a;' + 2a«a;* 

6a»» — lla«a?« + 6a»aj 
;; 6a«3— 9a«a!»-f-3a'a? 

! ' — 2a«a;8 + .3a'aj — a* 

— 2a«a?'*+3a?a; — a* 

Note 1. If the divisor be not exactly contained in the 

dividend, the quantity that remains after the division is 

finished, must be placed over the divisor, at the end of the 

quotient, in the form of a fraction ; thus,* 

2a? 

a -^ x) c^ ^ x^ (a^ -^ cue -^-x^ 

a + x 

€^+a^x 



ax* — a^ 
ax* +ar^ 

— 2ar» 



• In the case here given, the operation of division maybe considered 



•J 
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— aj3y — x*y^ 



«'y* + ^ 



— ay^ + y* 



2y* 
^. Tlie division of t^uantities may also be sometimes ear- 
ned on, ad infinitum, like a decimal fraction ; in which case 
a few of the leading terms of the quotient will generally be 
sufficient to indicate the rest, without its being necessary to 
continue the operation ; thus. 



X . X- 



« a? X* 



' ^ a a* <r a* 

a + a 



— X 

— x ' 



as terminated, when the highest power of the letter, m the first or lead- 
ing term of the remainder, by which the process is regulated, is less 
than the power of the first term of the divisor ; or when the first term 
of the divisor is not contained in the first term of the remainder ; as the 
succeeding part of the quotient, after this^ instead of being integral, as 
it ought to 1d«, would necessarily become fractional. 
♦ Now, it is easy to perceive that the next or 6th term of the quotient 

will be — '—, and the seventh term ■-- and so on, alternately j?^ and 

miTvusi this is called the law of continuation of the series. And the 
sum of all the terms when infinitely continued is said to be equal to the 

fraction — ; — . Thus we say the vulgar /taction -, when reduced to 

a-[-x 9 • 

, a decimal, is = 22222, &c., infinitely continued. The terms in the 

quotient are found by dividing the remainder by a, the first term of the 

divisor ; thus, the first remainder — x divided by. a, gives the second 

term in the quotient; and the second remaiiidfer -{- — divided by A 
gives + — the third term, Ac. ^ 
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a a' 



a' 

«3 a?* 

And by a process similar to the above, it may be shown 
that * 

fl X x^ x^ x^ x^ 

'« — « a o« a» a* a* 

Where the law, by which either of these series may be con- 
tinued at pleasure, is obnous.* 



* In this example, if 2; be less than a, the series is convergent, or the 
value of the terms con^ually diminish ; bat when x is greater than a, 
it is said to diverge. 

To explain this by numbers : suppose a = J, and a; = 2. 

Then, 1+^1+5, Ac. 

The corresponding values are, 

.2,4,8. 

where the fractions or terms of the series grow less and less, and the 
farther they are extended, the more they converge or approximate to 0, 
which is supposed to be the last term or limit. 
Butifa = 2, anda; = 3. 

Then 1 + 1+1+5. AC. 

The corresponding-values are, 

3 , 9 , 27 . 

^ + 2+4+T>^- 
m which the terms become larger and larger. This is called a diverg- 
ing series. - 
If a: = 1, and a = 1 in thepreceding example : 

Then.^_i-^=l_?+g-S.&c..wmbeji:j = l-l+l-l. 

1 

&c; Now, because, j-^^ =J, it has been said that 1 — 1 + 1 —1, &q., 

infinitely continued, is = i j a singular conclusion, when it is perceived 
from ihe terms themselves, that their sum must necessarily be either 
or -j-1, to whatever extent the division is supposed to be continued. 
The real question, however, results from the fractional parts, which 
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EXAMPLES FOR PRACTICE. 

1. Let o" — 2ax + ac" be divided by a — a?. Ans. a — gr. 

2. Let a? — 3o«* + 3a"« — a? be divided by « — a. 

Ana. «■ — 2a« + a^ 

3. Let a* + 5a"ir + Saic' + 3? he divided by a + ar. 

Ans. a* + 4ax + ac*. 

4. Let 2f — I9y* + 26y — 16 be divided by y — 8. 

Ans 2/ — 3y + 3. 

5. Let a^ + lhe divided by a? + 1, and «• — 1 by « — 1. 
Ans. a;* — ar^ + ae* — a; + l, and ap^+ac^-f-ar* + «■ + « + !. 

6. Let 48a:' — 76<Mf" — 64a"a; + 105a? be divided by 2« — 3a, 

Ans. 244?" — 2flx — 35a* 

7. Let 4a;* — 9a:* + 6x — 1 be divided by 2a:« + 3a?.— L 

Ans. 2ac* — 3af + 1. 

8. Let X* — a"aB* + 2€px — a* be divided by a:* -- oac + a". 

Ans. a:* -f- flap — a". 

. 9. Let 6a:* — 96 be divided by 3a: — 6, and a* -f ar* by a + j. 

Ans. 2a:3-f-4a!*+8a: + 16,anda* — 0*3? + a"** — aa?'4-a:*. 

10. Let 32a:* 4- 243 be divided by 2a? + 3,and a?»— a« by a? — a. 
Ans. 16a;* - 24ar» + 36a:* - 54« + 81, and a'^+ ax* + d'aP 

+ c^a^ + a*x + a». 

11. Let ** — 3y* be divided by i — y, and a* + 4a*ft + 8i* 
by a -f- 26. 

Ans. l^ + b'y + hf + ys— -X-, anda»— 2a*i + 4a6 + 

a + 26 ' 

12. Let a:* + pa? + ^ be divided by a; + a^ and ar* — pa;" + 
ja? — r by a? — a. 

Ans. X -f- p — a + =- — , and ac" + (a-p)a: — a'p 

x-^-a 

-f- flr + 5^ H r -, 

a? — a 
13.- Let 1 — 5a; + 10a:" — lOa:' + 5a:* — a;* be divided by 
1 — 2a? + a?". Ans. 1 — 3a? + 3a:" — ar*. 

14. Let a* + 4i* be divided by a" — 2ab + 26". 

Ans. a» + 2a6 4-26". 

15. a* — 5a*a? + lOaV — 10a"a;" + 5«a;* — a;» be divided 
by a" — 2aa: -fa;". Ans. at* — 3a"a? + 3ffa:" — ^ 

16. Let a* -f- 6* be divided by a" + a5 >/2 + 6". 
Ans. a"-a6^/2 4-6" 

(by the division) is always -j-4 when the sum of the terms is 0, and 
— 4 when the sum is -f; 1 : consequently i is the true quotient in the 
fonner case, and I — J in the other. —Ed. 
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OF ALGEBRAIC FRACTIONS. 

Algebraic fractions have the same names and rules of 
operation as numeral fractions in common arithmetic ; and 
' the methods of reducing them, in either of these branches, 
to their most convenient forms, are as follows ;: — 

CASE I. 

To find the greatest common measure of the terms of afractixm. 

Rule. — 1. Arrange the two quantities .according to the 
order of their powers, and divide that which is of the highest 
dimensions by the other, having first expunged any factor, 
that may be contained in all the terms of the divisor, without 
being common to those of the dividend. 

%, 'Divide this divisor by the remainder, simplified, if ne- 
cessary, as before ; and so on, for each successive remainder 
and its preceding divisor, till nothing remains, when the 
divisor last used will be the greatest common measure re- 
quired ; and if such a divisor cannot be found, the terms of 
the fraction have no common measure.^ v - 

Note. If any of the divisors, in the course of the opera- 
tion, become negative, they may have their signs changed, 
or be taken affirmatively, without altering the truth of the 
result ; and if the first term of a divisor should not be exactly 
contained in the first term of the dividend, the several terms 
of the latter may be multiplied by any nuraher or quantity,, 
that will render the division complete .f 



* If, by proceeding in this manner, no compound divisor can be found, . 
that is, ii the last remainder be only a simple quantity, we may conclude • 
the case proposed does not admit of any, but is already in its lowest terms. . 
Thus, for instance, if the fraction proposed were to be 

d?'{-ax-\-x^ 
it is plain by inspection, that it is not reducible by any simple divisor ; 
but to know whether it may not, by a compound one, I proceed as 
above, and find the last remainder to be the simple quantity 7a;*: 
whence I conclude that the fraction is already in its lowest terms. 

* t In finding the greatest ^onunon measure of two quantities^ either 
of them may be multiplied, or divided, by any quantity, which is not a 
divisor of the other, or that contains no fkctor which is common to them 
both, without in any respect changing the result. 
It may here also be farther -added, that the common measure, or 
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EXAMPLES. 



1. Required the greatest common measure of the fraction 



r' + c^ 

oc* — a: 



ora^ + l I a?*-.l(ar»— 1 






Whence re" + 1 is the greatest common measure required. 
2. Required the greatest common measure of the fraction 

a? + 2ia?" -f- 6»a: . 



♦ -. 26a» - 2^a: I 

or ar + * j a* + 2da? + b^{x + b 
oc' + bx 



bx + b» 
hx + b^ 



Where a; + 5 is the greatest common measure required. 
3. Required the greatest common measure of the fraction 
3a2_ 2a — 1 

4fl3 — 20^ — 3a + l* 



divisor, of any number of quantities, may be determined in a similar 
manner to that given above, by first finding the copunon measure of 
two of them, and then-of that common measure and a third ; and so on 
to the last. 

♦ Here, I divide the remainder — 26a;» — 2ft'a; by — 2a:J7 (its greatest 
simple divisor), and the quotient is x^b; and then I divide me last 
divisor by ic+d, &c.— Ed. 
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3a« - 2tf - 1 ) 4<|3 - 2a« - 3a + 1 
3 



12a»-6a2-9a-i-3(4a 
12a3 — 8a* — 4a ^ 



2a^^ da + 3) 3a' - ij,a — 1 
2 



6a*- 4a -2(3 
6a»-15a + 9 



11a— 11 or a— 1 
Where, since a — 1 ) 2a« — 6a + 3 (3a — 3, it follows that the 
last divisor a — 1 is the common measure required. 

4. It is required to find the greatest common measure ot 
Z . • Ans. x — a. 

.' 6. Required the- greatest common measure of the fraction 
«*-^ ' Ans. ««-««. 



0. Required the greatest common measure of the fraction 
i Jl Ans. op' + aar 4-0*.. 

7. Required the greatest common measure of the fraction 

7a«-23aft + 6^* ^ ^, 

- . Ans. a — 3^. 

5^_18«2^ + lla*«-6^* 

8. *Required the greatest common measure of the fraction 

«* — bx'\-2ax — 'Zah 



* This fraction can be reduced by Simpson's rule (page 48) thus : — 
Fractions that have in them more than two different letters, and one 
of the letters rises only to a single dimension, either in the numerator or 
denominator, it will be best to divide the said numerator or denomina- 
tor (whichever it is) into two parts, so that the said letter may be founcT 
in every term of the one part, and be totally excluded out of the other ; 
thi^being done, let the greatest common divisor of these two parts be 
found, which will evidentl3r be a divisor to the whole, and by which 
the division of the quantity is to be tried ; as in the following example, 
where the fraction given is 

ics+rta^i — to — ^aix-^bax — 2ba» 

xsi — bx-^-2ax—''^ab 

Eere the denominator being the least compounded, and* rising therein 
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9. Required the greatest common measure of the fraction 
. Ans. ar 4- 2ax — 2<r. 

10. Required the greatest common measure of the fraction 
Ans. + J. 



■ 11. Required the greatest common measure of the fraction 

CASE 11. 

To reduce fractions to their lowest or most simple terms. 

Rule. — Divide the terms of the fraction by any number, 
or quantity, that will divide each of them without leaving a 
remainder ; or find their greatest common measure, as in the 
last rule, by which divide both the numerator and denomina 
tor, and it will give the fraction required. 

EXAMPLES. 

1. Reduce — — - and ^ to their lowest terms. 

5art^ ax-Y-ar 

Here -^-jrz = — Ans. And -— = — —-. Ans. 

5<rtr DO ax -j- or a-{-x 

car + ^ 

2. It is required to reduce ' to its lowest terms. 

Here ex -{- a^ c^c -{- c^x • 
or c 4- 0? 6r*c + c^x (a* 
(^c 4- c^x 



Whence c + a: is the greatest common measure ; 

ex -^ a^ X 

and c + x)— -5- = -r- the fraction required. 

crc + croc cr 

to a single dimension only, I divide the same into the parts a:3+2aa^ 
and — bx — 2ab ; which, by Inspection, appear to be equal to (x + 2a) X x. 
and {x-{'2a)X—b. Therefore a; + 2<i is a divisor to both the parts, and 

Jikewise to tne whole, expressed by (i+2a) X C^ — b) ; so that>one of 
These two factors, if the fraction given can be reduced to lower terms, 

^ must also measure the numerator ; but the former wiH be found to suc- 
ceed, the quotient coming out ics — fix-\-bx — ab^ exactly j whencfethe 
fraction itself is reduced to 

xa — ax-\-bx — ab , , , . •. a. 
r^- , which is not reducible farther by a;—*, since the di- 
vision does not terminate without a remainder, as upon trial will be foimd- 
Thisrule is sometimes of great utility, because it spares great labour, 
and is very expeditious in reducing several fractions. — ^Ed. 
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3. It is required to reduce -r ; — =— r^ to its lowest terms. 

o^'{-2hx'\-V^)o^. — Vx(x 

^ + 25ar» + ¥x 



' 2hx' - 2^0? I 

or a? + 5 I a?» + 26a; + ft*(a; + 5 
a!* + 5a; 



hx + V" 
5a? + ^ 



Whence a? + Ms^e greatest common measure ; and x + h) 

aj2 — 5*0? a^ — bx . ^ / . , 

the fraction required. 



a;* + 25a: + 5^ a; + 5 

And the same answer would have been found, if ai^ — 5^« 
had been made the divisor instead of a?* + 25a? + ^'• 

X* — a* ', 

4. It is required to reduce -r -—- to its lowest terms. 

or — cror 

Ans.-^. 

6a* + 7aa? — 3a;" . , 

5. It is required to reduce , — -r^ to its lowest 

3g--x 
terms. • , Ans. - — — -. 

6a "T X 

2a? - 16a? - 6 . ■ 

6. It 18 reqmred to reduce ^_^ to its lowest 

terms. Ans. f. 

9aj» + 2a?' -f 4a:' — a? + 1 

7. Itis required to reduce 15,4 ^ ^^ ^ ^Q:^ ^ , ^ "^ *" 

. 1 .. A 3a:» + a:" + l 

Its lowest terms. Ans. ■ « . riT. 

5a^ 4- a? +2 

8. It IS required to reduce --r^ — - — 1 — ^r-i-rTrii to its 

^ 4a'<;2 — 4:acd'- 2flM^+ 2<r* 

lowest terms. » <wP 4- c(Z' — ac^ — c^ 

Ans. :— ; — r-- . 

4ad — 2c« 

CASiS III. 
To reduce a mixed quantity to an iTnproper fraction. 
Rule. — ^Multiply the integral part by the denominator of 
the fShgwjtion, and to the product add the numerator, when it is 
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affirmative, or subtract it when negative ; then the result, 
placed ovel: the denominator, will give the improper fraction 
required. 

EXAMFLES. 

If 

1. Reduce 3} and a to improper fractions. 

TT n, 3x5 4-2 15 + 2 17 , 
Here 3f = ^ /^ = ^ = — Ans. 

., h aXc — b ac— b 

And a = = , Ans. 

c c c 

€t o' — aj' 

2. Reduce ac + - and x to improper fractions. 

X X 

a arxap + a «« + « . 
, Here ar + -= = . Ans. 

XX X 

And «• = := ■« Am. 

X X m 

3. Let 1 be reduced to an improper fraction. * 

^ , a^2x 

Ans. . 

a 

Zx^h ' . 

4. Let 5a be reduced to an improper fraction. 

^ , 5a» - 3« + ft 

Ans. ^ — r— . 

* •a 

a + «» 

5. Let « — be reduced to an improper fraction. 

^ ^ 2aa; — a — «* 

Xns. — — — — 
2a 
2« — 7 

6. Let 5 M — — be reduced to an improper fraction. 

^* - . 17»-7 

, Ans. — . 

j(> ... j^ •— 1 

7. Let 1 ^ — • — be reduced to an improper fraction. 

. ^ . 2a-a?-f-l 
Ans. ^ — 



* z^x=^7». In adding the numerator os—rrs, the sigxr — affixed 
os — rc3 

to the fraction , denotes that the whole of that fraction is to be 

z 
subtracted, and consequently that the signs of each term of the nume- 
rator must be changed when it is combined with reS; hence tiie impro- 

. ^ '. ^— fliS + a^ 22:1—04 

per fraction IS— r-^ — ,or ■- rp, 

XX 

4 
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a? — 3 

8. Let I +2x be reduced to an improper fraction. 

5a; lOa^ + 4a; + 3 , 

Ans. -z . 

6a; 

CASE IV. 

To reduce an impropei' fraction to a whole or mixed quantity. 
Rule.— Divide the numerator by the denominator, for the 
integral pg,rt, and place the remainder, if any, over the de- 
nominator, for the fractional part; then the two, joined to- 
gether, with the ptoper sign between them, wiU give the 
mixed quantity required. 

EJfAMPLES. 

1. Reduce — and — -^— to mixed quantiUes. 

5 a; V 

27 
Here-^ = 27-7-5 = 5f Ans. 

« (p a; 

cue — 0^ 

2. It is required UJ reduce the fraction — — to a 



whole quantity. 



Ans. a—^. 

3. It is required to reduce the fraction <—^ — to a mixed 
quantity. ' Ans. 1 - ^ 

C? + il^ . J 

4. It is required to reduce the fraction to a mixed 

^ a — j; , , 

quantity. 2a;' 

Ans. a + x + 



a — a; 

ar* — y* 

5. It is required to reduce the fraction — to a whole 

X — y 

quantity. Ans. ai?-\-xy + f 
^ lOa;* 5a; + 3 

6. It is required to reduce the fraction -^ to a 

mixed quantity. ^^^ 2a; - 1 + ^. 

5a; 

CASE V. 

Thr educe Jr actions to other equivalent ones, that shall have a 

• common denominator. 

• Rule.— Multiply each of the numerators, separately, into 
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all the denominators, except its own, for the new nnmeratort, 
and all the denominators together for a common denominator.* 

' BZAHPLSS. 

1. Reduce y and - to fractions that shall hare a oommon 

b c 

denominator. 

^®'® J X ^= ^1 ^"^ ""^^ nnmerators. 

hxc=ihciLlie common denominator. 

Whence r and - = •— and r— , the fractions required. 
b c ' be be 

2x b 

2. Reduce — and - to equivalent fractions having a com- 
mon denominator. . 2ear „ ab 

Ans. — and — 
ae oe* 

3. Reduce - and to equivalent fractions having a 

common denominator. . ac a6 4- ft* 

„' 2x 2b 

4. Reduce — — and rf, to equivalent fractions having a 

common denominator. 9cx Acib 6aed 

Ans. - — — and— - 
DOC 6cic* 6ae * 

5. Reduce - — , and a + — ^ to fractions having a com- 

mon denominator. 45 40ap , GOa + 48« 

Ans. •—-, --r . and -^— — 
60* 60' 60 • 

__- a 3a: ,a-f« - . ,. 

D. Keduce -^ — and ^ to fractions liaving a commo^ 

denominator. . Ta* — 7ax 6ax — 60:* , 14a +14* 

Ans. and 1 

14a — 14a;' 14a — 14a;' ,14a — 14aj' 

♦ It may here be remarked, that if the nmnerator and denominator 
of a fraction be either both multiplied, or both divided, by the same 
number or quantity, its value will not be altered ; thus 

2 2X3 6 ,3 3-«-3 1 a ac ^ ab a 

. 3 = 3X3^9'"^ 12=12^3=4 '^%-=i^'"^^r. = 7 , 
which method is often of great use in reducing fractions more readi^ 
to a common denominator. 



« 
^ 
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CASE VI. 

7\> addfractumal quafUities together. 

Rule. — ^Reduce the fractions, if ne^ssary, to a common 

denominator ; then add aU the numei'ators together, and under 

their sum put the conmion denQminator, and it will give the 

fi»otiens re<)uired.* 

EXAMPLES. 

1. It is required to find the sum of - and 5- 

^^^^ xyc2^2x\ *^® litmierators. 

And 2 X 3 3= 6 the common denominator. 

,,_- 3« 2a? ^da; . . . 

Whence 1 = — the sum required. 

6 6.6' 

2. It k required to find the siun of r, ^, and 7:, 

Here a X dXf= adf^ 

cXbX f= cbf > the numerators. 



XdXS=adf\ 
Xhxf=chf\ 
X^Xd — ebdy 



And hxd Xf= hdfihe common denominator. - 
«^ adf chf eld adf-{- chf-\- ebd \. 

3. It is required to find the sum of a -.and^ + — . 

0' c 

Here, taking only the fractional parts, 
i 3a^ V c = 3ca^ } 
W4I shaU have 1 3^^ ^ b=2abx < ^^® numerators. 

And b X e=:bc the common denominators. 

---- 3ca^ . , . 2ahx , . , 2abx -- 3ca^ , 

Whence a ^ 1- i ^ — - — = a + b + the sum. 

be be be 

4. It is required to find the sura of — and — 

5 7' 

Ans, 



5. It is reqmred to find the sum of — and- 
- ^ 2a 5* . 

Ans. 



35 

15a; + 2ax 

10a • 

* In^the adding or subtracting of mixed quantities, it is best to bring, 
the fractional parts only to a common denominator, and then tdiffix 
their sym or difference to the sum or difference of the integral parts, in- 
terposing the proper sign. 



♦ ^ 
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. X X 



6. It is required to find the mim'of - - and- 



Ans. — 
12" 



7. It is required to find the sum of — and 

21x - 14 

8. Required the sum of 2a, 3a -{ ^ and a . 

22« 
Ans. 6a — — 

9. Required the sum of 2a H . and , 

3a*« — 3aa* + 5a* 
Ans.2« + 2 + — g- ^_g^ . 

10. Required the sum of 5« + ~ and 4« 

3 5« 

'^•®* + is; • 

2a a + 2x 

11. It is required to find the sum of 5x, —i and — - — . 

oar 4a? 

^ . 8a + 3ar + 6a;* 
' Ans. ox + = 



CASE VII. 
7^ subtract onefractianal quantity from another^ 

Rule. — Reduce the fractions to a common denominator, if 
necessary, as in addition ; then subtract the less numerator 
from the greater, and under the difference write the common 
denominator, and it will give the difference of the fractional 
required* 

EXAMPLES. 

2x 3x 
I . It is required to find the difference of — and — 

' And 3 X d = 15 the common denominator. * 

4* . 



•-• 
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,,„ 10a? 9a! X , ,... . - 

Whence -- — r= = r^, the difference lequiredL 
15 15 15' 

a?— '0 

2. It b lequired to find the difference of -rr- and 

g<t— 4a? 

'[ Here { JL"- Ig x%1 J^T J^.^ ^^ "--*""• 

And 2& X 3(; = 66c the common denominstcn*. 
„^. 3<?a? — Sac 4ab — 86x 3cx — 3ac—4ab+ Sbx , 

Whence — -^ — ^r = ^ the 

6bc 6bc 6bc 

diffsrepce required. 

3. Requiredthedifferenceof — —and — . Ans. aJ + rr. 

7 5 35 

4. Kequired the difference of ISy and ,. -. 



^ 11% -1 



5. Bequired the difference of and 



b + c 

2acx 

' 6. Required the difference of a? — — ^ and a? + -r-. 

c 2o 

2ba — 26a? — ex 
^•«- 2bi • 

7. Required the difference of a H and a . 

a + x a — x 

2c? + 2a;* 

2» + 7 5a — 6 

8. Required the difference of ax H — - and a; -^ — . 

86a; — 99 
Ans. ao.-— ^gg— . 

3« — 5 
9 Required the difference of 2ap + — -^ — , a^id 3a? +. 

IPIJ— . "*•*+ 105 • 



4 



- * » • 
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10. Requiied Ae difference of a + -r — ; — r and -r r. 

a(a 4- X) a(a — «) 

4» 
Ans. a-jj^— j^. 

CASE vm. 

I 
To multiply/, fractional quantities together. 
Rule. — Multiply the numerators together for a new nu- 
merator and the denominators for a new denominator ; and the 
former of these being placed over the latter, will give the pro- 
duct of the fractions, as required.* 

EXAMPLES. 

X 2x 

1. It is required to find the product of - and — . 

o y 

xX^^ 2** ^ 
Here - — - = -r-r = --~ the product required. 
6 X 9 54 27 ^ ^ 

2. It is required to find the continued product of -, -r, 
,10» 

a; X 4a; X 10a? 40ar» 4ar* ^ 

3. It is required to find the product of - and , 

a a^x 

a;X(a4-*) a^. + ax 
Here ——. : = -z the product. 

3x 5x ' 

4. It is required to find the product of — and — . 



A ^^ 



2x 3a* 
5. It is required to find the product of -— and — . 



2b' 



A ^ 
. Ans. -—. 

5a 

* When the numerator of one of the firaetions to be multiplied, and 
, the denominator of the other, can be divided by some qnantity, which 

is common to each of tbem,*the quotients may be used insteikd of the 

ihictions themselves. 
Also, when a fraction is to be multiplied by an integer, it is the f 



Ihin^ whether the numerator be muJtiplied by it, or the denpminator 
divided by it. Or if an integer is tabe multiplied by a firactioa, or a 
Ihu^n oy an integer, the integer may be considered as havmg unity 
for m denominator, and the two be then multiplied together as usuaL .-' 
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2x 4i# 

6. It is required to find the continued product of — -^, 

a • . Soar 

^ 2x 3ab 

7. It is required to find the continued product of — , — , 

and ^' Ans. ISoar. 

2b' 

hx b 

8. It is required to find the iHX>duct of 2a H and 3a — — . 

Ans. 6a" + 35* -•' 

X a' 

• 9. It is required to find the continued product of. 3ap, 

1ft, It is required to find the continued product of -— 7-7-, 

a* — ft* ax . «• — a«ft 
5, and a 4 . Ans. — --- — 

CASE IX. 

To divide one fractional quantity b^ another. 
Rule. — Multiply the denominator of the divisor by the 
numerator of the dividend, for the numerator ; and the nu- 
merator of the divisor by the denominator of the dividend, for 
the denominator. Or, which is more convenient in practice, 
multiply the dividend by the reciprocal of the divisor, and the 
product will be the quotient required.* 

EXAMPLES. 

X 2x 
' 1. It is required to divide - by — . 

,^ « 2ar a 9 9jf 3 , , ^ 

2a Ac 
2, It is required to divide ^ l>y -j. 

- ■ ... t . 

• When a fraction is to be divided by an intes^er, it is the same thins^ 
whether the numerator be divided by it, or the denominator multiplied 
byit. ' . . 

Also, when the Uro numerators, or the turo denominators, can be di- 
vided by some common quantity, that quantity may be thrown, ottt of 
e^ch, and the quotients used instelMl oi the firactions first proposed. 
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2a d 2ad ad ^ 

Here -- X -r- = tt- = rr* An»- 
b 4c 4bc 2bc 

x + a X + b 

3. It is requited to divide —-j by ^^ ■■ 

a; 4- a 5a? + a 5a:* + 6aa? +c^ , 

4. It is required to divide ^-^ by ■^^, 

2^ a; + a_ 2a:'(a? + fl) ??__ 

7rr 3 a ''** 

5. It is required to divide -r-^y " '^' 15 ' 

4a:* ' A ^* 

6. It is required to divide — by 5a?. Ans. — . 

a?+l 2« . »+.! 

7. It is required to divide ■ by — . Ans. — - — . 

XX 5 

8. It is required to divide t—- by -. Ans, - __ . 

9. It is required to divide --3 -r by . 

<r — ar c — « 

. 2a + « 

Ans. -i^ ' 

<r + cx-\'ar 

«*-^ ^ a»-|-fta? 

10. It is required to divide ^^^^^^y by — — ^. 

Ans. . 



INVOLUTION. 

Involution is the raising of powers from any proposed 
root ; or the method of finding the square, cube, biquadrate, 
&c., of any given quantity. 

Rule 1. — Multiply the index of the quantity by the index of 
the power to which it is to be raised, and the result will be 
the power required. 

Or multiply the quantity into itself as many times less one 
M is denoted by the index of the power, and the last product 
wi^be the answer. 

Note. When the sign of the root is +, all the powers of 
it will be + ; and when the sign is — , all the even poweffc 



t^ . 



tf XNVOLimON. ^ 

will be +, and the odd powers — : as is evident from mul- 
tiplication.* 

. EXAMPLES. V- 

c? the root. 



a, the root. 
up =. square. 
(^ = cube. 
a* = 4th power, 
o^ = 5th power. 



a* = squaxe. 
a* = cube, 
a* = 4th power, 
a** = 5th power, 
^c. 



— 3a the root. 
+ 9a* = square. 

— 27a' = cube. 

+ Slc^ = 4th power. 
&c. 



— 2aa!* the root. 
+ 4a*x* = square. 

— QflPa;' = cube. 

+ 16aV = 4th power. 
&c. 



- the root. 
a 

3j = square. • 

a? 

-T = cube. 

or 

-J = 4th power. 



2aaP 
gT- the root. 

. 4a»«* • 
+ 1*5-= square. 

— = cube. 

2W 

+ -gj^ = 4th power. 
&c. 



« — a tiie root. 
« — a 

aP — ax 
— ax + €p 

oc* — 2a« 4- a' square, 
a? — a ♦ 

a* -^2aap' + a"a? 

a? — Sojc* + So^a? — a' cube. 



a; + a the root. 
x + a 



a^ -{-ax 
+ ax +0* 



a;* -h 2ax + a" square. 

a? + a 



a?3 + 3aa:» + a* 
+ ax" + 2a»x + a* 



af* + 3aa* + 3 A? + eP cube. 



• Any power of the product of two or more quantities is equal to the 
same power of each of the factors multiplied together. And buj power 
of a fraction is equal to the same power of the numerator divided hy 
Uie like power of the denominator. 

Also, am raised to the »th power is «»»« ; and — «» raised to the «th 
power is =b o^'*^, according as n is an even or an odd number. 
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EXAMPLES FOR PRACTICE. 



1. Required the cube, or third power, of 2a*. » »Aug. 8«^. 

2. Required the biquadrate, or fourth power, of 2€^x. 

Ans. 16<;P«^. 

2 

3. Required the cube, or third power, of — ^asy. 

8 

27 ^ 

3a"a? 

4. Required the biquadrate, or fourth power of -rrj 

, 81aV 
^^«- 625^- 

5. Required the fourth power of a + a?; and the fifth power 
of a — y.' Aiis. a* + 4a*x + 6a*a:* + 4air' ^**, and a* — 

5a*y + lOay - lOo^y* + ^tf/ — y*. 
Rule 2. — ^A binomial or residual quantity may als^^be 
readily raised to any power whatever, as follows : — 

1 . Find the terms/ without the coefficients, by observing 
that the index of the first, or leading quantity, begins with 
that of the given power, and decreases continually by 1, in 
every term to the last ; and that in the following quantity, the 
indices of the terms are 1, 2, 3, 4, <&c. 

2. To find the coefficients, observe that those of the first 
and last terms are always 1 ; and that the coefficient of the 
second term is the index of the power of the first : and for 
the rest, if the coefficient of any term be multiplied by the 
index of the leading quantity in it, and the product be divided 
by the number of terms to that place, it will give the coeffi- 
cient of the term next following. 

Note. The whole number of terms will be one more th^n 
the index of the given power ; and when both terms of the 
root are +, all the terms of the power will be + ; but if the 
second term be — , all the odd terms will be -}-» and the even 
terms — ; or, which is the same thing, the terms will be + 
and — alternately.* 

* The rule here given, which is the same in the (»ses of inteffral 
powers as in the binomial theorem of Newton, may be expressed in 
general terms, as follows : — 

(<j+*) =.a -{-ma b-\-m-— — a i2-{-m- — — ' a b», 

&c. ' . 

/__jL\»* M tn—\ . ^.W— 1 TO— 2.^ m 1 M 2 TO — 8.« 
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EXAMPLES. 

1. Let a 4- 0? be involved, or raised to the fifth power. 
Here the terms, without the coefficients, axe, 

a*, a^Xy flPof", c^x\ ax\ «®. 
And th« coefficients, according to the rule, will be 
5X4 10X3 10X2 5X1 
/'^* 2 '""r"' 4 ' 1 > 
or 1, 5, 10, 10, 5, 1, 

Whence the entire fifth power of a +x is 

a» + 5fl*a? + lOcr'a:^ + lOo^ar* + 5a»* + a*. 
3. Let a — 0? be involved, or raised, to the sixth power. 
Here the terms, without their coefficients, are, 

a", 0*0?, a*a^, c^o?, o^a?*, aar*, a:*. 
And the coefficients, fo^ind as before, are, 

6 6X5 15X420X3 15X2 6X1 
' ' 2 ' 3 ' 4 ' 5 ' 6 ' 
. or 1,6, 15, 20, 15, 6, 1. 

Whence the entire sixth power of a — x is 

a« - 6a»a; + 15tfV - 20ffV + 15a»a?* - 6ar« + {»«. 
3. Required the fourth power of a + Xy and the fifth power 
of o -7 a:. 'Ans. a* + Ac?x + 6a*a:' + Aao^ + a*, and a* — 
5^ar + lOaV — lOtf^a^^ 4- 5aaj* — a?*. 

5. Required the sixth power of a + 5, and the seventh power 
of a — y. Ans. <f + Sc^b + 1 5fl*5* -}- 20tf»63 _(. j 5^^4 ^ 

6«*» + *•, and a'' - 7aV + 21 ay - 35ay 
+ 35ffV -- 2 1 tf»y* + 7ay« - /. 

6. Required the fifth power of 2 -f ar, and the cube of 
a-'bx + c. Ans. 32 + 80a: -f 80.r* -f 40ar» + 10a;* + a:*, and 

a3 ^ 3^a- ^ 3^^ 4- r» — 3a"5a? — 6ac5a; — 
Sc'bx + 3aPa^ + 3cb''o(^ — IPa^, 

♦ EVOLITTION. 

Evolution, or the extraction of roots, is the reverse of in- 
volution, or the raising powers ; being the method of finding 
the square root, cube root, &c., of any given quantity. 

CASE L 
Tojind arty root of a simple quantity. 
Rule. — Extract the root of the coefficient for the numeral 

&c. which formulae will also equally hold when m is a fraction, as will 
' be more fully explained hereafter. 

It may also be farther ol^erved, that the sum of the coefficients in 

every power, is equal to the number 2 raised to that power. Thus 1 + 1 
v= 2, for the first power; 1 + 24- 1=4 = 29, for the square; 1+3+3+1 

s= 8 = 29, for the cube, or third power ; and so on. 
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part, and the root of the quantity subjoined to it for the literal 
part ; then these joined together, will be the root required. 

And if the quantity proposed be a fraction, its root will be 
found by taking the root both of its numerator and denominator. 

JSfote, The square root, the fourth root, or any other even 
root, of an affirmative quantity, 'may be either •+; or — . Thus 
\/ <3^ = + a or — a, and V ** = + ^ or — 6, &c. But the 
cube root, or any other odd root, of a quantity, will Ivave the 
same sign as the quantity itself. Thus, 

»/a'=itf; V — a"— — «; andV — «*= — <», A;c.* 

It may here, also, be farther remarked, that any even root of 
of a negative quantity is unassignable. 

Thu$, V — «* cannot be determined, as there is no quan- 
tity, either positive or negative, (+ or — ), that, when multi- 
plied by itself, will produce — c^. 

EXAMPLES. 

1. Find the square root of 9a:* ; ajjd the cube root of Sis'. 
Here v/9a?* = v/9 X v/ar* = 3 X x^Zx. Ans. 
And V8*'=l/8XVa^ = 2X« = 2a?. Ans. 

2. It is required to find the square root of —-^ and the 

<5ube root of — -—-i. 

^c^x^ y/d^x* ax ,, '^x^ 2ax 
Here y/ — r = — — - = — • and V — -;=-r = 

3. It is required to find the sqpare root of 44^x^, 

Ans. 2«r'. 

4. It is required to find the cube root of — 125a'aB*, 

Ans. ' — 5«r*. 

5. It is required to find the 4th root of 256a V. 

Am. 4ii^. 

4a* 

6. It is required to find the square root of ^-^. 

\/X>^^ 

Ans. ~— . 
3«y- 

7. It is required to find the cube root of ■■ ^ , , Ans. r-i. 

^ 125a:' 6js*.^ 

— Ill I I II . - I M .I. St., 

* The reason why 4- a and — « are each the srquare root of os is ob- 
vious, since, by the rule of multiplication, (+a) X (+«) and ( — a) X 
( — a) are both equal to a«. 

And for the cube root, fifth root, &c., of a negative quantity, it is plain, 
from the same rule, that 
(— «)X(— a)X(— a)s=— tfSj and(— a3)x(+as) = ^tf«. 

And consequently ^ as == — a, and ^ — as = — a. 
5 
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8. It is required to find the 5tli root of — 

243 • 

Ans. -^. 

CASE 11. 
To extract the square root of a compound quantity. . 
Rule 1. — Range the terms, of which the quantity, is com- 
posed, according to the dimensions of some letter in them, 
beginning with Uie highest, and set the root of the first term 
in the quotient. ' 

2. Subtract, the square of the root thus found, from the first 
term, and bring down the two next terms jto the remainder 
for a dividend. 

3. Divide the dividend, thus found, by double that part of 
the root already determined, and set the result both in the 
quotient and divisor. 

4. Multiply the divisor, so increased, by the term of the 
root last placed in the quotient, and subtract the product from 
the dividend ; and so on, as in common arithmetic. 

EXAMPLES. 

1 . Extract the square root of a?* — 4aj' + 6o^ — 4a? -{- 1. 
ar* — 4a? + 6it» — 4a: + 1 (a^ - 2* + 1 



to* «. 2a?) - 4a3 + 6a:* 
-4a? 4-40?" 

2a?' - 4a? + 1) 2a:* - 4a: + 1 
2a?* — 4a? + 1 



Ans. a:* — 2a; + 1> the root required. 
2. Extract the square root of 4a* + 12fl?a? + 13a*a?* + oa?6 
. + «*. 

4«* + 12o*a? + 13a"i^ + 6aa?» + a?* (2a* + 3aa? + a;* 
40* , 

4(1* + iax) 12a*a? + 1 3a*a* 

12033? + 9a*«* • 



4a* + 6oa? -f a?) 4a*a:* + 6aa* + a;* 
4a*a:* + eacfp + a?* 



Note. When the quantity to be extracted has no exact 
root, the opeza;tion may be carried on as far as is thought 
necessary, or till the regularity of the terms show die law by 
which the series would be continued. 

EXAMPLE. 

1. It is required to extract the square root of 1 + «. 

l+a:)l+- &c. 

^ ' ^2 8^16 128'. • 

1 







tt' ^ re* 
4 8 "*"64 


« 


a;* a:3var» a* 
^+"-4+16)8-64 

0* a* «* 
"8 "^ 16 "" 64 ■*■ 


256 


5x* «» 
"■ 64 "*■ 64 ■ 


256' 



Here, if the numerators and denominators of the two last 
terms be each mult%)lied by 3, which will not alter their 
values, the root will become 

"^2 2.4 "*" 2.4.6 ~ 2.4.6.8 "*" 2.4.6.8.10' 
where the law of the series is manifest. 

EXAMPLES FOR PRACTICE. 

2. It is required to find the square root of a* +/i(^x + 
Gc^x' -i- 4aoi? + x\ * Ans. a* + 2da? + a;'. 

3. It is required to find tl» .^square root of a?* — 2x^ + 

2 "^ /^ 16- ' Ans. a;* - a. + 1. 

^4. It is required to find the square root of 4a:' — 4a?* -f- 

12a;=* + a!^ - 6a; + 9. Ans*. 2a;^ — a; + 3. 



ti EVOLUTION. 

5. Required the square root of a^ + 4a^ + lOw* + 20x'^ + 
25«' + 24* + 16. . Ane. «» + 2«" + 3a? + 4. 

6. It is required to extract the square root of a" 4- 6. 

b b* hi" 6M ■ 

Ans. a A 4 — z &<?• 

7. It is required to extract the square root of 2, or of 1 + 1 • 

Ans. 1 + i -- i +tV - sV + FT » &c- 

CASE III. 
To find any root of a compound quafUity. 

Rule. — ^Find the root of the first term, which place in the 
quotienl; and having subtracted its corresponding power' 
from that term, bring down the second term for a dividend. 

Divide this by twice the part of the root above determined, 
for the square root ; by three times the square of it, for the 
cube root, and so on ; and the quotient wiU be the next term 
6f the root. 

Involve the whole of the root, thus found, to its proper 
p^er, which subtract from the given quantity, and divide the 
flit term of the remainder by the same divisor as before ; 
and proceed in this manner till the whole is finished.* 



^ EXAMPLES. 



1 . Required the square root of a* — 2€?x + Zc^o^ — 2(mc* 
+ x\ 

a* — 2a*a? + 3a'a^-'2a3p + a;* (a^ — or + «* 
a* 



2a») - 2a'x 
a* — 2a*x -f- o^jc* 



2o?)2<j?i^ 



a* — 20^0? + 3a«a:» — 2ar» + «* 



* As this rule, in high powers, is often found to be very laborious, 
it may be proper to observe, that the roots of various compound quan- 
tities may sometimes be easily discovered, as follows : — 

Extract the roots of all the simple terms, and connect them together 
by the signs -f- or — , as may be judged most suitable for the purpose ; 
then involve the compound root, thus found, to its proper power, and if 
it be the same with the given quantity, it is the root required. But if it 
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2, Required the cube root of ob^ + Gx* — 400:^ + 96« — 64» 
a;0 _^ 6^ — 40ar» + 96a; — 64 (a" + 3« — 4 
a* 



3a:*) 6a:« 



«« + 6x» + 12«* + 8ar» 



3a;*)-12ar* 



«« 4- 6a;«-40a^ + 96a; — 64 



3. Required the square root of 4a* — I2ax + 90;*. 

Ans. 2a — 3a;. 

4. Required the square root of a* + 2ab + 2cm; + J* + 25c 
4- c*. Ans. a + b + c. 

5. Required the cube root of a;" — 6ar' + 15a;* — 20ar* + 
15a:*-6a;+l. Ans. a:^ - 2a; + 1. 

6. Required the 4th root of 16a* — 96a'a; + 216a'a;' — 
2l6ax^ '\- 8lx^. Ans. 2a — fis». 

7. Required the 5th root of 32a;* — 80a;* + 80a? — 40a;* + 
10a;— 1. , Ans. 2a; — 1. 

OF IRRATIONAL QUANTITIES, 6R SURDS. 

Irrational Quantities or Surds, are those of which the 
Talues cannot be accurately expressed in numbers ; and are 
usually expressed by means of the radical sign y/, or by 
fractional indices ; in which latter case, the numerator 
shows the power the quantity is to be raised to, and the de- 
nominator its root. 

Thus, \/2, or 2 , denotes the square root of 2 ; V<^> or 

a^ tha cube root of the square of a, &c.* 

be found to differ only in some of the signs, change them from 4- to — , 
or from — to +, till its power agrees with the given one througnout. 

Thus, in the third example'Aoft following, the root is 2a — 3a;, which 
is the difference of the roots of tfce first and last terms ; and in the fourth 
example, the root is a+^-f-c, which is the sum of the roots of the fi*st, 
fourth, and sixth terms. The same may also be observed of the sixth 
example, wjjere the root is found from the first and last terms. , 

* A quantity of the kind here mentioned, as for instance \/2j is 
called an irrational number, or a surd, because no number, either whole 
or fractional, can be found, which, when multiplied by itself, will pro- 
duce 2. But its approximate value may be"9etermined to any degree 
of exactness, by the common rule for extracting the square rdot^heing 
1 and certain nan- periodic decimals, which never terminate. 
6* 
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„ CASE I. 

To reduce a rational quantity to the form of a surd. 
Rule.— Raise the quantity to a power corresponding with 
that denoted by the index of the surd ; and over this new 
quantity place the radical sign, or proper index, and it will 
be of the form required. 

^ EXAMPLES. 

1 . Let 3 be reduced to the form of the square root. 
Here 3 X 3 = 3* = 9 ; whence ^ 9. Ans. 

2. Reduce 2x* to the form of the cube root. 

Here (2a;')' = 8a' ; whence V 8a^» or {Sx^y. 

3. Let 5 be reduced to the form of the square root. 

Ans. -•(25). 

4. Let — 3a: be reduced to the form of the cube root. 

Ans. V-(27a;3).. 

5. Let — 2a be reduced to the form of the fourth root. 

Ans. -VCl^*)- 

6. Let- c^ be reduced to the form of the fifth root, and 

/n. n. ^ 

y/.a + \/ i, — and to the form of the square root. 

2a 0^ a 

Ans. Vfl" y/(a + 2y/ah + h), t/(^), and v^~. 

Note, Any rational quantity may be reduced by the above 
rule, to the form of the surd to which it is joined, and their 
product be then placed under the same index or radical sign^ 

EXAMPLES. 

Thus 2 v^2 = ^A X \/2 = v/(4 x 2) = v/8 
And 2V4=V8XV4= V(8X4)=:V32 
Also 3\/a = -v/9xv'«= \^(9Xa) = \^9a 
And iV4a=ViXV4a= V(iX4a)=Vf 

1. Let 6 -s/ 6 be reduced to a simple radical form. 

Ans. -/(ISO). 

2. Let f v/5a be reduced to a simple radical form. 

Ans. v/(|). 
2a 9 

3. Let ---V "rjt ^® '^^wsed to a simple radical form. 

Ans. Vy. 

CASE IL 

To reduce quantities of different indices^ to others that 
I shall have a given index. 

Rule. — Divide the indices of the proposed quantities by 
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the given index, and the quotients will be the new indices for 
those quantities. 

Then, over the said quantities, with their new indices, place 
the given index, and they jBvill be the equivalent quantities 
required. 

EXAMPLES. 

1 . Reduce 3' and 2 * to quantities that shall have the index '^* 

Here - -r - = ;r X r = ~ = 3, the Ist index; 
2 2 12 

And--^- = -XY=3 = 2,the2dlndex. 

Whence (3')« and (2«)», or 27«, and 4«, are' the quantities 
required. 

2. Reduce 5* and 6» to quantities that shall have the com- 

1 • ± A 

mon index - Ana. 125« and 36«. 

o 

3. Reduce 2^ and 4* to quantities thiat shall have the com- 
mon index s. Ans. 16' and le"*. 

4. Reduce a* and or to quantities that shall have the com- 
mon index -. Ans. (<i^)* and (o^*. 

5^ Reduce a and h^ to quantities that shall have the oom- 

mon index -. ' Ans. (a')« and (&*)•. 

Note. Surds may also be brought to a common index, by 
reducing the indices of the quantities to a common denomi- 
nator, and then involving each of them to the power denoted 
by its numerator. 

EXAMPLES. 

1. Reduce 3 ' and 4 ^ to quantities having a common index. 

Here3* = S« = (3y = (27)* ^ ^ 

And 4^ = 4«^ = (4*)« = {16]^ 

Whence (27)» and (16)». Ans. 

2. Reduce 4' and 5^ to quantities that shall hare a com- 
mon index. 

Ans. 256^ and 125^,. 
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-L X 

3. Reduce a* and a^ to quantities that shall have a com- 
mon index. 

Ans. (a'^)« and (a«)», 

4. Reddce a^ and b* to quantities that shall have a com- 
mon index. 

~ Ans. {ay^ and {b^^, 

5. Reduce a^ and b^ to quantities that shall have a com- 
mon index. 

Ans. (a^) w» and (6*») mn, 
CASE IIL 
To reduce surds to their most simple forms. 
Rule — Resolve the given number, or quantity, into two 
factors, one of which shall be the greatest, power contained 
in it, and set the root of this power before the remaining part, 
with the proper radical sign between them.* 

EXAMPLES. 

1. Let v'^S be reduced to its most simple form. 

Here v/48 = v/(16 x 3) = 4 x/3. Ans. 

2. Let V l^S be reduced to its most simple form. ^ 

Here V108=V(27x4)=r--3V4. Ans. 
Notel, When any number, or quantity, is prefixed to the 
surd, that quantity must be multiplied by the root of the factor 
above mentioned, and the prpduct be then joined to the other 
part, as before. 

EXAMPLES. 

1. Let 2 \/ 32 be reduced to its most simple form. 

Here2v/32 = 2x/(16x2) = 8^/2. Ans. 

2, Let 5 V 24 be reduced to its most simple form. 

Here 5 V 24 = 5 V (8 X 3) = lOV 3. Ans. 
Note 2. A fractional surd may also be reduced to a more 
convenient form, by multiplying both the numerator and de- 
nominator by such a number, or quantity, as will make the 
denominator a complete power of the kind required; and 
then joining its root, with 1 put over it, as a numerator, to the . 
other part of the surd.f 

♦ When the given surd contains no fa-ctor that is an exact power of 
the kind required, it is already in its most simple form. 

Thus, V 15 caimot be reduced lower, because neither of its factols, 
5 nor 3, is a square. 

t The utility of reducing surds to their most simple forms, in order to 
have the answer in decimals, will be readily perceived from considering 
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' EXAMPLES. 

2 

1. Let a/ ~ be reduced to its most simple form. 

H«re 4^^ii=^(lxl4) = i^l4. An.. 

2 

2. Let 3 V r be reduced to its most simple form. 

o 

Here3V/|=3Vj^ = 3v(ji5X50) = ?V50. Ans. 



EXAMPLES FOR PBACTICE. 

3. Let a/ 125 be reduced to its most simple form. 

Ans. 5 a/ 5 
*4. Let a/ 294 be reduced to its most simple form. 

Ans. Tv'e. 

5. Let V ^^ be reduced to its most simple form. _ 

Ans. 2 V 7, 

6. Let V 1^2 be reduced to its most simple form. 

Ans. 4^3. 

7. Let 7 V 80 be reduced ta its most simple form. 

Ans. 28^51 

8. Let 9V 31 be reduced to its most simple form. 

Ans, 27V 3. 

q K 

9. Let v' - ^^ reduced to its most simple form. 

^^^ ^ Ans. ^^/30. 

^ q " 

10. Let - V— ^® reduced to its most simple form. 

^ ^^ Ans. tVl2. 

11. Let y/9Sc?x be reduced to its most simple form. 

Ans. 7av'2ar- 

12. Let V{p^ — Vaj^j^e reduced to its most simple form- 

Ans. a; >/ (ar — a"). 

the first question above given, where it is fotmd that Vy = j V 14; in 
which case it is only necessary .to extract the square root or the whole » 
number 14, (or tojfind it in some of the tables that haye been calculated 
for this purpose,) and then divide it by 7; whereas, otherwise, we must 
have first divided the numerator by the denominator, and then have 
found the root of the quotient, for the surd part ; or else have determined 
the root both of the numerator and denominator, and then divided one 
by the other ; which are each of them troublesome processes when per- 
formed bv the common rules ; and in the next example for the cube • 
root, the labour would be much greater. 
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CASE IV. 
To add surd quantities together. 

Rule. — ^When the surds are of the same kind, reduce them 
to their simplest forms as in the last case ; then, if the surd 
part be the same in them all, annex it to the sum of the ra- 
tional parts, and it will give the whole sdm required. 

But if the quantities have different indices, or the surd part 
be not the same in each of them, they can only be' added to- 
gether by the signs + and — . 

EXAMPLES. 

1. It is required to find the sum of v 27 and v 48. 
Here\/27= -•(9x3) = 3v^3 
AiidV48= v'(16x3) = 4v'3 

Whence 7 v 3 the sum. 
U. It is required to find the sum of %/ 500 and %/ 108. 
Here V 500 == V{125 X 4) =5 V 4 
And V 108 = V (27 X 4) = 3 V 4 

/ Whence 8V4 the spm. 

3., It is required to find the sum of 4 V 147 and 3 V 75 
Here 4 V 147 = 4 >/(49 X 3) = 28 V 3 
And 3V75 = 3%/(25 X 3) = 15 V3 

Whence 43 ^/ 3 the sum. 

2 1 

4. It is required to find the sura of 3 \/- and 2 a/ ^a. 

2 10 3 



\ 



4 
Whence - a/'IO the sum. 
5 

EXAMPLES FOR PRACTICE. 

5. It is required to fijid the sum of V 72 and V 128. 

Ans. 14 V (2). 

6. It is required to fijid the sum of V 180 and V 405. 

Ans. 15 x/ (5). 

7. It is required to find the sura of 3 V 40 and 1/ 135. 

Ans. 9V(5). 
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8. It is required to find the sumx)f 4^/54 and 5 V 1^8. 

Ans. 32 V (2). 

9. It is required to find the sum.of 9 y/ 243 and 10 v' 363 

Ans. 191 v/ (3). 
2 27 

10. It is required to find the sum of 3 v'" ^^^ "^ ^tt:, 

^ ^ 3 50 

Ans. 3yVv'(6). 

11. It is required to find the sum of 12 Vj and 3 V g^. 

Ans. 6fV{2). 

12. It is required to find the sum of iy/c^b and - y/ 4bx*. 

2A 



^.(i^'-f)v^. 



CASE V. ^ 

To find the difference of surd quantities. 

Rtjle.— rWhen the surds are of the same kind, prepare the 
quantities as in the last rule ; then the difference of the ra- 
tional parts annexed to the common surd, will give the whole 
difference required. 

But if the qi^antities have different indices, or the surd part 
be not the same in each of them, they can only be subtracted 
by means of the sign — . 

1. It is required to find the difference of \/448 and a/ 112. 

'Here x/448 = v'(64 X 7) = 8 v^7 
And x/112= v^(16X7) = 4v/7 

Whence 4 \/ 7 the diflference. 

2. It is required to find the diflTerence of V 192 and V24. 

Here V 192 = V'(64 X 3) = 4 V3 
And V 24 =V(8X3) = 2V3 

' . Whence 2 V 3 the difference. 

3. It is required to find the difference of 5 x/ 20 and 3 -/ 45. 

Here 5x/20 = 5v^(4 X 5)= lOx/5 
And 3 v/ 45 = 3^^(9X5)= 9v^5 

Whence, ^ 5 the difference. 

Q 2 2 1 

4 It is required to find the difference of t \/ o, ^md « \/ ^. 
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.,2136 2 1 

And -\/- = -v^ — = — */6 = — ^6 
5 6 5 36 30 ^ 15 ^ " 



Whence ^\/6 the dif- 
ference, or answer required. 

EXAMPLES FOR PRACTICE. 

i. It is required to find the difference of 2 ^^ 50 and V 18. 

' Ans. 7^/(2). 

2. It is required to find the difference of V 320 and V 40. 

Aj»s. 2 V(5). 

3 5 

3. It is required to find the difference of y' - and -/ — . 

*•. Ans. 4^(15). 

4. It is required to find the difference of 2 \/i and V 8. 

Ans. ^(2). 

5. It is required to find the difference of 3 Vi and V72. 

Ans. V(9)., 

2 9 

6. It is required to find the difference of V- and 1/ — 

3 ^ 32* 

. Ans- tV\/(18). 

7. It, is required to find the difference of y/ ^Wx and 
VSOo'j?. Ans. (4a* — 24a;)^(5a.). 

8. It is required to find the difference of ^^\/ d^h and 
2 V (fh, Ans. (8a - 2a?) ^ {h). 

Note. The two last answers may be written thus, 
(2aa?-4a*)v^(5j;), and 
(2a«-8a)V(*); 
or (4a" 2aa:) y/ 5x 
(8a 2a«)V^. 

CASE VI. 
To multiply surd quantities together. 
Rule. — ^When the surds are of the same kind, find the 
product of the rational parts, and the product of the surds, 
and the two joined together, with their common radical sign 
between them, will give the whole product required ; which 
may be reduced to its most simple form by Case III. 

But if the surds are of different kinds, they must be reduced 
*to a common index, and then multiplied together as usual. 
It is also to be observed, as before mentioned, that the pro- 
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duct of different powers, or roots of the same quantity, is 
found by adding their indices. 

EXAMPLSSi 

1. It is required to find the product of 3 \/ 8 and 2 \/ 6. 
Here 3 v^ 8 

Multiplied 2 v^ 6 



Gives 6V48==6v^l6x3 = 24v'3. Ans. 

2. It is required to find the product of - V « *^^ 7 V ^. 

2 3 4 6 

Here iv| 

Mult!I)Ued~v| 



3, 10 3, 5 3, 15 
Gives - V — =- V- =-V— = iV15. 
8 18 8^9 8^27 '^ 

J. i 

3. It is required to find the products of 2^ and 3^ 



2* = oi?: ^ - 



Here2^ = 2^ = (2')^ = 8j 
And 3^ = 3*=(3*)^ = 1 



Whence (72)». Ans. 
4. It is required to find the product of 5 Va and 3 V«^ 

Here 5 Va=z5a^ = 5a* 

And 3V« = 3a3^ = 3a^ 



Whence 15a»^ =15(0*)'^ or 15Va'. Ans. 

EXAMPLES FOR PRACTICE. 

5. It is required to find the product of 5 V 8 and 3 V 5. 

Ans.\30.V(10). 
, 6. It is required to find the product of V 18 and 5 V 4. 

Ans. lOy (9) 
1 2 

7. Required the product of - V 6 and -r^^^^* 

Ans. tV>/(6)- 

* 1 » 

6. Required the product of > V 18 and 6 V 20. 

Ans. 15 V (10). 
6 
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9. Required the product of 2 V3 and 13i V5. 

Ans. 27 V (15), 

10. Required tlie product of 72ja3 and .120 Ja** 

Ans. 8706ia'^^ 
il Required tlie product of 4 + 2 V2 and 2 — V2. 

Ans 4. 

I JL 

12. Required the product of (a + b)^ and {a -^b)^. 

Ans. {a + b)'"^. 
CASE VII. 
To divide one surd quantity by another. 

RuLS. — Wh^n the Surds are of the same kind, find the 
quotient of the rational parts, and the quotient of the surds, 
and the two joined together, with their common radical sign 
between them, will give the whole quotient required. 

But if the surds are of different kinds, they must be reduced 
to a common index, and then be divided as before. 

It is ateo to be observed, that the quotient of different 
powers or roots of the same quantity, is found by subtracting 
their indices. 

EXAMPLES. 

1. It is required to divide 8 V 108 by 2 V 6. 

8 V 108 
Here . = 4 V 18 = 4 V(9 X 2) = 12 V2. Ans. 

2 V6 

2. Jt is required to divide 8 V 512 by 4V 2. 

S 3/ 512 

Here — 1-_ = 2 V 256 = 2 V (64 X 4) = 8 V 4. Ans. 
4V2 

3. It is required to divide - V 5 by - V 10. Ans. 

■ ^\/2 2 2 2 4 4 

4. It is required to divide V7 by %/7, 

V * 73 76 

5. It is required to divide 6 V 54 by 3 V 2. Ans. 6 V 3. 

6. It is required to divide 4^72 by 2 V 18. Ans. 2V 4. 

3 1 , '2 ,1 

7. It is required to divide 5- V —^ ^ ^"^l' 

Ans. ||V3. 
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5 2 2 3 

8. It is required to divide "^ « '^ o ^7 2 7 V-. 

Ans. f#V2. 

1 2 

9. It is required to divide 4-Va by 2g V«*- ^ 



^•s©* 



2 3 

10. It is required to divide 32- V a by 13- V «• 

5 4 



3-1- 9 -L 

11. It is required to divide 9-a^ by 4— o*". 

8 11 ■ 



. 648 JL 
Ans. r;rr«» 
275 



. 825 isr 

Ans. — n 
424 

12. It is required to divide V20 + V 12 by V5 + V3. ' 

Ans. V 4 or 2. 

Note, Since the division 4>f surds is performed by sub- 
tracting their indices, it is evident that the denominator of any 
fraction nay be talmi into the numerator, or die numerator 
into the denominator^ by changing the £ign of its index. 

Ako, «inee — = 1, tw = aP*^'" = «•, it follows, that Hit 
a** 

ej^«6si(m «<> IB a symbol equrvafent to unity, «iid €onae- 

questly, that it may always be replaced by 1 whenever it. 

occurs.* 



♦ To what is above said, we mav also farther observe, 

1. That added to or subtractea from any quantity, makes it neither 
greater nor less; that is, 

«>|-0=ca, anda — = «? 

2. Also, if nought be multiplied or divided by any quantity, both the 
product and the quotient will be nought ; because any number of times 
b, or any part of 0, is 0; that is, 

0X«, ofaXO = 0, and- =0, 

8. From this it likewise follows, that nought divided by nought, is a 
finite quantity, of some kind or other. 

For since X « = 0, or = X «i it is evident that ^ = «. - 

4. Farther, if any finite quantity be divided by 0, the quotient will be 
infinite. 

For let - = J, then if i remain the same, it is plain, the less a is, the 

' ^ ■ t» 

gfrea,ter wiU be the quotient q\ whence, if « be indefinitely small, q vnH 
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EXAMPLES. 

^ 1 tf-* 1 cr^ 

1. Thus, - = -7^ or cr* ; a&d ~r = — , or «-*». 

b her* , _^ , fi^ 1 6* 

2. Also, ■:3- >= -T^, or hcr^y and rri- = --r==r, or - . 

3. Let -^ be expressed vith « negative index. Ans. cr*. 
4 Let flri be expressed with a positive index. 

15. Let -^-Tj- be expressed with a negative index. 

Ans. (a + a?)--i, 
6. Let a («■ — ac*)"! be expressed with a positive index. 

Ans. J. 

CASE VHL 
7\) tnvoZi^d, or rat^e surd qiumtities to any power. 

Rule. — ^When^ the surd is a simple quantity, multiply its: 
index by 2 for the square, by 3 for the cube, &c., and it will 
give the power of the siurd part, which, being ahnexed to the 
proper power of the radonai part, will give the whole power 
required. And if it be a compound quantity, multiply it by 

be indefinitely great : and conseqnently, when <t is 0, the quotieat q will 
be infinite; that is. 

i 1 

5,orj = co. 

Which properties are of frequent occurrence in some of the higher parts 
of the science, and should be careftilly remembered. 

Since, therefore, — -j-rr isthesame«s(a+^) . Let us suppose, m 

the general formula, » = — 1; and we shall have for the co^cients 

• sr-^1; — _=--lj,_-.= — 1; — — = — 1, &c and for the 

powers of a we have an = a-i = - ; a»r-i = <r-«=:— : a»^ = — ; 

«^= V»&c.;sothat(a+Jr=4-. = -'--4~-;+~-^ 

Ac., which is the same series that is found b7 division. ]^or more on 
this subject see the Binomial Theorem, (further on) or Euler's AJ- 
gebra. 
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itself the proper number of times according to the usual 
rule.* 

EXAMPLES. 

2 i 

1. It is required to find the square of -a . 

H^'M3")=9" =-/ = -Va>. Ans. 

2 

2. It is required to find the cube of - V 3. 

3. It is required to find the square of 3 (/ 3- Ans. 9 V ^• 

4. It is required to find the cube of 17 V 21. 

Ans.*103l73V(21). 

5. It is required to find the 4th power of - V 6. Ans. j\. 

6. It is required to find the square of 3 + 2 V 5. 

Ans. 29 + 12V5. 

7. It is required to find the cube of V tr + 3 Vy. 

Ans. a? V a: + 27y V OJ + 9a; Vy + 27y V y. 

8. It is required to find the 4th power of V 3 — V2. 

Ans. 49-20V6. 

CASE IX. 
Tojind the roots of surd quaviities. 
Rule. — ^Whett the surd is a simple quantity, multiply its 
mdex by i for the square root, by ^ for the cube root, &c., 
and it will give the root of the surd part ; which being an- 
nexed to the root of the rational part, will give the whole Toot 
required. And if it be a compound quantity, find its root by 
the usual rule.f 

♦ When any qflantity that is affected by the sign of the. square root 
IS to be raised to the second power, or squared, it is done by suppress- 
ing the sign. Thus, 

(Va)2, or VaXVa^a; and(Vfl+*y, or V(«+*)XV(a+*)=«+^. 

t The fiith root of the mth power of any nuzAber a^ or the mth power 
m 
of the nth root of a, is on . 

Also, the nth root of the mth root of any number a, or the with root of 

the wth root of a, is a^^^. 

From which last expression, it appears, that the square root of the 
square roct of a is the 4th root of a ; and that the cube root of the square 
root of c, or the square root of the cube root of «, is the 6th root of a \ 
and so on for the faurth, fifth, or any other numerical root of this kind» 
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EXAMPLES. 

1. It is required to find the square root of 9 ^Z 3. 
Here(9V3)'* = 9*X3^^^ = 9^X3«=:3V3. Ans. 

2. It is required to find the cube root of - V 2. 

o 

Here(gV2)*=Q'x(2*^^) = i(27=iV2. Ans. 

3. It is required to find the square root of 10^. 

Ans. lOV(lO). 

8 

4. It is required to find the cube root of — c^, 
* 27 

Ans. ia V«- 

16 4 i 

5. It ia required to find the 4th root of ^^ . Ans. -|a'. 

ol 

6. It is required to find the cube root of - V^. ^ ^ 

3 o 

Ans. V|, or iV(3a). 

7. It is required to find the square root of a:' — 4x V a + 4a. 

Ans. 0? — 2Va. 

8. It is required to find the square root of a + 2 V a^ + &. 

Ans. Va + Vb. . 

CASE X. 

To transform a binomial, or a residual surd, into a general 
surd. 

Rule. — Involve the given binomial, or residual, to a power 
corresponding with that denoted by the surd ; dien set the 
radical sign of the same root over it, and it will- be the 
general surd required. 

/ ' EXAMFLSb. 

1. It is required to reduce 2 + %/ 3 to a general surd. 
Here (2 + \/3)« =i 4 + 3 + 4 v^3 = 7 + 4^/3 ; therefore 

2 4- ^/3 = v'^^ + 4 V3), the answer. 

2. It is required tft reduce V2 + V 3 to a general surd. 
Here (v/2 + ^/3)* = 2 + 3+2 v'6 = 5 + 2^/6; there- 

fore v/2 + v^3 = -•(5+2^6), the answer. 

3. It is required to reduce \/2 + V^ to a general surd. 
Here ( 1/2 + V4f = 6 + 6 V2 -f 6 V4; therefore \/2 + 

V4 =y6(l +\/2+V4), the answer. 
.4. It is. required to reduce 3 — -• 5 to a general surd. 

- Ans. V(14-6v'5>. 
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5. It is required to reduce •/2-*2>/6 toa general surd. 

Ans. x/(26 — 8v/3). 

6. It is required to reduce 4 — •/ 7 to a general surd. 

Ans. v/(23-8x/7). 

7. It is required to reduce 2^/3 — 3V9toa general surd. 

Ans. V{162V9— 108V3-219). 

CASE XL 
To eartract the square root of a binomial, or residual surd. 

Rule.* — Substitute the nnmberS) or parts, of which the 
given surd is composed, in the place of the letters, in one^^f 

* Prop. 1. Tke square root of a qwrntUnt cawnot be partly ratioruU and 
partly a quadratic surd. If possible, let V» = « + Vi»: then, by 
squaring both* sides, n = 01+^ Vm-f-m, and by transposition 2a Vm 

— n — a2 — m j therefore Vm = ^"^^ ~"^ a rational quantity, which 

2a i 
is contrary to the supposition. A quantity of the form V a, is called a 
quadratic surd. 

Prop. 2. In any equation x + Vy = a+Vb, consisting of rational 
quantities arid quadratic swrds, the rational parts on each side are equaly 
arid also the irratianal parts. 

If X be not equal to a, let x = a-\rm ; then a-\-m-\-Vy = «4- V*, 
. or m + Vy = V A ; that Vh is partly rational and partly a quaaratic 
surd,' which is impossible, (Prop. I.); 
.-. a; = tf, and V y = Vb. 

Inlikemanntj, if af-- Vy = a — Vb ; then a; = a, and — Vy = — Vb. 

Prop. 3. If two quadratic surds j Vx and t/y^ carmot be reduced to 
others which have the same irratioruU part, their product is irrational. 

If possible, let V a:y = rx. where r is a whole number or a fraction ; 
Then xy = ra.'cs, and v = rsx ; .*. Vy = r V a; ; that is, Vy and Vx may 
be so reduced as to have tibie ^ame rational part, which is contrary to 
the supposition. 

Prop. 4. One quadratic surd, V x, cannot be made up of two others, 
V m and Vn, which have not the same irrational part. 

If possible, let \/x = Vm-\-Vn; then by squaring both sides, x=m 
-\'2Vmn-{-n, and x — wr — n=.2V mn, a rational quantity equal to 
an irrational, which is absurd. 

Prop. 5. The square root of a binomial, one of whose terms is a quad- 
ratic surd, and the other ratioruil, may sometimes be expressed by a bino- 
mial, one or both of whose terms are quadratic surds. 

Let a + 1/ ^ be the given binomial, and suppose V (a + V A) = a; -f-y; 
where x and y are one or both quadratic surds f tl^en, (see Ryan's Ele- 
mentary Treatise on Algebra, Art. 367,) V(« — Vft) = a;— y; .-.by 
multiplication, V (a' — ft) = a;a — - ya. 

Also, by squaring both sides of the first equation, a + Vft = 2»-\-2apy 
+ya, anci (Prop. 2!) *.• a = rc9+y«. 

Hence by addition ,a-\-V{a»-*-'b) r=>2aii, ^ 

and by subtraction, a — V (aa — ft) = 9y8 ; 

.\Thcroota;+y=V |*«+iV(a«— ft) |+v|»«--*V(a«-ft)| ' 

From this conclusion it appears, that the square root oi a-\-Vb can 
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the two following formulse, according as it is a binomial or a 
residual, and it will give the root required. 

v(«-v*) = v[i«+iv(«'-*)]-v[i«-4v(a"-*)] 
And if the second part of the binomial, or residual, in this 
case, be an imaginary suid, the same theorems will Still hold, 
by only changing — h into + ^> as below. 

^(a-v-i) = v[i + iv-{a»+*)]-vLi«-lv(«»4-*)l 
Where it is to be observed, that the only cases 'that are use- 
ful in this extraction, are, when a is rational, and t:^ ^h in 
the first of these formulse, ox a? ^h m the latter, is a com- 
plete square. 

EXAMPLES. 

1. It is required to find the square root of 11 + v72} or 
V{ll+6v2). 

Here, 

l/ia + iv(a"-*)=vV + iv(121-72) = vV+T=3; 

and 

Vi-a - i v«*-* = V V-i t/ 121 -72 = vV- — } = i/2. 
Whence v(ll + 6 t/3) = 3 + v2, the answer required. 

2. It is required to find the square root of 3 — 2 1/ 2 

Here, 
VJ'fl4-iv(a»-Z>) = v|-Fi v(9~8)=v|3 1 = v2; and 

Whence v (3 — 2 v 2) = \/2 •— 1, the answer required. 

3. It is required to find the square root of 6 db 2 v 5- 

Ans. v5^ J- 

4. It is required to find the square root of 23 db 8 v 7. 

Ans. 4dbv7. 

5. It is required to find the square root of 36 db 10 ^ 1 1. 

Ans. 5=fcv(ll). 
6 It is required to find the square root of 33 ± 12 v 6. 

Ans. 2v^6ifc3. 
7. It is required to -find the square root of Jl -J- 4 v — 3, 
4-47-48. Ans. 2 4- n/ - 



l + V-48. Ans. 2 + V—3. 

be expressed by a binoimal of the form rc-f-y, one or both of which are 
quadratic surds, when aft — ft is a perfect square. 
By a similar process it ridght be shown that the square root of a— i/*, or 

sulsgect to the same limitatioii. — ^Elnw 
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8. It is required to find tlie square root of 3 =b 4 v — 1 > or 
3±v — 16. Ans. 2 3bv + l. 

9. It is required to find the square root of — 1 + v — *B. 

Ans. 1 + V — 2. 

10. It is required to find the square root of (^ + 2x\y 
(a* — ac*). ' Ans. a; + v («* —«''). 

11. It is required to find the square root of 6 + 2 v 2 — 
t/(12) — v(24). Ans. l + v2-v3. 

FOR TRINOMIAL, QUADRINOMIAL SURDS, Slc. - 

Rule. — Divide half the product of any two radicals by a 
third, gives the square of one radical part of the root ; ^^ixs 
repeated with diflcrent quantities, will give the squares of all 
the parts of the root, to be Connected by -f- and' — . But if 
any quantity occur oflener than once, it must be taken but 
once. * , ' 

. For if OP -|- y + ;2r be any trinomial surd, its square will be 
«^ 4' y* + ^ + 2ay + 2xz + 2yz ; then if half the product of 
any two rectangles as 2xy X 2xz (or 2!K^yz) be divided by 

some third 2yx, the quotient — =-- = oe*, must needs be the 

square of <Ae of the parts ; and the like for the rest. 

EXAMPLE 1. 

To extract the square root of 10 + v(24) + v(40) + 

Hr^li^^^ = 2, and llMX-^) = 
av(60) - ' 2v(40) 

^9 = 3. aaaili^U^^^^=:v(25) = 6. Afld the wot 

EXAMPLE 2. 

It is required to find the square root of 14 + v(32) — 
V (48) + V (80) ^ V (;24) + V (40) - V (60). 

V(32X48) V(24) ,. , .. 

Here — ^ — = — ^^ — ^, this produces nothing. 

2 1/ (80) \/ 5 

, . V(32X48) ,,^, ^ v{40x60) 

. X / , \/(32 X 40> , „ , V(48 X 24) 

=V(25)=5;and^-^=v4^2; and -^-^ 

*= V^ = 3 5 and '^^^^X^ ^ = ^ (i6) = 4, &e., therefore 
2 V (40) 
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the parts of the root are v 4> v 5, v 3^ yZ, -|/4, &c., aad 
the root is2 + v2 — vS + v^; for, being squared, it pro- 
duces the surd quantity given. 

CASE xn. 

To extract any root (c) of a binomial surd. 

Rule 1.* — Let the quantity be A db B, whereof A is the 
greater part ^nd c th& exponent of the root required. Seek 

* Let the sum or difference of two quantities, x and y, be raised to a 
power whose eo^onent is c, and let the Ist, Sd, bth, Itk, ^c, terms of that 
power ^ collected into one svm, be called A, and the rest of the terms, in 
^ the even places, caUed B; the difference of the squares of A and B shaU be 
equal to the difference of the squares of i and y raised to the ^tm 
power c. 

For the terms in the power coix-\-y, writing for their coefficients re* 

spectively, 1, c, d, e, &c., are x'^-{-ex^^y-\-dx^~^y^+ex^^^^-{-, &c. 
= A-^-B] and the same power of a; — y (changing the signs mtheevea 
places)isai°— cai'^V+^'^ys— «c*^V+, &c.=A — JB. . 

And therefore, (a;+yy (a;— yyor(ic8 -y^f =(,A+ B)(,A^ B) ^ 

Let one, or both of the quantities, x, y, be a quadratic swrdt that is, let 
x-fy, the c root of the proposed binomial A-^-B belong to one of thew 
fonns,p -\'lVqiJcVp+q,oTkVp-\-lVq- And it follows that, 

1. itx+y =p +lVq,c being ei^ ^n^le number, A, the sum of the 
odd terms, will be a rational number ; and B, the sum of the terms in 
the even places, each of winch involres an odd power of y, win be a 
rational number multiplied into the quadratic surd Vq> 

2. Let c, the exponent of the root sought, be an odd nnniber, as we 
may always siq>pose it, because if it is even, it may be halved l^ die ex- 
traction or the square root, tUl it becomes odd : and let x -\- y = h Vp -{• q* 
Then A will involve the surd Vp, and B wiU be ra^onal. 

3. But if both menAersofthe root are irrational, aj+y= (J^Vp+lVq) 
A and B are both irratioual, the one involving Vp, and the Dther the 
surd V q. And in all these cases, it is easily seen that when x is greater 
than y, A will be greater than B. From tliis composition of the binomial 
A+B,we are led to its resolution, as in the above rule, by these steps. 

L 

When A is ratioTuU^ and As — J9s is a perfect power. 

1; By the theorem just demonstrated, Ai — ^ = (.t9 — ys)° accu- 
rately ; and therefore extracting the c root of As — JBs, it will be a?2 — y* ; 
call this root n. 

2. Extract in the nearest integer, the c rootof A+jB, it will be 
{nearly) ic+y ; which put = r. 

3. Divide a:9 — y2(=w) by x-^-y {^=zr) the quotient ^ (nearly) 
x^y\ and the sum of the divisor and quotient is {more neatiy) 2x ; that 

r+i 

is, if an integer value of a; is to be found, it will be the nearest to — ^. 
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the least number » whose power nf^ is divisible by A* — B*, 
the quotient being Q compute ^ [(A + B) X V Q] ii^ ^he 
nearest integer number, which suppose to be r. Divide 

, • • - 

n 
4. a5a~(3*— y«)=rysj ot, /^^js— » = y«: whence 

y=\/ K'^ja- n\', and therefore, putting t=!!!Lr, the rootsought 

x-\-y = t-\-V(p—n)\ the same expression as in the rule, when 
Q= 1, 5= 1; that is, when A^ — B^, is a perfect c power, and the 
greater number, A, is rational. 

11. 

n 
r+ — 

When A is irrationaly and Ct = 1. By the same^ process, x = — T 

^^= T) and y = V (T2 — »> But seeing A is supposed irrational, and 
e an odd number,, x will be irrational likewise : and they will both in- 
volve the same irreducible surd i/p, or 5, which is found by dividing A 
by its greatest rational divisor. Write, therefore, for x or T, its value 
< X 5, and a;+y = / 5 + V (^ 52 — »). 

m. 

If the e root of Aa — Bs cannot be taken, multiply As— Ba by a 
number Ct, such that the product may be the {least) perfect c power n9 
r= As a — Ba a). And now (instead of A + B) extract the c root of 
(A+B) X Va, which found as above, will l^ ts+vip^si—n) ; and 
conseqfuently the c root of A + B will be « 5+ V (* a ia — »), divided by 

the. root of va; that is, ^^^^^^^'^^ 

hi the operation, it is re(luired to find a number Ct, suchj that (Aa — 
Ba) X Q. may be a perfect c power ; this will be the case if Ct be taken 
equal to ( A^ — Bif~^ j but to find a less number which will answer 

this cemdition, let Aa — Ba be divisible by a, <t, (m); b^b, 

(w); dyd, (r); &c. in succession, that is, -let Aa — Ba^a"*^'* 

d*", &C.J also, let QLt^a^i^ify &c.; (Aa— Ba)x a = «'"•*■'' X*"'*'*' 

which is a perfect cth power, if aj, y, z^ &c., be so assumed that m+a;, 
n-\-y^T~\-Zi are respectively equal to c, or some multiple of c. , Thus, 
to find a number which multiplied by 180 will produce a perfect cube, 
divide 180 as often as possible by 2„3, 5, &c., and it appears that 2. 2. 3. 3. 5 
= 180; if, therefore, it be multiplied by 2. 3. 5. 5, it becomes 2.' 3.^5^ 
or (2 . 3 . 5)3, a perfect cube. 

If A and B be divided by their greatest common measure, either in- 
teger or quadratic surd, in all cases where the rth root can be obtained ' 
by this method, Ct will either be unity, or some power of 2 less than 2«. 

If the residual A — B be ^ivai, it is evident from its genesis by invo- 
lution, thit the same rule gives its root a; — y. See Universal Arith- 
metic, p, 139, Dr. Waring's Med. Alg. p. 287, or Maclaurin's Alg. 

Prl24. 
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A V Q by its greatest divisor, and let the quotient be s^ and let 

« 
r + - 

- r ' . . 

— — = t, the nearest integer. Then the root = 

; ^ r^, if the c root of A db B can be extracted. 

• It is proper to observe that this rule, which was first given 
by Newton in the Universal Arithmetic, fails, when ^ = i* 
exactly ; in which case, instead of taking t the nearest in- 
n 

teger value of — — , it must be taken equal to i- See Ryan's 

. Key to the second New York edition of Bonnycastle's 
Algebra. 

EXAMPLE. 

What is the cube root of v 968 + 25. 

We have A» - B^ = 343 = 7 X 7 X 7. Q X 7^ = n* 
whence n = 7, and Q = 1. Then V [(A + B) X 1/ Q] =» 
3/ 56 + = r = 4. A V Q =^ V 968 = 22 V 2, and the 

r -{-r 4 + "^ 

radical plart y2=:s, and = - — -f = t:= 2, in the near- 

2s 2 \y2 

"est integer. And "?^ = 2 v 2, v {^^ — n) = i/ (8 — 7) = 1. 

2 v^2 + 1 
V (Q = 1). And the root is = 1i^2 + l, whose 

cube, upon trial, I find to be v 968 + 25. ' - 

Rule 2.*— Let the surd, that is to have its root extracted, 

* Thus, letV(«H- Vi) = a;+ Vy; and we shall have by invo- 
lution, a-\-Vb — {^x-\-VyY' 

An equation, which, by expanding the righthand member, and com- 
paring the rational and irrational parts, gives 

Or, which is the same thing under a different form, 

V> = i|!(a;+Vy)'» — («— Vy)" \' 

'Whence, by squarmg each of these equations, and subtracting the 
latter from the former, we shall have 

^i«— * = i|(a; + i/y)2«+2(a;2— y)«+(a;— i/y)«»|> 
— i|<«+Vy)8'— 2(iBS— y)n+(aj«.vy)«» |. 
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be oftliefonn V(« + V*)»or V(« — v*)- Then if a» — A 
be a perfect integral cube, and some w|iole number can be 
found, that, when substituted for n, will make 
n=-3[V(«'-i)]n = 2a, 
the roots of the two expressions, in this case, will be 
V(a + VA)=i» + iV[n«-4V(a"-ft)l 
V(a - VA) = i » - i V [n^ - 4 V(a" - *)] 
And if the second part of the binomial^ or residual, be an 
imaginary surd, and c^ + h be a perfect integral cube, the 
extraction may be effected by finding the integral value of n 
in the following equation as before : — - 

In which last case, the roots of the two expressions will be, 
V(a + V - 5) = In +i V[n« - 4V(a' + *)1 

V (a - V - 6) = in - i V K - 4 V (a' + *)] 
each of which formulae may be obtained by barely changing 
the sign of 6 in the former. 

EXAMPLE. 

It is required to find the cube root of 10 d= 6 V 3, o^ 10 ± 
V(108). 

Here a = 10, and b =108 ; whence %/ (c^ ^ h) = \/ 
(100 -108) = - 2, and n^ - 3 [V (a* - 5)] n == 20, 

or n® + 6n = 20, 
where it readily appears ftom inspection, that n = 2. 
Whence V (10 + V 108) =f+iv(4-4X-2) = 
1 + i V (12) = 1 + V 3, and V (10 - V 108) = f - i 
V(4-4X -2) = l-iV12 = l-V3. 



EXAMPLES FOR PRACncfi. 

1. Required the cube root of 68 — V4374. 



, 4- V6 



Or, by rejecting the terms that destroy each other, and then multi- 
plying by ij i 
d9— A = (rc«— y)rt, or a:«— y= (a« — 4)* • 
Where, supposing a» — d to be a complete power of the nth degret, 

let (^— i)^ beput=tf. 

Then, since o^s — y = e, and consequently y = xt — c, if this value be sab- 

. »(»— 1) . «(n— l)(n— 2)(n— 3) 

stituted for y, in the equation a^ -\ g^-V-^y H ^ ^ ^ 

a^*y2+> Ac* I = «i we shall obtain an eauation, in which the value of 
Xy as before mentioned, is irrational, when the extraction required is 
possible. See Wood, or Ryan's Algebra.— Ed. . 

7 
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2. Required the cube root of 11 +5%/ 7 

A V74-1 

3 Required the cube root of 2^7 + 3^3. 

Ans. — ^— . 

4. Required the fifth root of 29 v 6 + 41 ^ 3. 

. v6 + v3 

Ans. — . 

V9 

5. Required the cube root of 45 d= 29 v2. 

Ans. 3 -f v2, and 3 — v2. 

6. Required the cube root of 9 d: 4 v 5, or 9 =h v 80. 

Ans. f + i V 5, and f — i V 5. 

7. Required the cube root of 20 ± 68 v — 7. 

Ans. 5 4- V — 7, and 5 — v — 7. 

8. It is required to find the cube root of 35 db 69 v 6* 

Ans. 5 + V — 6, and 5 — v -" 6. 

9. It is required to find the cube root of 81 d: v — 2700.* 

Ans. — 3 + 2 V — 3, and —3 — 2^3. 

CASE XIII. 

To find 8uch a multiplier, or multipliers, as will make any 
binomial surd rationaL 

RuLE.t — 1. When one or both of the terms are any even 
roots, multiply the given binomial or residual, by the same 

♦ Whenever it can be done, the operation, in cases of this kind, ousht 
to be abridged, by dividing the given binomial by the greatest cube that 
it contains, and then finding the root of the quotient ; which, being mul- 
tiplied by the root of the cuoe by which the binomial was divided, will 
give the root required. Thus, in the example above given, 81+ V— 2700 
=»27 X (3 -j- V — W \ where the root of 3 + V — W- being now more 
easiiy found tobe — l-j-SV— I, or — 1 -|-f v— - 3, we shall have, by 
multiplying by 3, (which is the cube root of 27), — 3+2V — 3, as 
above. 

Also this is useful, in Cardan's rule for cubic equations ; thus, V 

t81 + V(— 2700»+V(81— V(—2700))=— 3X2 =— 6,or=-fx 
2 = — 3, or f X 2 = 9, the imaginary parts vanishing, by the contrariety 
of their signs. See De Moivre's Appendix to Sanderson's Algebra, 
Universal Arithmetic, or Maclaurin's Algebra. 

t If a multiplier be required, that shall render any binomial surd, 
whether it consist of even or odd roots, rational, it may be found by sub- 
stituting the given numbers, or letters, of which it is composed, m the 
places of their equals, in the following general formula: — 

Binomial V a dbV*- 

Multiplier Va«-i qp V^'^-^^-f y«^***=F V^^^^^^+i &c.; 

where the upper sign of the multiplier must be taken with the upper 
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expression, with the sign of one of its tenns chitnged ; and 
repeat the operation in the same way, as long as there are 
surds, when the last result will be rational. 

2. When the terms of the binomial surd are odd roots, the 
rule becomes more complicated ; but for the sum or difference 
of two cube roots, which is one of the most useful cases, 
the multiplier will be a trinomial surd, consisting of the 
squares of the two given terms and their product, with its 
sign changed. 



sign of the binomial, and the lower with the lower; and the series con- 
tinued to n terms. 

This multiplier may be derived from observing the quotient which 
arises from the actual division of the numerator h^ the denominator of 
the following fractions : thus, 

I £_Il?L = a;»^i+a?«^+rB»-8ya+,&c., -fyn-i to » terms, 

rc-f-y 
whether n be even or odd, 

II ^"~y =a?»-l^a;W-fly^gfir-8y8 J &C., — y»l-l tO fl 

terms, where n is an even number- 

IIL ^+y =y?>-i — a:r^-8y-{-gn^-aya— , Slc., ..... -|-y»-i to fl 

terms, when w is an odd number. 

Now, let a?» = a, y* = ft; then a; = V «, y = V *, and these, fractions 
a — b a — h ^ a-\-b 
severally become --> —-: — , ^ . -, and — , „ , - 

And, since x"*-^ = V a*^\ a?**^ = VoT^, &c., also ya = V *», 
y3 = V63, &c., therefore, 

^~ ^ ■ =Vgw^i+!»/a>»-^+»*/ay»-^a+, &c. . . . +'^J*"* 
to n terms ; where n may be any whole number whatever. And, 

to n terms ; where the terms b and tj/ ft«^i^have the sign +, when n is 
an odd number ; and the sign — , when « is an even number. 

Now, since the divisor multiplied by the quotient gives the dividend^ 
it appears from the foregoing operations, that^ if a binomial surd of^ 
form V^a — ^^hbe multiplied Mf V^ ai^^b 'y a^-^ -|-, &c. , . . . + »y i»-J, 
(n being any whole number whatever), the product will be a — b, ara- 
tioTud quantity ; and if a binomial surd of the form ya-\- ^iybbe miOr 
tiplied by «/an-i— y an-2A_|- n/^w-s^a— , &c., . . • db V ***"*» ^ 
product will be a-\-b,OT a—b\ according as the index w is an odd or 
an even number. See my Elementary Treatise on Algebra, Theo- 
retical and Practical. — Ed. 
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1. To find a multiplier that shall render 5 -f v 3 rational. 

Given surd 5 + V 3 
Multiplier 5 — V3 

Product 25 — 3 = 22, as required. 

2. To find a multiplier that shall make V 5 + V 3 rational 

Given surd V 5 + V 3 
Multiplier V5 — V3 



Product 5 — 3 = 2, as required. 
3. To find multipliers that shall make V 5 -h */ 3 rational. 
Given surd .V5 + V3 
1st multiplier V 5 — V 3 



1st product v^5 — -^3 
2d multiplier -/ 5 + -/ 3 



2d product 5 — 3 = 2, as required. 
4. To find a multiplier that shall make V7 + V3 rational. 
Given surd V7 + V3 
MultipUer V7» - V(7 X 3),+ V3* 

7+V(3X7^) 
~V(3X7«)-V(7X3«) 

+ V(7X3«) + 3 



Product 7 + 3 = 10, as was required. 

5. To find a multiplier that shall make -/ 5 — >/ « rational 

Ans. \/5 + \/«. 

6. To find a multiplier that shall make y/a+ y/h rational 

Ans. y/a — y/h. 

7. To find a multiplier that shsdl make a-^- y/h rational. 

Ans. a — y/b. 

8. It is required to find a multiplier that shall make 
1 — V 2a rational Ans. 1 + V 2« + V 4a«. 

9. It is required to find a multiplier that shall make 

V 3 -iV2 rational. Ans. V9 + i V6 + iV4/ 

10. It is required to find a multiplier that shall make 

V («") + V (*')» or « * + h^ rational 

Ans. V«'~VK*^)+ V(a'^')- V*'- 
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CASE XIV. 

To reduce ajraction, whose denominator is either a simple or 
a compound surdy to another that shall have a rationaTd^- 
nominaior. 

Rule. — 1. — ^When any simple fraction is of the form —--, 

multiply each of its terms by y/a, and the resulting fraction 

will be . 

a 

h 
Or, when it is of the form — , multiply thieni by V «*, and 

the result will be , 

a 

b 
And for the general form - — . multiply by V o*^S and the 
y^ a 

result will be . 

^ a ^ 

2. If it be a compound surd, find sucn a multiplier, by the 
last rule, as will make the denominator rational ; and mul- 
tiply both the numerator and denominator by it, and the result 
will be the fraction required. 

EXAMPLES 

2 3 

1. Reduce the fractions — -- and 777^, to others that shall 

V ** a" V o 

have rational denomiiiators. 

2 _^y^_2^/3 , 3 _ 3 \/& _ 

3V5' 6V5' 6 , 

r-— z = —' — = R V 125 the answer reqmred. 
a X •^ ^ o O 

3 

2. Reduce — — to a fraction whose denominator 

V 5 — \/2 

shall be rational. 

_^_3 x/5 + v^2 ^ 3v^5 + 3'x/2 _ 3V5+3V2 

® ^/5-^/2^^/5 + ^/2~ 5-2 "^ 3 

^"5+^2 , . , 

= = V 5 + -v/ 2 the answer required. 

/2 

3. Reduce to a fraction, whose denominator shaJl 

3 — -v/2 
be rational. 

7* 
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V2 _ V2X(3 + V2) _ 3V2+2 _ 2-f 3V2 

'^®^^3-V2"(3-V2)xt3 + V2)~" 9-2 "" 7 

2 3 

= - 4- _ ^ 2 the answer required. 

4 Reduce ^ to 8- fraction that shall have a ra- 

-•7 + \/3 ^/(42)-^/(18) 
tional denominator. Ans. , 

5. Reduce to a fraction that shall have a rational 

3 + Vjk Zx — x^x 

denominator. > Ans. — -; — . 

y — a? 

6. Reduce -^ to a fraction, the denominator of which 

shall be rational. Ans. »^ , . 

7. Reduce g to a fraction that shall have a ra- 
tional denominator. Ans. 5 X [ V (49) + V (35) + V (25)-I. 

8. Reduce ^- to a fraction that shall hav« a ra^ 

tional denominator. , ' . 3 V 9 - 3 V ( 1 0) + V (300) 

^^^- ^T[9 ^- 

4 

9. Reduce tttt^^ — 7 ^ ^ fraction that shall have a ra- 

V 4 + V 5 

tional denominator. 

Ans. 4 I - %/10 - 2 ^/2 + (2 + \/5) X V 5 I • 



OF ARITHMETICAL PROPORTION AND 
PROGRESSION. 

Arithmetical Prorortion, is the relation which two 
quantities of the same kind, hav.e to two others, when the 
difference of the first pair is equal to that of the second. 

Hence, three quantities are said to be in arithmetical pro- 
portion, when the difference of the first and second is equal 
to the difference of the second and third. 

Thus, 2, 4j 6, and a, a + i, « + 2i, are quantities in arith- 
metical proportion. 

And four quantities are said to be in .arithmetical propor- 
tion, when the difference of the first and second is equal to 
the difference of the third and fourth. 
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Thus, 3, 7, 12, 16, and a, cr+'i, c, c + ^, are quantities in 
arithmetical proportion. 

Arithmetical Prooression, is when a series of quan- 
tities increase or decrease by the same common difference. 

Thus, 1, 3, 5, 7, 9, &c., and a, a + d, a + 2<f, a + 3d, 
&c., are increasing series in arithmetical progression, the 
cpmmon differences of which'are 2 and d. 

And 15, 12, 9, 6, &c., and a, o — «?, a — 2(i, a ~ 3c?, <&c., 
are decreasing series in arithmetical progression, the com- 
mon differences of which are 3 and d. 

The most useful properties of arithmetical proportion and 
progression are contained in the following theorems : — 

1. If four quantities are in arithmetical proportion, the sum 
of the two extremes will be equal to the sum of the two 
means.' 

Thus, if the proportionals be 2, 5, 7, 10, or «, i, c, d, then 
will 2 -f 10 = 5 + 7, and a + d = i + c. 

2. And if three quantities be in arithmetical proportion, the , 
sum of the two extremes will he double the mean. 

Thus, if the proportionals be 3, 6, 9, or a, b, c, then will 
3 + 9 = 2 X 6 = 12, and a + c = 2&. 

3. Hence an arithmetical mean between any two quantities 

is equal to half the sum of those quantities. 

2 +4 
Thus, an arithmetical mean between 2 and 4 is = — -— 

2^ 

5 + 6 
= 3 ; and" between 5 and 6 it is = —r — = 5^. 

And an arithmetical mean between a and h is — - — .* 

4. In any continued arithmetical progression, the sum of 
the two extremes is equal to the sum of any two terms that 
are equally distant from them, or to double the middle term, 
when the number of terms is odd^ 



♦ If two, or more arithmetical means betnreen any two quaatities be 
required, they mayTxi expressed as below. 

Thus, — i- and —£— = two arithmetical means between a and i, 

a being the less extreme and b the greater. 

b — a 

ber (n) of arithmetical means between a and b\ where ~t:T ^ ^'•^ 

common difference ; which, being added to «, gives the first of these 
means ; and then again to this last, gives the second \ and so on. ' 
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Thus, if the series be 2, 4, 6, 8, 10, then will 2 + 10 = 
4 + 8 = 2X6= 12. 

And, if the series he a, a + d, a -}- 2d, a ■\- 3d, a -f- 4d, then 
will a + (a + 44) = (d + rf) + (a + 3£?) = 2 X (a + 2d), 

5. The4ast term of any increasing arithmetical series is 
equal to the first term plus the product of the common differ- 
ence by the number of terms less one ; and if the series be 
decreasing, it will be equal to the first term minus that product. 

Thus, the nth term of the series a, a + d, a -^^ 2d, a -f- 3J, 
a -+-4rf, &c., is a-|-(7i-l)rf. 

And the «th term of the series a, a-— d, a — 2(2, a — 3J, 
a — Ad, &c., is a — (n — \)d. 

6. The sum of any series of quantities in arithmetical pro- 
.. gression is equal to the sum of the two extremes multqilied by 

half the number of terms. 

Thus, the sum of 2, 4, 6, 8, 10, 12, is = (2 + 12) X „ 

= 14X3=42. 

And if the series be a + (a + <f) + (a + 2 J) + (a -f 3rf) + 
(o + 44), &c + Z, and its sum be denoted by S, we shall 

n 
have fif = (a + Z) X o» where I is the last term, and n the 

2 

number of terms. 

Or, the sum of any increasing arithmetical series may be 
found, without considering the last term, by adding the pro- 
duct of the common difference by the number of terms less 
one to twice the first term, and then multiplying the result by 
ialf the number of terms. 

And, if the series be decreasing, the sum will be found by 
subtracting the above product from twice the first term, and 
Aen multiplying the result by half the number of terms, as 
before. 

Thus, if the series be a + (a + J) + (ii + 2d) + (a + 34) 
+ (a -f 44), &c., continued to n terms, we shall have 

fif= |-2a + (n-l)4|x^. 

And if the series be a + (a — 4) + (a — 24) -f (a — 34) -^ 
^a — 44), ^c, to n terms, we shall have 

S=|3«-(«-l)i}x|C). 

(*) The sum of aoy munber of terms (») of the series of mUuxal 
numbers 1, 3, 8, 4, 6, 6, 7, Ac., is = -i^XJ. 
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EXAMPLES. 

1. The first term of an increasing arithmetical series is 3, 
the common difference 2, and the number of terms 20 ; re- 
quired the sum of the series. 

First, 3 + 2 (20 - 1) = 3 + 2 X 19 = 3 + 38 = 41, the 
last term. 

20 20 

And (3 + 41) X — = 44 X 77 =44 X 10= 440, the sum 

required. 

Or, } 2 X 3 + (20 - 1) X 2 j X ^=(^+19X2) Xl0= 

(6 + 38) X 10 = 44 X 10 = 440, as before. 

2. The first term of a decreasing arithmetical series is 100, 
the common difiference 3, and the number of -terms 34 ; re- 
quired the sum of the series. 

First, 100-3(34 - 1) = 100 - 3 X 33 = 100 - 99 = 1, 

the last term, 

34 34 

And (100 + 1) X — = 1^^ X -77= 1^1 X 17= 1717, the 
2 2 

sum required. 

Or, J 2 X 100 - (34-w 1) X 3 ^ X y =(200-33 X 3) X 

17 = (200 — 99) X 17 = 101 X 17 = 1717, as before. 

3. Required the sum of the natural numbers 1, 2, 3, 4, '5, 
6, &c., continued to 1000 terms. Ans. 500500. 

4. Required the sum of the odd numbers 1, 3, 5, 7, 9, &c., 
continued to 101 terms. Ans. 10201. 

5. How ^any strokes do the clocks of Venice, which go 
on to 24 o'clock, strike in a day ? Ans. 300. 

6. Required the S65th term of the series of even numbers 
2, 4, 6, 8, 10, 12,. &c. Ans. 730. 

7. The first term of a decreasing arithmetical series is 10, 

Thus, l+2-[ 3-1-4+5, Ac, continued to 100 terms, is = — — = 

50Xl01=i50.')0. 

Also the sum of any number of terms (w) of the series of odd num- 
bers 1, 3, 5, 7, 9, 11, Ac, is =;= ns. 

Thus, 1-I-34-5 + 7+9, Ac, continued to 50 terms, is = 50a=2500. 

And if any three of the quantities, a, d^ », fi?, be given, the fourth may 
be found from the equation 

S= J2a ± («^l)i j xl or'(«+j)x|. 

Where the upper sim + is to be used when the series is increasing, and 
the lower sign — when it is decreasing ; also the last term l = azt. 
{n — l)d, as above. * 
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the common difference -, and the number of terms 21 ; re- 

o 

qmred the sum of the series. Ans. 140. 

8. One hundred stones being placed on the ground, in a 
straight line, at the distance of a yard from each other, how- 
far will a person travel, who shall bring them one by one, to 
a basket, placed at the distance of a yard from the first stone ? 

Ans. 5 miles and 1300 yards. 

OF GEOMETRICAL PROPORTION AND 
PROGRESSION. 

* Geometrical Proportion, is the relation which two 
quantities ' of the same kind have to two others, when the 

* If there be taken any four proportionals, a, i, c, d, which it has 
been usual to express by means of points : thus, 

a:b :: c : df 

a c ■ . 

this relation will be denoted by the equation l == ^ j where the equal 

ratios are represented by fractions, the numerators of whicli are the an- 
tecedents, and the denominators the consequents. Hence, if each of the 
two members of this equation be .multiplied by hd^ there will arise 
ad = he. From which it appears, a§ in the common rule, that the pr(>- 
duct of the two extremes of any four proportionals is equal to that of the 
means. And if the third c, in this case, be the same as the second, or 
c=.by the proportion is said to be continued, and we have ad = d«, oi 
b^vad'f where it is evident, that the product of the extremes of three 
proportionals is equal to the square ol the mean ; or, that the mean is 
equal to the square root of the product of the two extremes. 

Also, if each member of the equation ad =zbc be successively divided 
by W, dc^ ae^ &c., the results will give 



a _c 
b~d 
a _h I 
c~ d 
b d 



Or the 
proportions 



a:M :: c: d 
a: c y, b: d 
b :a i: d:c 



a c 

&c. &c. 

So that, by following this method, we can easily obtain all the transfor- 
mations of the terms of the proportion, that can be made to agree with 
the equations ad~= be. * 

In like manner, from the same equality r = ^> there will result, by 

" ma nc ma mc 

multiplication, the following equivalent forms • r^ = r^J IT = "~7 5 

Which, being converted into proportions, become ma'.mb :; 7ie indj 
and m>a:nb \\mc\ nd. ilnd, by taking any like powers, or roots, of the 

m ^m 

different sides of the same equation, we have— = — . Or, putting the 

b d 



which correspond 

with 
the proportions 



a : h :: c : d 
e :/ :: g • A 
ilk ::l:m 
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antecedents, or leading terms of each pair, are the same parts 
of their consequents, or the consequents of the antecedents. 

terms in the form of a proportion, a^ : b^ :: c^ : e^. In which cases 
m and n may be any whole or fractional numbers whatever. 
Again, if there be taken the several equations, 

b d 

f~h 
i__l 

&c. ' d&c. 

we shaU have, by multiplying their Hke terms, ^X^X^>^- ^ ^XgX^,&c 
Or, by puttmg the expression in the form of a proportion, act, &c., 
: bflCf &c., :: cglj &c., : dhm, &c. Also, taking -= -j, as before,we shall 

have, by multiplication, "T" = — 7 J and by augmenting or diminishing 

una, mc ^^ i ^ 

each side of the equation bylj--7±l = — ilj or r — = 

no nd nb 

mc:iznd 

3 — J which, being expressed in the form of a proportion, gives 

nd 

ma-hnb ifib :; mczhnd-nd; orma ^t: nb : me -^i iid y, nb:nd. 

a c 
An4 if the abovem«itioned equation -= -, be put, by a similar mul- 
N b d 

.... pa pc 

tipiication of its terms, under the form ^—=^-- and then augmented or 

diminished by 1, asin the last case, there will arise pa zh ^ '- P^ db qd :: 
qb : qd. Whence, dividing each of the antecedents of these two ana- 

mazhnb nb b 
logics by their consequents, the result will give ; — - =~",= -; *^d 

mc ±fk5 nd d 

padtiqb ^ b 

— ZZT'd ~ad^d' "^*^» consequently, as the two righthand members 

b madzfi^ padb^ 

of these expressions are each = - , we shall have ; = 

d mc J^nd pc dzqd 

■ Or, by converting the corresponding terms of this eauation into a pro- 
portion mazhnbimcdtznd :: pa -^^qb ipczhqd. Also, because the 

a c , a b 
common equation r = 7 gives -=-, if the latter be put under the equiva- 

b d c d 

ma wb pa pib 
lent forms — =— ,and ^="3) we shall obtain, by a smiilar process, 

m^i dune : pa :iz qc :: mA dond : pb -iz qdj which two analogies may be 
considered as general formulae for changing the term sof the proportion 
a:b :i c: dy without altering its nature. Thus, by supposing m, w, ^, q, . 
to be each = 1, and taking the antecedents with the superior signs, ana ' 
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And if two quantities only axe to be compared together, the 
part or parts, which the antecedent is of its consequent, or the 
consequent of the antecedent, is called' the ratio ; observing, 
in both cases, always to follow the same method. 

Hence, three quantities are said to be in geometrical pro- 
portion, when the first is to the skme part, or multiple, of the 
second, as the second is of the third* 

Thus, . 3, 6, 12, and a, ar, ar^, are quantities in geometrical 
proportion. 

And four quantities aiie said to be in geometrical proportion, 
wh6n the first is the same part, or multiple, of the second, 
as the third is of the fourth. 

Thus, 2, 8, 3, 12, and a, ar^ ft, &r, are geometrical propor- 
tionals. . . 

Direct proportion, is when the same relation subsists be- 
tween the first of four terms and the second, as between the 
third and fourth. 

Thus, 3, 6, 5, 10, and a, ar, ft, ftr, are in direct proportion. 

Inverse, or reciprocal proportion, is when the first and 
second of four quantities are directly proportional to the re- 
' ciprocals of the third and fourth. 

the consequents with the inferior, we have a-\-b:a — b \\c-\-d'.c — d^ 
anda+c :a — c \; b-\-d:b — ri; which forms, together with several 
of those already given, are the usual transformations of the common 
analogy" pointed out above. 

In like manner, by taking m, n, and p each = 1, and ^ = 0, there will 
arise a dz ft : a V, c'da d : c, and adLc'.a ::ft_j_<i:ft; each of which 
proportions may be verified by making the product of the extremes 
equal to that of the means, anji observing that ad = be. 

Lastly, taking any number of equations of the form before used, for 
€L c e g 
expressing proportions, to- =-=-=-=, &c. ; which, according to the 

b d f h 
common method, are called a series of equal ratios, and are usually de- 
noted by a:k l\ ci d V, e :f ;: g: h ::, &c., we shall necessarily 

a c 
have, from the fractions being all equal to each other, -= ql -=}, 

ft d 
eg 

-= q, - = ?! &c. And, by multiplying q by each of the denominators, 
/ * 

a = bq^ c=idq, e=fq, g^kq, &c. 

Whence, equating the sum of all the terms on the lefthand side of these 
equations, with those on the right, we have'a-|-c-|-«H-^+» &c. ={b-ydr^ 
/■-|-A+, &c.,)^. And consequently^ by division, and the properties of 
proportionals before shown, 

g+c.-|-g+g +» &«. __«__a + c a-\-c-\-e 
' *+'^+/+MT&c:^^ft ^ft+^^ft + ^+Z*"* ' 
which results show that, in a series of equal ratios, the sum of any num- 
ber of the antecedents is to that of their consequents, as one, or more of 
the antecedents, is to one, or the same number of consequents. 
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Thus, 2, 6, 9, 3, and a, ar, br^ hj are inversely propor- 
tional ; because 2, 6, -'- , and a afy -r-' r, are directly pro- 
portional. 

Geo METRICAL Progression, is when a series of quantities 
have the same constant ratio; or which increase, or de- 
crease, by a' common multiplier, or divisor. 

Thus, 2, 4, 8, 16, 32, 64, Sic, and a, ar, af*, ar', or*, &c., 
are series in geometrical progression. 

The most useful properties of geometrical proportion and 
progression are contained in ihe foUowing theorems :— 

1. If three quantities be in geometrical proportion, the. 
product of the two extremes will be equal to the square of 
the mean. 

Thus, if the proportionals be 2, 4, 8, or a, b, c, then will 
2 X 8 = 4*, and tf X c = 6*. 

2. Hence, a geometrical mean proportional, between any 
two quantities, is equal to the square root of their product. 

Thus, a geometric mean between 4 and 9 is = ^/ 36 = 6. 
And a geometric mean between a and 6 is = ^/ (df,* 

3. If four quantities be in geometrical proportion, the pro- 
duct of the two extremes will be equal to Uiat of the means. 

Thus, if the proportionals be 2, 4, 6, 12, or a, b, e, d; then 
will 2 X 12 = 4 X 6, and a X <i = * X c. 

4. Hence, the product of die means of four proportional 
quantities, divided by either of the extremes, will give the 
other extreme ; and the product of the extremes, divided bj 
either of the means, will give the other mean. 

Thus, if the proportionals be 3, 9, 5, 15, or a, b^c^d; 

i_ .,,9X5 ,e ,3X15 ^ , bXc ,• 

then will ^J^ = 15, and -J-^ — = 9: also, — ^ s^d^wmi 

3 5a 



• If two or more geometrical means between any two quantities be 
required, they may be expressed as below : 
V asb and S/ab^=z two geometrical means between a and b, 
V^> Voafta, and Va^ = three geometrical means between a andd. 
And generally, 

(««fty*+^ {a *ay»+S (« bi) "+* = any number (») o( geometrical 

1 

means between a and b. Where ( - P'*'' is the ratio; so that if a 

be multiplied by this, it will give the first of these means; and this last 
being again multiplied by the same, will give the second ; and so <». 

8 
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5. Also, if any two products be equal to each other, either 
of the terms of one of them, will be to either of the terms of 
the other, as the remaining term of the last is to the remain- 
ing term of the first. 

Thus, if ad = be, or 2 X 15 = 6 X 5, then will any- of the 
following forms of these quantities be proportional :-— 

Directly, a : & : : c : rf, or 2 : 6 : : 5 : 15. 

Invertedly, b i a:: d: c, or 6 :2 :: 15 : 5, 

Alternately, a : c : : b : d, or 2 i 5 : : 6 : 15. 

Conjunctly, a : a -{- b : : c : c + d, ox 2 : S : : 5 : 20. 

Distinctly, o : 6 -»• a : : c : <i -«- c, or 2 : 4 : : 5 : 10. 

Mi^edly, b + a: b-^ a:: d -{- e : d^b, or 8 : 4 :: 20 : 10, 

In all of which cases, the product of the two extremes is 
equal to that of the two means. 

6. In any continued geometrical series, the product of the 
two extremes is equal to the product of any two means that 
are equally distant from them ; or to the square of the mean, 
when the number of terms is odd. 

Thus, if the series be 2, 4, 8, 16, 32 ; then will 
2 X 32 = 4 X 16 = 8*. 

7. In any geometrical series, ihe last term is equal to the 
product arising from multiplying the first term by such a power 
of the ratio as is denoted by the number of terms less one. 

Thus, in the series 2, 6, 18, 54, 162, we shall have 2x3^ 
= 2X81 = 162. 

And in the series, a, or, ar^^ ar^, or*, &c., continued to n 
terms, the last term will be 

8. The sum of any series of quantities in geometrical pro- 
gression, either increasing or decreasing, is found by multi- 
plying the last term by the ratio, and then dividing the differ- 
ence of this product and the first term by the difiference 
between the ratio and unity. 

Thus, in the series 2, 4, 8, 16, 32, 64, 128, 256, 612, we 

• 512 V 2 2 

shall have ^ = 1024 - 2 = 1022, the sum of the 

2 — 1 
terms. 

Or the same rule, without considering the last term, may 
be expressed thus : — 

.Find such a power of the ratio as is denoted by the number 
of terms of the series ; then divide the difference .between this 
power and unity, by the difference between the ratio and 
linity, and the result, multiplied by the first term, will be the 
sum of the series. 
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Thus, in the series a + ar y/ car* + a?^ + ar^j &c., to ar*^, 
ve shall have 

■ --a)- . 

Where it is to he observed, that if the ratio, or cbmmon 
multiplier, r, in this last series, be a proper fraction, and conse- 
quently the series a decreasing one, we shall hare, in that case, 

a -{- ar + ar^ + a^ -^ ar^, &c., ad infinitum . 

•^ 1 — r 

9. Three quantities are said to be in harmonical proportion, 
when the first is to the third, as the difference between the 
first and second is to the difference between the second and 
third- "^ 

Thus, a, h, c, are harmonically proportional, when a : c 
:: a^b :b — c, or a: c :: b —a : c — b. 

And c is a third harmonical proportion to a and b, when 
_ ab 

10. Four quantities axe in harmonical proportion, when the 
first is to the fourth, as the difference between the first and 
second is to the difference between the third and fourth. 

Thus, a, b, c, d, are in harmonical proportion, when 

a:d::a-^ b :c -- d, or a: d::b — a: d -' c. And ^ is a 

*'ac 
fourth harmonical proportional to a, b, c, when d = 

«€l — 

in each of which cases it is obvious, that twice the first term 
must be greater than the second, or otherwise the propor- 
tionality will not subsist. 

_1 1 . Any number of quantities^ a, b, c, d, e, &c., are in 
harmonical progression, if a:c :: a — b i br- e; b : d::b ^ e 
:c-^d; c:e::c-^d:d — e; &c. 

12. The reciprocals of quantities in harmonical progression, 
are in arithmetical progression. 

Thus, if a, b, c, dj e^ &c., are in harmonical progression, 

1 1 1 1 1 p .„ ^ . . ^ . , 

-, T, -, -J, -, &c., Will be m arithmetical progression. 

13. An harmonical mean between any two quantities, is 
equal to twice their product divided by their sum. 

Thus = an harmonical mean between a and b* 

a-i-b 

♦ in addition to what is here said, it may be observed, that the ratio 
of two squares is frequently called dwplicate radios of two square roots, 
SfiU>'dupticate ratio ; of two cubes, triplicate ratio ; and of two cube 
roots, svb-triplicate ratio ; &c. 
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EXAMPLES. 

1. The first term of a geometrical series is 1, the ratio 2, 
and the number of terms 10 ; what is the sum of the series ? 

Here 1 X 2« =± J X 512 =;: 512, the last term. 

. -512.x 2-1 1024-1 ,^^ , . ^ 

And — = = 1023, the sum required. 

2. The first term of a geometrical series is - the ratio - 

2' 3' 

and the number of terms 5 ; required the sum of the series. 

And tziil^ = t::^ = IHi X ? = '-^, the .nm. 
1-i f 243^2 162 

3. Required the sum of 1, 2, 4, 8, 16, 32, &c., continued 
to 20 terms. Ans. 1048575. 

4. Required the sum of 1, -^ - -^ —^ —^ Ac, continued 

<« 4 o lb o2 127 

to 8 terms. Ans. 1——. 

12o 

5. Required the sum of 1» o> a» o^> qT> *'^'j continued to 
10 terms. Ans. 1^^^3. 

6. A person being asked to dispose of a fine horse, said he 
would sell him on condition of having a farthing for the first 
nail in his shoes, a halfpenny for the second, a penny for the 
third, twopence for the fourth, and so on, doubling the price 
of erery nail, to 32, the number of nails in his four shoes ; 
what would the horse be sold for at that fate ? 

Ans. 4473924Z. 5^. 3frf. 

OF EQUATIONS. 

The Doctrine of Equations, is that branch of algebra 
which treats of the methods of determining the values of un- 
known quantities by means of their relations to others which 
are known. 

This is done by making certain algebraic expressions equal 
to each other, (which formula, in that case, is called an equa- 
tion), and then working by the ruleaof the art, till the quantity 
sought, is. found equal to some given quantity, and conse- 
quently becomes known. 

The terms of an equation are the quantities of which it is 
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composed ; and the parts that stand on the right and left of 
the sign =, are called the two members, or sides, of th^ 
.equation. - 

Thus, if xz= a-i- by the terms are x, a, and b ; and the 
meaning of the expression is, that some quantity x, standing 
on ihe lefthand side of the equation, is equal to the sum of the 
quantities a and b on the righthand side. 

A simple equation is that which contains only the first 
power of the unknown quantity : as, 

a; 4- a = 3A, or aa; = be, or 2a? -h So" = 5^ ; 

Where a? denotes the unknown quantity, and the other let- 
ters, or numbers, the known quantities. 

A compound equation is that which contains two or more 
different powers of the unknown quantity : as, . 
a:* 4- aa: = &, or x^ — 4a:* 4- 3a; = 25. 

Equations are also divided into different orders, or receive 
particular names, according to the highest power of the un- 
known quantity contained in any one of their terms : as quad- ^ 
ratic equations, cubic- equations, biquadratic equations, &c. 

Thus, a quadratic equation is that in which the unknown 
quantity is of two dimensions, or which irises to the second 
power: as^ 

a:* = 20 ; a^ + ax = b, or 3x* + 10a; = 100. 

A cubic equation is that in which the unknown quantity is 
of three dimensions, or which rises to the third power : .as, 
a;? = 27 ; 2ar* — 3a; = 35 ; or ar* — aar* + ^a? = c. 

A biquadratic equation is that in which the unknown 
quantity is of four dimensions, or which rises to the fourth 
power : as a;* = 25 ; 5x* — 4a; = 6 ; or a;* — oa;" + ^ — car = rf. 

And so pn for equations of the 5th, 6th, and other higher 
orders, which are all denominated according to the highest 
power of the unknown quantity contained in any one of their 
terms. 

The root of an equation is such a number or quantity, as, 
being substituted for the unknown quantity, will make both 
sides of the equation vanish, or become equal to each other. 
. A simple equation can have only one root ; but every com- 
pound equation has as many roots as it contains dimensions, 
or as is denoted by the index of the highest power of the un- ^ 
known quantity, ^n that equation. 

Thus, in the quadratic equation a;* + 2a; = 15, the root, or 
value of ac, is either -f 3 or — 5 ; and, in the cubic equation ^ 
a* — 9a;* 4- 26ar = 24, the roots are 2, 3, and 4, as will be 
found by substituting each of these numbers for x. 
• In an equation of an odd number of dimensions, one of its 

8* 
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roots will always be real : whereas, in an equation of an eroD 
munber of dimensions, all its roots may be imaginary ; as ' 
roots of this kind always enter into^an equation by pairs. 

Such are the equations tx^ ^ 6x -{• 14 = 0, and ac* — 2«' — 
9«^ + lOa? + 50 = * 

OF THE RESOLUTION OF SIMPLE EQUATIONS, 
Containing only one unknown Quantity, 

The resolution of simple, as well as of other equations, is 
the disengaging the unknown quantity, in all such expressions, 
from the other quantities with which it is connected, and 
making it stand alone,, on one side of the equation, so as to be 
equal to such as are known on the other side ; for the per- 
forming of which, several axioms and processes are required, 
the most useful and necessary of which are the foUoiying : — ^f 

CASE I. 

Any quantity may be transposed from one side of an equa- 
tion to the other, by changing its sign ; and the two members, 
or sides, will still be equal. 

Thus, if « -h 3 = 7 ;• then will a: = 7 — 3, or as = 4. 

* To the properties of equations abovementioned, we may here 
farther add: — 

1. That the sum of all the roots of any equation is equal to the co- 
efficient of the second term of that equation, with the sign changed.' 

0. The sum of the products of every two of the roots, is equal to the 
coefficient of the thira term, without any change in its sign. 

3. The sum of the products of every three terms of the roots, is equal 
to the coefficient of the fourth term, with its sign changed. 

4. And so on, to the last, or absolute term, which is equal to the pro- 
duct of all the roots, with the sign changed or not, according as the 
equation is of an odd or an even number of dimensions. See, for a 
more particular accoimt of the general theory of equations, Vol. II. ol 
Bonnycastle's Treatise on Algebra, 8vo., 1820 j or Ryan's Elementary 
Treatise on Algebra, 12mo.. 1824.--Ed. 

t The operations required for the purpose here mentioned, are chiefly 
such as are derived from the following simple and evident principles :— . 

1. If the same quantity be added to, or subtracted from, each of two 
equal quantities, the results will still be equal ; which is the same, in 
enect, as taking any quantity from one side of an equation, and placing 
it on the other side, with a contrary sign. 

• 2. If all the terms of any two equal quantities, be multiplied or divid- 
ed, by the same quantity, the products, or quotients thence arising, will 
be equal. 

3. If two quantities, either simple or compound, be equal to each 
other, any like powers, or roots, of them will also be equal. 

AH of which axioms will be found sufficiently illustrated by the pro- • 
cesse^rising out of the several examples annexed to the six different 
cases given in the text. ~ 



RESOLUTION OP SIMPLE EQUATIONS. 91 

And, ifac — 44-6 = 8; then will ar=8 + 4 — 6 = 6. 

Also, ifar — a4-^ = c — d; then will a; = a — i + c — d. 

And, if 4aj — 8 = 3aj + 20 ; then 4a; — 3x = 20 + 8, and 
consequently a; = 28. 

From this rule it also follows, that if a quantity be found on 
each side of an equation, with the same sign, it may be left 
out of both of them ; and that the signs of all of the terms of 
any equation may be changed from + to — , or from — to 
+, without altering its value. 

Thus, if Of 4- 5 = 7 -f 5 ; then, by cancelling, x = 7. 

. And if « — jF=5 — c; then, by changing the signs, 
x — a^zc-^b, or x=za + c — b. 

EXAMPLES FOR PRACTICE. 

1. Given 2a; + 3 = a: -h 17 to find x, Ans. x = 14. 

2. Giv^en 5a? — 9 = 4a; + 7 to find x. Ans. x = 16. 

3. Given a; + 9 — 2 = 4to find a?. Ans. a; = — 3^ 

4. Given 9a; — 8 =8 a; — 5 to find x. An9. a; = 3. 

5. Given 7a; + 8 •— 3 = 6x + 4 to find x, Ans. a? = — 1. 

CASE IL 

- If the unknown quantity, in any equation, be multiplied by 

any number, or quantity, the multiplier may be taken away, 

by dividing all the rest of the terms by ^t; and if it be 

divided by any number, the divisor may be takon away, by 

multiplying all the other ternis by it. 

c 

Thus, if ax== 3a6 — c ; then will x = 3b . 

a 

And, if 2a; + 4 = 16 ; then will a; + 2 = 8, 

or a; = 8 — 2 = 6. 

Also, if ^ = 5 + 3 ; then will a; = 10 + 6 = 16. 
2 

2x 
And, if -- — 2 = 4; then 2ar — 6 = 12, or by division, 

« — 3 = 6, or a; = 9. 

EXAMPLES FOR PRACTICE. 

1. Given 16a; •+• 2 = 34 to find x. Ans. a; = 2. 

2. Given 4a; -^ 8 = — 3a; + 13 to find x, Ans. a; = 3. 

3. Given lOj? — 19= 7a; + 17 to find x. Ans. x = 12. 

4. Given 8a; - 3 + 9 = — 7« + 9 + 27 to fiind a;. 

Ans. a; = 2. 
4d 

6. Given Zax — 3a5 = I2d, Ans. « = * +^ 
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CASE m. 

Any equation may be cleared of fractions, by multiplying 
each of its terms, successirely, by the denominators of those 
fractions, or by multiplying both sides by the product of all the 
denominators, pr by any quantity that is a multiple of them. 

Thus, if 5 + 7 = 5, then, multiplying by 3, we have a? H 

3 4 4 

= 15; and this, multiplied by 4, gives 4a? + 3x = 60 ; whence, 

60 4 
by addition, 7a? == 60, or a? ft= — = 8 1^. 

• a? flP 
And, if -- h - = 10 ; then, multiplying by 12, (which is a 

multiple of 4 and 6,) 3a? + 2a? = 120, or 5a? =120, or a? = 

5 
' It also appears, from this rule, that if the same number, or 
quantity, be found in each of the terms of an equation, either 
as a multiplier or divisor, it may be expunged from all of them, 
without altering the result. 

Thus, if ax = ab +ac', then by cancelling, a? = 5 + c. 

And if - -h - = - ; then, a? + * = <^> or x = c — i. 
a a a 

EXAMPLES FOR FRACTICE. 

3a? X 

1 . Given y= - + 24 to find op. Ans., x = 19^. 

2. Given ^ + 1 + ^ = 62 to find x, Ans. x = 60. 

o 2 

1. a? — 3 X a?4-19 

3. Given -^ + g = 20 Z-_tofindic. Ans. a? = 9. 

4. Given --- + — — = 16 ^ to find a?. 

^ o 4 



5. Given — r h -= 1 ■— to find a?, 

oca a 

' Ans. X- 



Ans. a; = 13, 



acd-^abd — 2cbd 

CASE IV 

If the unknown quantity, in any equation, be in the form of 
a surd,, transpose the terms so that this may stand alone, on 
one side of the equation, and the remaining terms on the other 
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(by Case I.) ; then involve each of the sides to such a power 
88 corresponds with the index of the surd, and the equation 
will be rendered free from any irrational expression. 

Thus, if Va? — 2 = 3 ; then will -^ « = 3 + 2 == 5, or, by 
«fuaring, x = 5' = 25. 

And if V{3x + 4r)=z5; then wiU 3« + 4 = 25, or 3a: = 25 

— 4 = 21, or a? = — = 7. 

Also,if V(2« + 3) + 4 = 8; then will V(2a? + 3) = 8 — 4 
= 4, or 2a; + 3 = 4' = 64, and consequently 2« = 64 — 3 = 61, 

61 0..1 
or OP = — = 30 -. 
2 2 

EXAMPLES FOR PRACTICE. 

1. Given 2^/a? + 3 = 9t^ find x, Ans. x = 9. 

2. Given V' (a; -h 1) — 3 = 3 to find x. Ans. x = 24. 

3. Given V(3a? + 4) + 3 = j5 tofind ar. Ans. a? = 7f 

4. Given v^(4 4-x) = 4 — -/apto find «. Ans. a; = 2i. 
6. Given y^ (4a* + x*) = V (4^* + **) to find ar. 



.6* « 4a\ 



CASE V. 

If that side of the equation which contains the unknown 
quantity, be a complete power, the equation may be reduced 
to a lower dimension, by extracting the root of the said power 
on both sides of the equation. 

Thus, if a* = 81 ; then a; = -/ 81 = 9 ; and if a» = 27, then 
a: = V27 = 3. 

33 
Also, if 3a;* — 9 = 24 ; then 3ar' = 24 + 9 = 33, or «* = — 

-3 

= 11, and consequently a? = V 11. 

And, if a!* + 6a? + 9 = 27 ; then, since the lefthand side of 
the equation is a complete square, we shall have, by extracting 
the roots, a; + 3 = v^27 = V(9 X 3) = 3 v^3,or «= 3 v'S 

EXAMPLES FOR PRACTICE. 



1. 

2. 


Given 9a;* -- 6 = 30 to find x. Ans. a? = 2. 
Given ar* + S = 36 to find ar. Ans. x =3 

81 
Given a!* + a; + 4=-T-to find x. Ans. a: = 4 


3. 


4. 


fl* a 
Given a;*4.ap + -- = J*to find x, Ans. a? = ft — - 


5. 


Given a;* + 14a? + 49 = 121 to find x, Ans. a; = 4 
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. CASE VI. 

Any analogy, or proportion, may be converted into an 
equation, by making the product of the two extreme -terms 
equal to that of the two means. 

Thus, if 3a? : 16 : : 5 : 6 ; then 3a? X 6 = 16 X 5, or 18» 

80 40 ^4 
= 80, or a? = — = — = 4 - 
. 18 9 9* 

2a? 2ca? 

And if -r- :a::b:c; then will^ — = ab, or 2ca? = 3ah ; or, 
^ 3 ' 

by division, a? = — 

Also, if 12 - a; : ^: : 4 ; 1 ; then 12 - a? = — = 2a?, or2» 
'^ 2 

12 
+ « = 12, and consequently x = — = 4. 

. EXAMPLES FOR PRACTICE. 

1. Given jx : a :: 5bc: cd to find x. Ans. a? = 

* - 3d * 

'^ 2 

2. GivenlO — ar;-a?::3:l tofinda?. Ans.a? = 3f. 

3. Given 8 + 8ar : 4a? : : 8 : 2 to find a?. Ans. a? = 1. 

4. Given a? : 6 — a? : : 2 : 4 to find x, Ans. a? = 2. ' 

5. Given 4a? : a : : 9 v^a: : 9 to find a?. Ans. a? = — 

16' 

MISCELLANEOUS EXAMPLES. 

1. Given 5a? — 15 = 2a; + 6 to find the value of x. 

Here 5a? — 2a? = 6 + 15, or 3a?= 6 + 15 = 21: andthere- 
r 21 ^ 

fore a? = --- = 7. 
3 ' 

2. Given 40 — 6a? — 16 = 120 — 14a?, to find the value of «. 
Here 14a' — 6« = 1,20 — 40 4- 16; or 8a?= 136 — 40 = 96; 

96 , » 

and therefore a? = — =12 

8 

3. Given 3a?' — 10a: = 8a? + a:*, to find the value of a?. 
Here 3ar — 1 =^8 + a?, by dividing by « ; or 3a? — a: = 8 + 

10 = 18, by transposition. . 

18 
And consequently 2a? = 18, or a? = — = 9. 
.'2 

4. Given 6ax^ — l2aboi^ = 2aa:' -f 6ax*, to find the value o(a?4 
.Here 2ap — 4^ = a; -f 2, by dividing by 3ai? ; or 2« — ;r i= 

2 + 46 ; and therefore a: =- 46 + 2. 
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6. Given a?* + 2a?-|-l = 16, to find the value of ar. 

Here a? 4- 1 = "^^ by extracting the square root of each side: , 

And therefore, by transposition, x = 4 — 1 = 3. 

6. Given 5ax ~ 36 = 2dx -|- c, to find the value of ». 
Here 5ax — 2dx = c + 36 ; or (5o — 2d) x= c + 3b; and 

^ . ^ :,. . . c + 36 

therefore, by division, x = --5. 

oa — 2a 

7. Given ^ — ^ + -7= 10, to find the value of x, 

<w o 4 

aa; 2ar , 6x 

Here « — ~- + -- = 20 ; and 3a; — 2a? + ~- = 60 ; or 12ap 
3 4 ^4 

— 8a; + 6a? = 240 ; virhence 10a? = 240, or a? = 24. 

8. Given -^ + -- = 20 — ^'^-^ — to find the valueof a?. 

2 o 2 

2a? 
Herejr — 3 + — = 40—a?4-19; or 3a? — 9 + 2a? = 120 
o 

— 3a + 57; whence 3a? + 2a; + 3a; = 120+ 57 + 9 ; ^t 
is, 8a: = 186, or a; = 23^ 

2a? 

9. Given v^-r- + 5 = 7, to find the value of x, 

o 

Here y/ — = 7'— 5 = 2; whence, by squaring, — = 2* 

= 4, and 2a; = 12, or « = 6. 

2«" 

10. Given a? + \/ (a" + a;*) = — -7-5 -rr, to find the value 

V (a" + ar*) 

of X. 

Here a; V(a^ + ^) + 0* + a;* = 2a»; or xV(a»+a;') = 
d^ — a;", and ar' . (a» + a;*) = a* -^ 2aV + a:* ; whence a'a^ 
+ X* = a* — 2tf'a;* + a:*, and oV = a* — 2aV; therefore 

3flrar = a*, gr ar = —r = — ; and consequently a? = v — 
ocr 3 o 

= flV- = aV^ = ^V3, the answer required. 

EXAMPLES FOR PRACTICE. 

1. Given 3a; — 2 + 24 = 31, to find the value of x. 

Ans. a; = 3. 

2. Given 4 — 9y == 14 — 1 ly, to find the value of y. 

Ans. y = 5. 
3 Given a; + 18 = 3a; — 5, to find the value of ar. 

Ans. ac = 111". 

X X 

4. Given «+~ + -=ll, to determine the value of «. 

Ans. or = 6. 
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5. Given 2a? — - + 1 = 5x — 2, to find the value of x, 

2 6 

Ans. « = - 
7 

6. Given - + ^ ^"n»^ determine the value of a?. 

• Ans. a? = 1 e- 

D 

7. Given —^ + - = 4. , to find the value of x. 

2 o 4 6 

Ans. Of = 3 — . 

8. Given 2 + V3aj = V (4 + 5aj), to find the value of a. 

Ans. X = 12. 

9. Given x + a'= , to find the value of a?. 

a + x a 

,Ans. a? = — - 

10. Given Var + V(a + ar) = ,, . . , to find the value 

^ ' V (fl -j- X) 

of a- Ans. a? = 3. 

11. Given ^"^ + ? = *?- ^~. to find the value of«. 

4 ^3 2 3 ' ^ 

Ans. X = 

3a -- 2ft 

12. Given V (a" + a^) = V (^* + «*)» ^^ ^^ ^^® ^*^"® °^*' 

5* — o* 
Ans. (r=V-^^. 

13. Given v (o + «) + V(a — a) = Vaar, to find the value 

^*- Ans a:=-^ 

Ans. «-^_^^, 

14. Given — 1 = ft to determine the value of aj. 

1 +x 1— « 

ft -2a 
Ans. flj = V — -T — ^ 

15. Given a + « = V[a« + «V(ft" + a?)], to find the value 

of a;. • .^ ft' 

I Ans. a; == a. 

4« 

10. Given i V(aj" + 3a*) — i V(ar» - 3a") =ixVa, to find 

the value of a;* . 4 . ^^ 

Ans. x^y- 7-. 

4 — 4a 
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17. Given V (a + jc) + V (a — a:) = ft, to find the yalue of* 

Ans. x = |v(4a-ft»X 

18. Given V (a + «) + V (« — *) = ^ *» fi nd the value of g 

19. Given Va + Var = V<<af, to find the value of x, 

Ans. x^r- TTj. 

(Va— 1)" 

(iT-f-lX /*r^l\ 
1) "*" ^ ("TTt) = «> to determine the 

value of rr. a 

21. Given V(a"+ ««) = a — V (a* — ax), to find the value of «• 

' Ans. « = - V3. 

22. Given V(a" — a*) + « v («" — 1) = a" V(l -a^), to 
find the value of a?. - /«* -- 1\ 

Ans. «=V^^^3;. 

23 Given V (x + a) = c — V (* + J), to find the value of*. 

a™. .=(1^).-.. 

ft c 4ftc 

24. Given V --— + V — = V 3 — 3, to find the vadue 

of a?. . /* + «\ 

Of the resolution of simple eqtuUion^f containing two unknovm 
quantities^ 

When there are two unknown quantities, and two inde- 
pendent simple equations involving thero, they may be reduced 
to one, by any of the three following rules :-^ 

Ru.LE 1 . — Observe which of the unknown quantities is the 
least involved, and find its value in each of the equations, by 
the methods ajready explained ; then let the two values, thus 
fouiid, be put equal to each other, and there will arise a new 
equation with only one unknown quantity in it, the value of 
which may be found, as before.* 

♦ This rule depends upon the well-known axiom, that things which 
are equal to the same thing, are e^oal to each other ; and the two fol- 
lowing methods are founded on prmciples which are equally simple and 
obvious. ^ ' 

9 
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EXAMPLES. 

1. Giren ) 5^ J[ 2«/ = 10 i *^ ^^ ^^® values of x and y. 

23 - 3y 



Here, from the first equation, x = 
And from the second^ x t= 



2 • 
10 + 2y 



5 ' 

Whence we have = — - — -, 

o 3 

Or 115 - 15y = 20 + 4y, or 19y = 115 - 20= 95. 

mv . . ^^ . ^ 23 - 15 ^ 
Thatis,y = — = 5, dnda?= — ^ = 4. 

2. Given < * "^ ^ ~ f > to find the values of x and y. 

Herei from the first equation, a: = a — y, 
And from the second xr=b -^-y, 
Whence a -— y = & 4- yi or 2y = o — , 5, 

a — b 
And therefore y = — — , and x — a--y. 

Or by substitution, a? = a r — = — jr-. 

2 2 

3. Given ^ t * "j" F^ ~ q i to find the values of a? and y 

«8«-ray=^> 

2y 
Here, from the first equation, a? =14 ^ 

And from the second, a? = 24 — — , 

Therefore, by equality, 14 — -J^ = 24 -- -^, 

3 2 

9y 
And consequently, 42 — 2y = 72 — --, 

2 

Or, by multiplication,- 84 — 4y = 144 — 9y ; 

And, therefore, also 5y = 144 — 84 = 60, 

^ , ,. . . 60 24 ^ 

Or, by division, y = — - = 12, and a? = 14 -- — = 6. 

'^ EXAMPLES FOR PRACTICE, 

1. Given 4a? + y = 34, and 4y -f a; = 16, to find the values 
ofewidy. Ans. ar=8,y = 2. 

- 2. Given 2a; + 3y=16, and 3aj — 2y=ll, to find the 
values of x and y. Ans. jv = 5, y = 2. 
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3. Given_ + -l==-.and- + -2=-, to find Ik* 
values ef x and y. Ans. a? = i-, y = -^^ 

4. Giyen^**i2y = »}tofind«aady. 

Ans. a; = a + ft, and y = {^ a — -J &• 



5. Given -< 



2 + 3~® 

? Jy - 1 
L3 2"" 



>- to find ^ andy. 

Ans. X = 12^ and y =; 6. 

6. Given ^2*^3^ * >to find x and y. 

' a; : y : : 4 : 3 ) Ans. x = 12, and y = 9. 

2a; 3y 

7. Given op + y = 80, and — = — , to find x and y. 

Ans. OP = 42 1^, and y = 37 i^, 

8. Given y — 6 = -, and a? = y + 6, to find x and y. 

2 

Ans. X = 24, and y = 18. 
Rule 2. — Find the values of either of the unknown quan* * 
tities in that equation in which it is the least involved ; then 
substitute this value in the place of its equal in the other 
equation, and there will arise a' new equation with only one 
unknown quantity in it ; the value of which may be found as 
before. 

EXAMPLES. 

1.- Given j 3* ^ ^^ ~ ^2 3 *^ ^^ ^® values of a? and y. 
From the first equation, x= 17 — 2y ; which value, being 
substituted for x^ in the second, 

gives3(n-2y)-y=2, 
Or 51 - 6y — y = 2, or 7y = 51 — 2 = 49. 

49 
Whence y = — = 7, and a: = 17 — 2y == 3. 

2. Given i ^ li ^ ^ ^3 C to find the values of x and y. 

From the first equation, a; = 13 — ^ y ; which value, being 
substituted for x, in the second. 

Gives 13 — y — y = 3, or 2y = 13 — 3 = 10. 

Whence y = — = 5, and a? = 13 — y = 8. 

^2 ^ t 

3. Given ^ \ ^ ^! *J[ L \ to find the values of x and y. 
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Here the analogy in the first, turned into an equation, 
gives bx 3P= ay, or a; = y, 
And this value, substituted for x in the second, 

give»fy)' + y' = <?, or ■^ + y' = c, 

ly'c 
Whence we have a*y* + i*y* = l^e, or y* = ■ , ■ ^ 

c c 

And, consequently, y = i %/ , ^ , and « = a %/ i y . 

EXAMPLES FOR PRACTICE. 

1. Given - + 7y = 99, and ^ + 7a? = 51, to find the values 

of a; and y. Ans. a; = 7, and y = 14. 

a. Gi.en|-18 = | + 8.aad/-±y + |_8 = fcf+ 

27, to find the values of x as\d y. Ans. x = 60, y = 40. 

3. Given x -{-y =^s, and a^ •^y'z^d, to find the values of 

*andy. ^ ^ + d 5*— rf 

Ans. «=— ^,y=:-^. 

4. Given 5ap — 3y = 150, akid lOa? + 15y = 825, to find x 
and y. Ans. x = 45, and y = 25. 

5. Given a; + y = 16, and « : y : : 3 : 1, to find x and y. 

Ans. ap = 12, and y = 4. 

6. Given a? + ^ = 12, and.y + ^ = 9, toimdajandy. 

2 2 

Ans. ar = 10, and y ^ 4. 

7. Given a? : y : :.3 : 2, and a^ —^ t^ =: 20,'to find x and y. 

Ans. OP = 6, and y =4. 

27, to find X and y. Ans. a? = 60, and y = 20. 

Rule 3. — L^t one or both of the given equations be mul- 
tiplied, or divided, by such numbers, or quantities, as will 
make the term that contains one of the unknown quantities the 
same ^in each of them ; then, by adding, or subtracting, the 
two equations thus obtained, as the case may require, there 
will arise a new equation, with only one unknown quantity in 
it, which Inay be resolved as before.f 

* The values of the unknown quantities in the two literal equations 
az-{-by=i c, add at -j- *'V = «'i may be found in general terms, hjr mul- 
tij^lying^ the first by a\ and the second by a, and then working according 
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EXAMPLES. 

. 1. Given ^^ 1 2^ ^ 14 ^ to fincl the values of a? and y. 

First, multiply the second equation by 3, and it will give 
3a? + 6y = 42. 

Then, subtract the first equation from this and it will give 
6y — 5y = 42 — 40, or y = 2. 

Whence, also, a; = 14 — 2y = 14 — 4 = 10. 

2. Given ^ 2^ + 5^ = 16 ^^ ^^"^ *^® ^"®^ ^^ * ^^ ^' 

Multiply the first equation by 2, and the second by 5 ; th^n 

lOop --Qyz:^ 18, and lOa? + 26y = 80. 

And 'i the former of these be subtracted from the latter, 

62 
there will arise 31y = 62, or y = — = 2. 

~ . 9 + 3y 15 

Whence, by the first equation, x = — -— = —- = 3. 

y 

EXAMPLES FOB PRACTIOS. 

1. Given^^4— +6y = 21, and^^i— ===^23--5«, tofind* 

4 3 

and y. Ans. a? = 4, aind y = 3. 

X 

2. Given 3* + 7y = 79, and 2y == 9 + -, to find x and y. 

2 

Ans. X = 10, and y = 7. 

3. Given 30x + 40y = 270, and 50a; + 30y = 340, to find 
X and y. Ans. a? = 5, and y = 3. 

4k Given 3a?.— 3y = 2aj + 2y, and a? -f y : apy : : 3 : 5, to 

find X and y. Ans. x = f 0, and y = 2. 

5. Given ac^y 4- ay* = 30, and a?* + y* = 35, to find x and y. 

Ans. a: = 3, and y = 2. 

to the last rule, when the results, so determiued, will be y =s 



and X = ,, . , \ which solution may be applied to any particulax case 

of this kind, by substituting thfr numeral values of a, ft, a\ h\ in the 
place of the letters, and observing, when either of them is negative, to 
change the signs accordingly. 

Wnere the numeratbr is the difference of the products of the ofiposite 
coefficients in the order in which y is not found, and the denominator 
is the difference of the products of the opposite coefficienip taken from 
the orders that involve the two unknown quantities. Coefficients are 
of the same order which either affect no unknown queSitity, as c and if \ 
or the same unknown quantity in the different equations, as a and a'. 
Coefficients are opposite when they affect thedifierent unknown. (»ia]|« 
titles in the different equations, as a and h\ a* and K--^^^ 

9* 
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6. Given — — ^ = _ZZ- 3, aoad 8 _? = - +| 

to find X and y. * Ans. x = 12, and y = 6. 

7. Given « + y : a : ; a? — y : i, and ap" — y* = c, to mid the 
values of x and y. 

. a-\-h c a-^b e 

, 8. Givenoo; -4- iy = c, and (fa; + cy =/, to find the values 
of X and y. . cc — bf af— de 

^ Ans. a? = n>y = ^ O- 

ae — bd ae — od 

9. Given x + y=z a, and a" — y* = A, to find the values of 

ft aad y. . a* + ft a* — ft 

Ans. a: = , y = — - — , 

10. Given a* + ay = a, and y* + ay = ft, to find the values 
of X and y. ' . _ , o __ ft 

Of the resolution of simple equations, containing three or more 
unknown quantvties. 

When there are three unknown quantities, and three inde- 
pendent simple equations containing them, they may be re* 
duced to one by the following method.* 

Rule. — ^Find the values of one of the unknown quantities 
in each of the three given equations, as if all the rest were 
known ; then put the first of these values equal to the second, 
and either the first or second equal to the third, and there will 
arise two new equations with only two unknown quantities in 
them, the values of which may be found as in the former case ; 
and tibenee the value of the third . - 

Or, multiply each of the equations by such numbers, or 
quantities, as will make one of their terms the same in them 
all ; then having subtracted any two of these resulting equa- 
tions from the third, pr added them together, as the case may 

• The necessity for observing that the given equations in this and 
other similar cases are so proposed as to be independent of each other, 
will be obvious from the following example >~^ 

a;— 2y+j2r=5; 2a?4-y— ^ = 7j a;4-3y— a2r = 2; 
where, if it were required to aetermine the value of if, jr, and z^ it will 
be fomid, by eliminating x from each of them, and .then equatmg the 
results, that 

* by — 3<2r = — 3, and 5y — 3xr=: — 3; 
which equations, being identical, or both the same, furnish no determi- 
nate answer. And, in effect, if the three equations be properly fexamined. 
It will be found, that the third is merely the dij9erence of the first and 
seocxnd, and ooDseqoentlj involves no. condition but what is contained 
in tiie other two. 
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require, there will remain only two equations, which may be 
~ resolved by the former rules. 

And in nearly the same way may feur, £ye, &0., unknown 
quantities be exterminated from the same number of inde- 
pendent simple equations ; but, in cases of this kind, there are 
frequently shorter and more commodious methods of operation, 
which can only be learnt from practice* 

EXAMPLES. 

/ a? + y +^ =29) 

1. Given 2 x -f- 2y + 3z = 62 > to find x, y, and z. 

Ci^ + iy+i^=lO>, 

Here, from the first equation, a; == 29 — y — ;p. 

From the second, a; = 62 — 2y -• 3;p. 

2 1 
And from the third, a? = 20 — - y — -;?, 

Whence 29 — y — a^=62 — 2y — 3^:, 

2 1 

And, also, 29 — y — ;? = 20 — - y — -;y, 

3 2 

From the first of which, y = 33 — 2;p, 

3 
And from the second, y = 27 — -i?, • 

3 
Therefore 33 — 2« = 27 — ^z, otz=z 12, 

2 

Whence, also y = 33 — 2ar = 9, 

And a; = 29 — y — z.=z 8. 
^ 2a; 4- 4y — 32! = 22 1 

2. Given < 4a? — 2y + 5;? = 18 > to find ar, y, and z. 

(6a? + 7y — ;g =63) - 

* The values of the unknown quantities in the three literal equations, 
ax-\-by-^cz^d\ a'x-\-6'y-\-c'z = d' ] a"x-\-h"y-\-c"z=.d''\ 
may l)e exhibited la general terms, like those before mentioned, as fol- 
lows: — 

_ Wc" — dcy' >f cd^b" — - bd'c" -f bc' tC' — d/^' 

^ fib'c" — ac'b" -\-cab^' — ba c'^ -\-bc' a" — ch'a"* 
__ad'c" — ac'd" -\-ca^d'' — da'c"-\-dc'a'' — cd'a" 

ab'c" — ac'b" + ca'b'^ — ba'c' 4- bc'd. ' — cb'a' * 
__ ab'd" ^a^b" Ardah" —ba'd!' ^bd'a'—db'a'' 

" aJb'c" — ac'b" -\- cab" — bac" '\-bc'a" — cb'a-^ 
which formulae, by substitution, may be employed for the resolution of 
any numeral case of this kind, as in the instance of two equations before 
given. The numerator of any of these equations, such as >29|,'Consists of ^ 
all the different products, which can be made of three opposite- coeffi- 
cients taken from the orders in which z is not found ; and the denomi- 
nator consists of all the products that can be madeuf the three opposite 
coefficients taken from the orders which involve the three unknown 
quantities. 



104 RESOLUTION OF SIMPLE EQUATIONS. 

Here multiplyiDg the first equation by 6, the second by 3, 
and the third by 2, we shall have 

12a?+^4y— 18;?= 132, 
12* — 6y 4- I5z = 54, 
12« + 14y— 2z=^i26. 
And, subtracting the second of these equations successively 
from the first and third, there will arise 
30y — 33ir = 78, 
20y — 17^ = 72. 
Or, by dividing the first, of these two equations by 3, and 
then midtiplying the result by 2^ 

20y — 22z = 52, 
20y - 17^ = 72, 
Whence, by subtracting the former of these from the latter, 
we have 5z = 20, or ar = 4. 
And, consequently, by substitution and reduction, 
y = 7, and a; = 3. 

3. Given ap + y + j8r = 53,x + 2y-f-3j8r=: 105,anda? + 3y+ 
4jr = 134, to find the values of x, y, and z, 

Ans. a? = 24, y = 6, jand z = 23. 

4. Given oc + -y + -z = ^^ gx + -y=-^=15, and 

-as + ^y + ^;» = 12, to 'find the values of x, y, and z. 

Ans. a? = 12, y = 20, > = 30. 

5. Given 7a? + 5y + 2;p = 79, 8a? + 7y + 9;? = 122, and 
ap + 4y + 5;? = 55, to find the values of a?, y, and z, 

Ans. CB = 4, y = 9, =^, 

6. Given af + y = o, a? + ^ = ft, and y + ;p = c, to find the 

values of x, y, and z. 

a — ^ 4- c ' a-\-b — c ■ ^ — o-f-c 
Ans. y = , a? = , and ^ == . 

7. Given| + |4-| = 62.| + | + f = 47.and|+|+f 

= 38, to find a?, y, and z. 

Ans. a? ==24, y = 60, and z == 120. 

8. Given z + y=:x + 100, y — 2a?.= 2z — 100, and z + 
100 = 3a? + 3y, to find x, y, and z. 

Ans. X = 9tV, y = 45/r, and ;? = 68^. 

9. Given a? + y + ar = 7, 2a: — 3 = y + 3;?, and 5x + 5z 
=i 3y + 19, to find x, y, and jr. Ans. x — 4,y = 2and;Br=: 1. 

10. Given 3a? + 5y -- 4ir = 25, 5a? — 2y + 3z = 46, and 
3y + 5;s — a? = 62, to find a?, y, and z, 

. Ans. a? = 7, y = 8, and^r p= 9 
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11. *GiTen a? + y + * = 13» « + y + «*= 17, « + ;» + tf 
r= 18, and y + ar + m = 21, to find x, y, z, and u. 

Ans. a; =; 2, y = 5, jp = 6, and u = 10. 

MISCELLANEOUS QUESTIONS, 

PRODCCINO SIMPLE EaUATIONS. 

The usual hiethod of resolving algebraical questions, is 
first to denote the quantities, that are to be found, by a;, y, or 
some of the other final letters of the alphabet ; then, having 
properly examined, the state of the question, perform with 
these letters, and the known quantities, by means of the com- 
mon signs, the same operations and reasonings, that it would 
be necessary to make if the quantities were knowfi, and it 
was required to verify them, and the conclusion will give the 
result sought. 

Or, it is generality bei^t, when it can be done, to denote 
only one of the unknown quantities by x or y, and then ta 
determine the expression for the others from the nature of the 
question ; after which the same method of reasoning may be 
followed, as above. And, in some cases, the substituting for 
the sums and differences of quantities, or availing ourselves of 
any other mode, than a proper consideration of the question 
may suggest, will greatly facilitate the solution. 

1. What number is that whose third part exceeds its 
fourth part by 16? 

Let a:^= the number required. 

Then its •= part will be -«, and its - part -«. 
3 4 4 

And therefore -ac — -« = 16, by the question, 

«j 4 

3 

That is, 0? — 7 « = 48, or 4a? — 3« = 192, 
4 
Hence a; = 192, the number required. 

2. It is required to find two numbers such, that their sum 
shall be 40 and their difference 16. 

Let X denote the least of the -two numbers required, 
Then will rp + 16 = the greater number. 
And a: + a: 4- 16 = 40, by the question, 

♦ This can be resolved by proceeding after the same manner as eqna- 
tioBs involving three unknown quantities ; but the resolution of it may 
be greatly facilitated, by introducing into the calculation, beside the 
principal unknown quantities, a new unknown quantity arbitrarily 
assumed, such as, for example, the sum of all the rest ; and when a 
little practised in such calculations, they become easy. 
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24 
That is, 2aj = 40 — 16, or x = — = 12 = least number. 

And a: + 16=:12 + 16 = 28s= the greater number required. 
3. Divide 1000/. between a, b, and c, so that ▲ shaU have 
72/. mpre than b, and c 100/. more than a. 

Let X = b's share of the given sum, 
Then will a; + 72 = a's share, 

And a; -f- 172 = c's share. 
Hence their sum isa? + a? + 72 + a; + 172, 
Or 3x + 244 = 1000, by the question, 
That is, 3a: = 1000 — 244 = 756, 

756 
Or « = -^ = 252/. = B.'s share, 
o 

Hence « + 72 = 324/. = a's share. 
And a + 172 = 424/. = c's share, 
Also, a^above, 252/. = b's share. 



Sum of all = 1000/. the proof. 

4. It is required to divide 1000/. between two persons, so 

that their shares of it shall be in the proportion of 7 to 9 

Let X = the fitst person's share, . 

Then will 1000 — a? = second person's share. 

And X : 1000 — a? : : 7 : 9, by the question, 

that is, 9a; = (1000 - «•) x 7 = 7000 — 7ar, 

7000 
Or 9a? + 7a? = 7000, or a? = -j^ = 437/. 10*. = Ist share, 

jand 1000 - a? = 1000 — 437/. 10*. = 562/. 10*. = 2d share. 
;d. The paving of a square court ^ith stones, at 2*. a yard, 
"wrili cost as much as the enclosing it with pallisades, at 5*. a 
yard; required the side of the square. 

Let X := length of the side of the square sought, 
Then 4a? = number of yards of enclosure, 
And a^ = number of yards of pavement. 
Hence 4a? X 5 = 20a? = price of enclosing it, 
And a;* X 2 = 2a?* = the price of the paving. 
Therefore 23?* = 20a?, by the question. 
Or, 2a? = 20, and a? = 10, the length of the side required. 
6. Out of a C3,sk of wine, which had leaked away a third 
part, 21 gallons were afterwards drawn, and the cask being 
then gauged, appeared to be half full ; how much did it hold? 

Let X = the number of gallons the cask is supposed to have 
held. 

Then it would have leaked away -x gallons. 
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Whence there had been taken out of it, alto;;ether, 

21 + -a? gallons, 

*j , 

And therefore 21 + -or = -a? by the question, 

3 

^ That is, 63 + » = ^x, or 126 4- 2» = 3a;, 

2 

Consequently, 3a; — 2a' = 126, or a; = 126, the number of 
gallons required. 

7. What fraction is that, to the numerator of which if 1 be 

added, its value will be -, but if 1 be added to the denomi- 

nator, its value will be - . 
4 

■" Ml 

Let the fraction required be represented -, 

_, 05 + 1 1 , a; 1 , , 

Then = -, and = -, by the question. 

TT y + 1 

Hence 3a? + 3 = y, and 4a; = y + 1, or « = ^-— , 

Therefore 3 (^^) + 3 = y, or 3y + 3 + 12 = 4y. 

That w, y = 15, and x = ^^- == ;: — = — = 4, 

4 4 4 

4 
Whence the fraction that was to be found is -— 

^ 15 

S. A market-woman bought in a certain number of eggs at 
2 a penny, and as many others at 3 a penny, and having sold 
them out again, altogether, at the rate 5 fbr 2d,, found she had 
lost 4d. ; how many eggs had she ? 

Let X = the number of eggs of each sort, 

Then will ^ a? = the price of the first sort, 
2 

And - ap = the price of the second sort, 

4a 
But 5 : 2 : : 2x (the whole number of eggs) : -±-, 

o 

4x 
Whence^ — = the price of both sorts, when mixed together 

at the rate of 5 for 2d. 
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And consequently -a + ^rc — — = 4, by the question. 

That is, 15a? + 10a; — 24a? = 120, or a? = 120, the number 
of eggs of each sort, as required. 

9. If A can perfofm a piece of work in 10 days, and b in 
13 ; in what time will they finish it, if they are both set about 
it together ? 

Let the time sought be denoted by a;. 

Then — =: the part done by a in one day, 
Ajnd -- = the part done by b in one day. 

13 r 

a? a? ' ' 

Consequently — -f _ = l (the whole work), 

That is, 13a? + 10« = 130, or 23a? = 130. 

130 15 
Whence a? = —tt = 5 —days, the time required. 

10. If one agent a, alone, can produce an effect e, in the 
time a, and another agent b, alone in the time h ; in whai 
time will both of them together produce the same effect? 

Let the time sought be denoted by a?, 

ex 
Then a : c : : a : — = part of the effect produced by a. ^ 

ex 
And & : c : : a; : y = part of the effect produced by B. 

ex ex - . 

Hence— +-^ = e, (the whole effect) by the question. 

a? a? 
Or - + J = 1 by dividing each side by e. 

ox 
■^ - Therefore, a: + -^ = a, or 5a? + aa?= ab, 
if 

ah 
Consequently, a? = — —r = time required. 
a-\-o 

. W . How much rye, at 4^. 6d. a bushel, must be mixed with 
50 bushels of wheat, at 6j. a bushel, so that th« mixture may 
be worth 5y. a bushel ? 

Let X = the number of bushels required. 
Th^ 9a; is the price of the rye in sixpences. 
Ana 600 the prices of the wheat in ditto, 
Also (50 + a;) X 10 the price of the wheat in ditto, 
Whence 9a? + 600 = 500 + 10a?, by the question, 
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Or, by transposition, lOa? — 9a; = 600 — 500. '' 

Consequently x= 100, the number of bushels required. 

12. A labourer engaged to serve for 40 days, on condition 
that for every day he vjrorked he should receive 20d., but 
for every day he was absent he should forfeit Sd. : now, at the 
end of the time he had to receive U. lis. 8d.: how many 
da^s did he work, and Jiow many was he idle ? 

Let the number of days that he worked be denoted by «. 

Then will 40 — a: be the number of days he was idle, 

Also 20a; the sum earned, and (40 -- a?) X 8> 
Or 320 — 8a; the sum forfeited, 

Whence 20a? - (320 - &x) -— 380J. ( = 11. lis. 8J.), by 
the question, 

That is 20a: — 320 + 8a; = 380, 
' Or 28a; = 380 +320 = 700, 

Consequently, x=z —---^ 25, the number of days he work- 
28 

€d, and 40 — a? = 40 — 25 == 15, the number of days he 

was idle. 

aUESTIONa FOR PRACTICE. 

1. It is required to divide a line, of 15 inches in length, 
into two such parts, that one may be three fourths of the other. 

Ans. 8f and6f. 

2. My purse and money together are worth 20^., and the 
money is worth 7 times as much as the purse, how much is 
there in it? Ans. 17^. 6d. 

3. A shepherd being asked how many sheep he had in his 
flock, said, if I had as many more, half as many more, and 7 
sheep and a half, I should have just 500 ; how many had he ? 

Ans. 197. 

4. A post is one fourth of its length in the mud, one third 
in the water, and 10 feet above the water, what is its whole 
length ? Ans. 24 feet. 

5. After paying away ^ of my money, and then - of the 

remainder, I had 72 guineas left ; what had I at^t? 

Ans. 120 guineas. 

6. It is required to divide 300Z. between a, b, and c, so that 
A may have twice as much as b, and c as much as a and r 
together. . Ans. a 100/., b 50/.^ c 1501. 

7. A person, at thp time he was married, was il^es as 
old as his wife: but after they had lived together 15 3nBir8, he 
was only twice as old ; what were their ages on the wedding- 
day? • Ans. Bride's age 15, bridegroou^, 45. 

10 
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8. What number is that from which, if 5 be subtracted, two 
thirds of the remainder will be 40 ? Ans. 65. 

9. At a certain election, 1296 persons voted, and the suc- 
cessful candidate had a majority of 120 ; how many voted for 
6ach ? Ans. 708 for one, and 588 for the other. 

10. A's age is double of b's, and b's is triple of c's, and^the 
sum of all their ages is 140 ; what is the age of each ? 

Ans. a's 84, b's 42, and c's 14. , 

11. Two persons, A aiad b, lay out equal sums of money in 
trade ; a gains 126Z., and b loses 87/., and a's money is now 
double of b's; what did each lay out?, AriS. 300/. 

12. A person bought a chaise, horse, and harness for 60/. ; 
the horse came to twice the price of the harness, and the 
chaise to twice the price of the horse and hai^ess ; what did 
he give for each ? Ans, 13/. 6s. 8d. for the horse, 6/. 13^. 4d. 

for the harness, and 40/. for the chaise. 

13. A person was desirous of giving 3d. a piece to some 
beggars, but found he had not money enough in his pocket by 
Sd.. he therefore gave them each 2d.y and had then 3d. remain- 
ing ; required the number of beggars ? Ans. 11. 

14. A servant agreed to live with his master for 8/. a year, 
and a livery, but was turned away at the end of seven months, 
and received jonly 2/. I3s. 4(/. and his livery ; what was its 
value ? Ans. 4/. 16^. 

15. A person lefl 560/. between his son and daughter, in 
such a manner, that for every half crown the son should have, 
the daughter was to have a ' shilling ; what were their re- 
spective shares? Ans. Son 400/., daughter 160/. 

16. There is a certain number, consisting of two places of 
figures, which is equal to four times the sum of its digits ; and 
if 18 be added to it, the digits will be inverted ; what is the 
jaumber? Ans. 24. 

17. Two persons, a and b, have both the same income ; 
A saves a fifth of his yearly, but b, by spending 50/. per an- 
num more than a, at the end of four years finds himself 100/. 
in debt ; what was their income ? Ans. 125/. 

18. Wh^n a company at a tavern came to pay their reck- 
oning, they found, that if there had been three persons more, 
they would have had a shilling apiece less to pay, and if there 
liad been two less, they woidd have had ?t' shilling apiece 
more to pay ; required the number of persons, and the quota 
of each. Ans. 12 persons, quota.of each 5s, 

19. A person at a tavern borrowed as much money as he 
had about him, and out of the whole spent 1^. ; he then went 
to a second tavern, where he also borrowed as much as he 
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had now about him, and out of the whole spent Is, ; and 
going on, in this manner, to a third and fourth tavern, he 
found, after spending his shilling at the latter, that he had 
nothing left ; how much money had he at first ? 

Ans. Hid. . 
Up. It is required to divide the number 75 into two such 
parts, that three times the greater shall exceed seven times 
the less by 15. Ans. 54 and 21. 

21. In a mixture of British spirits and water, i- of the 
whole plus 25 gallons was spirits, and ^ part minus 5 gallons 
was water ; how many gallons were there in each ? 

Ans. 85 of wine, 35 of water. 

22. A bill of 120/. was paid in guineas and moidores^ and 
the number of pieces of both sorts that were used were just 
100 ; how many were there of each, reckoning the guineas 
at 2 If. , and the moidores at 27^.? Ans. 50. 

23. Two travellers set out at the same time from London 
and York, whose distance is 197 miles : one of them goes 14 
miles a day, and the other 16 : in what time will they meet ? 

Ans. 6 days 13f hour*. 

24. There is a fish whose tail weighs 92^.^ his head weighs 
as much as his tail and half his body, and his body weighs as 
much as his head and his tail ; what is the whole weight of 
the fish? Ajas. 722». 

25. It is required to divide the number 10 into three such 
parts, that if the first be multiplied by 2, the second by 3, and 
the third by 4, the three products shall b& all equal. 

Ans. 4A,3^,2t%^ 

26. It is required to divide the number 36 into three such 
parts, that i the first, ^ of the second, and ^ of the third, shall 
be all equal to each other. Ans. The parts are 8, 12, and 16. 

27. A person has two horses, and a saddle, which of itself 
is worth 501. ; now, if the saddle be put on the back of the first 
horse^ it will make his value double that of the i^cond, and 
if it.be put on the back of the second, it will make his value 
triple that of the first ; what is the value of each horse ? 

Ans. One 302. and the other 40?. 

28. If A give B 5*. of his money, b will have twice as 
much as the other has left ; an^ if b give a 5^. of his money, 
A will have three times as much as the other has lefl : how 
much has each? Ans, A I3s. a^& b. 11^. 

29. What two numbers are those whose difierence, sum, 
and product, are to each other, as ,the numbers 2, 3, and 5 
respectively? Ans. 10 and 2. 

30. A person in play lost a fourth of his mon^y, and then 
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won back 3s., after which he lost a third of what he now had, 
and then won back 2^. ; lastly, he lost a seventh of what h& 
then* had, and after this found he had but 12^. remaining; 
what had he at first 1 , Ans. 20^. 

31. A hare is 50 leaps before a greyhound, and takes 4 
leaps to the greyhound's 3, but 2 of the greyhound's leaps are 
as much as 3 of the hare's ; how many leaps must the grey- 
hound take to catch the hare ? Ans. 300. 

32. It is required to divide the number 90 into four such 
parts, that if the first part be increased by 2, the second 
<Jiminished by 2, the third multiplied by 2, and the fourth 
divided by 2, the i^um, difference, product, and quotient, shall 
be ai equal ? Ans. The parts are 18, 22, 10, and 40. 

33. There are three numbers whose differences are equals 
(that is, the second exceeds the first as much as the third ex- 
ceeds the second), and the first is to the third as 6 to 7 ; also 
the sum of the three numbers is 324 ; what are those num- 
bers ? Ans. 90, 108, and 126. 

34. A man and his wife usually drank out a cask of beer ia 
12 days, but when the man was from home it lasted the wo- 
man 30 days ; how many days would the man alone be in 
drinking it ? Ans. 20 days. 

35. A general, ranging his army in the form of a solid 
square, finds he has 284 men to spare, but increasing the side 
by one man, he wants 25 to fill up the square ; how many 
soldiers had he ? Ans. 24000. 

36. If ▲ and b together can perform a piece of work in 8 
days, A and c together ia 9 days, and b and c in 10 days, 
how many days will it take each person to perform the same 
work alone. Ans. a 14JJ^ days, b 17ff , and c 233^ . 

QUADRATIC EQUATIONS. 

A Quadratic Equation, as before obsenred, is that in 
which the unknown quantity is of two dimensions,' or which 
rises to the second power, and is generally divided into sim^ 
pie or pure, and compound or adfected. 

A simple or pure quadratic equation, is that which contains 
only the square, or second power, of the un&nown quantity, as, 

flWB* = ft, or iT* = - ; where x = %/-. 
a a 

A compound or adfected quadratic equation, is that which 

contains both the first aiid second power of the unknown 

quantity, as, 

«ac* + ftoc =^ c, or or" + -a; = -, 
«*« a a 
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In which case it is to be observed, that every equation of 
this kind, having any real positive root, will fall under one or 
other of the three following forms : — 

1. *a^ + ax=:b , . . where «^ = "^ o ^ '^ u "*" ^)* 

2. ar — oflc = i . . . where a?=s+^±\/(--. + fij. 

3. ac* — flw? = — 6 . . where a?=+^±v'f A. 

Or^ if the second and last terms be taken either positively 
or negatively, as they may happen to be, the general equation 

fla)*=fc&a;=dbc, oraj*=b-a? = =b-, 
a a 

which comprehends all the three cases above-mentioned, may 

be resolved by means of the following rale : — 

Rule. — ^Transpose all the terms that involve the unknown 

quantity to pne side of the equation, and the known terms to 

* It may be observed, with reject lo the^e forms, that 
In the case a»-\-ax — b = <?, where a; = — \a + l/(i<ia+*), or — \a 
— V (iffl3 + A), the first value of x must be positive, because V (iaa + ^) 
is greater -than Vi<i3} or its equal ^a; and its second value will 
evidently be negative, because each of the terms of which it is com- 
posed is native. 

8. In the case ocft — ax — b z=. a, where a? = la-f- V (ioa-j-i) or kt — V 
(iaa+d), the fir^ value of a; is manifestly positive, being the sum of 
two positive terms : and the second value will be negative, because V 
(i<js4-^) is greater than VM, or its equal \a. 

3. In tne case 2^3 — aa;+i = o, where x-=.\a'\-V{}ta^ — d),orte — V 
. (Joa — b\ both the vsdues of x will be positive, when iua is greater than 

o\ for its first value is then evidently positive, being composed of two 
positive terms; and its second value will ako be positive; because V 
(ja3— ft) is less than Vi^a, or its equal \a. 

But ii ios, in this case, be less than ft, the solution of the proposed 
equation is impossible ; because the quantity ios — ft, under the radical, 
is then negative ; and consequently V (ios — ft) will be imaginary, or (k 
no assignable value. 

4. It may be also further observed, that there is a fourth case of the 
form aft'\-aM-^h = o^ wher« a; = — ia-|- V (to — ft), or a; = — \a — V 
(to — ft), the two values of x will be both negative, or both imaginary, 
according as i^s is greater or less than ft; the. imagio^TY roots, 
when they occur, being here of the forms — (a'+c' V— 1} and — 
(«'— c'V— 1). 

From which it follows, that if all the^erms qf a quadratic equation, 
when brought to the lefthand side, be positive, its two roots will be both 
negative, or both imaginary ; and conversely, if each of the roots be 
Amative, or each imaginary, the signs of all the terms will be positive* 

So that, of all quadratic equati<ms, which can hav6 any real positive 
root, that of the third form, xa — oa? +ft = o, is the only one, where the 
8ohiti(»i for certain numeral values of a and ft will become impgesibte 

10* ^ 
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the other ; observing to arrange them so that the term which 
contains the square of the unknown quantity may be positive, 
and stand first in the equation. 

Then, if this square has any coefficient prefixed to it, let 
•all the rest of the terms be divided by it, and the equation will 
be brought to ope of the three forms above-mentioned. 

In which case, the value of the unknown quantity x is 
always equal to half the coefficient, or multiplier of x, in the 
second term of the equation, taken with a contrary sign, to- 
gether with db the square root of the square of this number 
and the known quantity that forms the absolute or third term 
of the equation.* ' 

Note. — All equations, which have the index of the unknown 
quantityj in one of their terms, just double that of the other, 
are resolved Uke quadratics, by first finding the value of the 
square root of the first term, according to the method used in 
tjhe above rule, and then taking such a root, or power of the 
result, as is denoted by tlje reduced index of the unknown 
quantity. 

Thus, if there be taken any general equation of this kind, as, 
a^ + aoc^ = i, 
we shall have, by taking the square root of a^, and observing 
the latter part of the rule, 

* This rule, which is more commodious in its practical application 
than that usually given, is founded upon the same principle ; being de- 
rived from the well-known property, that in any quadratic, 

as ± arc = ^ A, if the square of half the coefficient a - 
of the second term of the equation be added to each of its sides, so as 
to render it of the form 

a:3 rt aa; -f- jaa = i a2 ± J, 
that side which contains the unknown quantity will then be a completa 
square ; and, consequently, by extracting the root of each side, we shall 
have 

a;=i=id = ztv(ifl^8=±=*),ora;=qFi«^ V(i<i«^3), 
which is the same as the rule, taking a and d in -f or — as they may 
happen to be.* 

It may here also be observed, that the ambiguous sign ^, which de- 
notes both + aid — , is prefixed to the radical part o£the value of a; in 
every expression of this Kind, Ifccause the square root of Ifny positive 
quantity, as aa, is either +a or — « ; for (+a) X (+«>., or (— a} X 
(—a) are each =-|-a«: butvthe square root of a negative quantity, 
ns — aa, is imaginary, or unassignable, there being no quantity, either 
positive or negative, that, when multiplied by itself, will give a negative 
product. 

To this we may also further add, that from the constant ocQurrenc© 
of^the double sign before the radical part of the above expression, it 
liecessarily follows, that every quadratic equation must have two roots ; 
which are either both real, or both imaginary, according to the nature 
of the question. 
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And if the equ9.tion, which is to be resolved, be of the fol- 
lowing form, 

m 

we shall necessarily have, according to the same principle, 

EXAMPLES. 

1. Given a:* + 4a; = 140, to find the value of x. 
Here ac* + 4x = 140.. by the question, 
Whence a=— 2dbx/(4 + 140), by the rule, 

Or which is the same thing, a? = — 2 zfc ^ 144. 
Wherefore a; = — 2 + 12 = 10, or — 2 — 12 = — 14, 
Where one of the values of x is positive and the other ne- 
gative. ' 

2. Given «* — 12a: + 30 =.3, to find the value of x. 
Here c^ •— 12a: = 3 — 30 = — 27, by transposition, 

- Whence a; = 6 =fc x/ (36 — 27), by the rule, 
Or, which is the same thing, x^^Gzt. y/9. 
Therefore >a? = 6 + 3 = 9, or=6 — 3 = 3. 
Where it appears that x has two positive values. 

3. Given 2a:^ + 8a?'— 20 = 70, to find the value of ar. 
Here 2ar* + 8a; == 70 + 20 = 90, by transposiiion. 
And x* -f 4a; 1= 45, by dividing by 2, 

Whence a?=— 2d=y(4 + 45), by the rule. 
Or, which is the same thing,, a; = — 2 d= -v/49. 
Therefore, a;=— 2 4-7 = 5, or = — 2 — 7 = — 9. 
Where one of the values of x is positive and the other 
negative. 

4. Given Sa;* — 3a; + 6 = 5 J, to find the value of x. 

2 
Here 3a!* — 3a; = 5f — 6 = — - by transposition. 

o 

2 ^ ^ ^ 

And a;* — a; = — by dividing by 3, 

Whence « = 5 =t v(j - |)/*>y the rule. 

2 111 ^ 

Or, by subtracting- from i» * = „ ^ '^ qa' 
9^2 «>v 

nn. r 112 111 

lhereforex=-+-=-,or=--^.= -. 
. In which case x has two positive values.^ 
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5. Given raj« — -a; + 20^- =:42f , to ind the value of x. 

Here - a?" — -ac = 42f — 20J-, = 22^, by transposition, 

2 1 

And a * — - a? = 44J, by dividing by -, or multiplying by 2 
«j - « 

Whence we have x == -db V (5 + 44 J V by the rule, 

1 i 400 

Or, by adding - and 44J together, a? = - i s/ -^, 

Therefore a? =s ^ + 6f = 7, or = 5— 6f = — 6f , 

Where one value of x is positive and the other negative. 

6. Given aac* + 5a? = c, to find the value of (r. 

* . 1. 

o c 
Here a?* H — a? = -, by dividing each side by a. 

Whence, by the rule, a? s= — ^=t VIt^ "'""*/* 

5 5^ + 4ac 

Or, multiplying c and a by 4fl, a? = — — rbV — , . 

h 1 
Therefore a? = — — =t — %/ (5* + 4flc). 
2a 2a ^ ^ ' 

7. Given oa;* — 5ar + c = <^> ^ fi^d the value of ar. 
Here aaj* — 5a; = d — «, by transposition, 

And as* a; = r-, by dividing by a. . 

Whence a? = —■ =t -/ / h t^ \ by the rule, 

2a \ a 4a"/ *' 

5 1 C > 

Or, multg rf— c and a by 4a, a:=— ±— V < 4a(J— c)+5' > . 

8; Given a?* + aa^ = 5, to find the value of x. 
Here a;*.rf- aa^=:b, by the question, 

Or,«»=-2±^(^+j)=:_f±i,/(«» + 45), by 
fte rule, 

Whence a? =: ± V | — | ±^ v^(45 + a") | by extraction 
of roots. 

9, Given^a^ — -a^=— — ,tofind<lievalueofap. 
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Here - ac" ar = — — , by the question, 

And «• -r ~ a' = — — , by multiplying by 2. 
<t io 

Whence a?* = j ± \^(^ "~ le)' ~ 4' ^^ ^^® "^®* 

12 1 
And consequently 'a; = V-7-= V q = j^V ^- 

10. Given 2.r3 + Sa^ — i^, to find the value of x. 

a JL 

Here 2a: ^ + Sx^ = 2, by the question, 

A 3 i 

And x^ + -ac = 1, by dividing by 2, 
mencex"=-J±v/(^g + l)=^|±^=l,dr-2. 

^ Therefore, x = ^-)=» = ^, or ( - 2^ = — 8. 

11. Given x* — 12x3 ^ 44,^^3 _, ^^ ^ 9009 (^j^ to find the 
value of X. 

This equation may be expressed as follows : — 
•{x« - 6x)« + 8 (x* - '6x) = a, 

* The biquadratic equation 

x4 — 12a;34-44a;a — 48x = tf 
can be easily exhibited under the form 

fa:2-i-6«)a+8(a;a— ax) = a 
by the following method : — 

x4 — iajB8+44a:a— .48xX«»— Cas 

X4 ^ 



3*8— fe) — 12xi + 44a:a— 48« 

— 12«8-f36a?i 

xs— 6x) 8a:8— 48a;(8 
8a:a--48x 



♦ ♦ 

Consequently, (aS--6x)s+8(xa— 6a;)=x4 — 12a;3-f-44a:2— 48x=; 
a ; for since, in extracting the square root of any quantity, the square of 
the root thus found plus the remainder, is always equal to the proposed 
quantity. 

In a similar manner, the biquadratic equation x4+3iM;8-|-5a2xa 
+ 4a3 X = ^, may be exhibited under the form « 

(a;a 4- ax)2 + 4flis (x8 + ax) = rf ; 
which can be resolved by the rule, page 126, f<wr. reisoiving quadratic 
equations. 

Hence it follows, that if the remainder, after having found the first 
two terms of the square root, according to the rule pa^e 50, can be re- 
solved into two such factors, so that the factor containing the unknown 
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Whence a* — 6a; = — 4 d= V (16 + «)> by the common rule, 
And, by a second operation, a5 = 3±\/59 — 4db ••(16 + a) ( , 

Th^fore, by restoring the value of a, we have 
«=3=hV(5db-/9025), 

Or, by extraction of roots, a; = 13, the Ans. 

EXABIPLES FOR PRACTICE.* 

1. Given a?" — 8a: + 10 = 19, to find the value of a?. 

Ans. « = 9. 

2. Given a* — a? — 40 = 170, to find the value of a?. 

Ans. X == 15. 

3. Given 3a:* + 2a: -- 9 =~ 76, to find the value of a?. 

Ans. a; = 5. 

4. Given -a:* — 5a: + 7# = 8, to find the value of a:. 

^ "^ Ans. a:=lf 

5. Given - a: — 5 \/a: = 22|, to find the value of a?. 

^ AjM. ap = 49. 

6. tGivea a: + \/ (5a: + 10) = 8, to find the value of x, 

Ans. a? = 3. 

quantity shall be equal to Ike terms of the root thus found ; the proposed 
biquadratic may be alwa3rs reduced to €. quadratic form, as above. See 
Ryan's Algebra, page 396.— Ed. 

* The imknown quantity in each of the following epunples, as well 
as in those given above, has always two values, as appears from the 
eommdn rule; but the negative ana imaginary roots being, in general, 
but seldom used in practical questions of this kind, as here snppressed, 

t In some quadratic equations involving radical quantities pithe form 
V(fla+A), both the values of re, found by the ordinary process, will 
not answer the proposed equation, except we take the radical quantity 
with the double sisn =i=. In resolving the above example, two values 
of Xf that is 18 and 3 are found : but it appears, that 18 aces not answer 
the condition of the equation, except we take the radical quantity 
V (5a; +10) with the sign — . 

Now, since these two values of a; are found from the resolution of the 
eanation afi — 212; = — 54; it necessarily follows that each of thexn, 
when substituted for a;, must satisfy that equation ; whichmay be veri- 
fied thus ; in the first place, by substituting 18 for x, in thk equation 
rcJ— 31a;=— 54.wehave(18>—llXl8=— 54,©r334— 378 =— 54, 
that is, — 54 = — 54, or, by transposition, = 0. ' 

Again, substituting 3 for x, we have (3>i— .21X3 = — 54, or 
9_g3==— 54, .-.54— 54 = 0,or0 = 0. 

And as the equation xs — 2lx = — 54, maybe deduced from the equa- 
tion + VC5a;-f 1^) = 8— a;, or — V(5a;+10) = 8— a;: it is evident 
that the radical quantity v (Sz-f- 10) must be taken with the double sign 
=^, in the primitive equation, in order that it would be satisfied by the 
values, 18 and 3, of a;, found above ; that is, 18 answers to the sign 
— , and 3 to the sign -f . See Ryan's Elen&entarjr Treatise on 
Algebra, Theoretical and Practical, where this suqect is clearly 
illustrated.— Ed. 
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7. Given V (10,+ a?) ~ V (10 + x) = 2, to find the value 
of «.' Ans. a? = 6. 

8. Given 2«* — ar* + 96 = 99, to find the value of x. 

Aris. a = -^6. 
2 

9. Given as* + 20ar* — 10 = 59, to find the value of a. 

Ans. ap — V3. 

10. Given 3«*» — 2a;» + 3 = 11, to find the value of x. 

AnsJ a?=V2. 

11. Given 5V« — 3 \/a; = 1-, to find the value of x, 

12. Given | a ^Z (.3 + 3«») = | +10*, to findtheralueof «. 

Aus. a = - >/ (— 3 + 3 s/ 2). 

/6 • \ 1 -h x'^ 

13. Given a; V ( a;)= --^ — , to find the value of x. 

\x / ^x 

Ams. « = V(i+iv2). 

14. Given - V (1 — o:^) = a;», to find the value of x. 

Ans. a; = (g V5^^)^ 

15. Given afV(-— l\=V(ar»— 5«),- to find the v^lue 

of X. 1 

Ans. X = ia + ^ y/{Sb^ + a') 

16. Given ^(1 +x -.a:^) - 2(1 +x - (r») = g, to find 

the valu^ of a:. * 1 1 

Ans. a:±=:-+- ^41 

^17. Given V (a? — ~)+ V (l — -)= a;, to find the value 
ofa?. Ans. a; = i + J^5. 

18. Given a?^** — 2a;^ + i« == 6, to find the value of x. 

Ans. ac=V(4 + i\/13). 

19. Given a;* — 2a;^ + a; = a, to find the value of a?. 
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When there are more equations and unknown quantities 
than one, a single equation, involving only one of the unknown 
quantities, may sometimes be obtained by the rules before 
laid4oVn for the solution of simple- equations; and, m this 
case, one of the unknown quantities being determined, Ihe 
others may be found by substituting its value in the remain- 
ing equations. 



EXAMPLES. 



1. Given J ^ + ^' ~ ^g j to find the values of a: and y. 

28 
Here, from the second equation, we have y = -^; an* 

» 784 - ctK.,^ 

by substituting this in the first, (x^+ -^ = 65, or a? — 65a» 

= — 784. . . 1. 

Whence, by the common rule before given, we have 

Or, by reducing the parts under the last radical, and ex- 
trafatingtheroot,ap=*:\/(-2-=t-2-) = 7,or -4, and con- 

28 28 

sequently, y = — , or — — = 4, or — 7. 

Or the solution, in cases of this kind, may often be more 
readily obtained by some jof the artifices frequently made use 
of "upon these occasions ; which can only be learned from 
experience: thus, taking, as before, (1.) a:«-fy* = 65, 
(2,> xp = 28, we shall have, as in the former method, by 
multiplying by 2, 2a:y = 56, and, by adding this equation to 
the first, and subtracting it from the same, a* + 2xy + y^ = 
121, and a^ — 2a?y -Hy* = 9. Whence, by extracting the 
square roots of each of these last equations, there will arise 
a? + y = db 1 1 , and « — y = ± 3, and consequently, by adding 
and subtracting these, we shall have 2a! = i 14, or « 7=^* 
or — 7, and y = 4, or — 4. It will also sometimes facilitate 
the operations, by substituting for one of the unknown quan- 
tities the product of the other, and a third unknown quantity ; 
which method may be applied with advantage whenever the 
Bum of the dimensions of the unknown quantities is the same 
in every terim of the equation. 

2. Given \ f + g>= 60 i *° ^'^ *® ""^"^^ '^ * *"'' ^' 
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Here, agreeably to tl^e aboT« observation, let x=zvy, 

then t?y + ry* = 56, and vy* + 2y* — 60, whence, from the 

66 
first of these equations, y* =: , and from the second, y" 

= — -—. Therefore, by equating the righthand member 

^ 1. . 1. „ ^ 60 56 

of these two expressions, we shall have = -r , or 

^ v + 2 v'+w' 

60t)' + 60i; = 56i; + 112. And, by transposing 56v, and 

1 28 

dividing the result by 60, «' + 77 «^ = 77- Hence, by the 

common rule for quadratics, we have u = "" qn ^ ^ (orin 

28\ 1 41 4 

+ —J ~ "^ 30 "^ 30 ~ 3' "^^^ consequently, by the former 

,60 60 

part of the process, y" = ^j— = prX2 "^ ^®' ^' y= V 

4 
(18) = 3 v/2, and a? = «y = - X 3 ^/2 = 4 ^/2. The work 

may also be sometimes shortened, by substituting for die un- 
known quantities, the sum and difference of two other quan- 
tities ; which method may be used when the unknown quan- 
tities, in each equation, are similarly involved. 

(-4-^ = 18) 
3. Given \ y x ^ to find the values of x and y. 

- (« +y = 12 > 

Here, according to the above observation^ let tWe be 
assumed x = z -^v, and y=:z — v. Then, ty adding these 
two equations together, we shall have x + y=z2a:^12p .or 
« = 6, also, since a! = 64-t?, y = 6— «, and by the first equa- 
tion ar* -|- y* = 18ajy, we shaJl obtain, by substitution, (6 + vf 
+ (6 — t;)' = 18(6 + u)(6 — «), or, by involving the two 
parts of the first member, and multiplying those^ of the se- 
cond, 432 + 36i;' = 648 — i8t;*, whence, by transp'ositioHi 

216 
> 54t;* = 216 ; and by division, «* =: — -- = 4 ; or t? = dfc 3. 
- , 54 

And therefore, by the first assumption, and the first part of 
the^ process, we- have a? = ;g4-t> = 6=b2 = 8", or 4, and 
y = 2r — i? = 6±2 = 4, ora 
U 
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QUESTIONS PRODUCING QUADRATIC 
EQUATIONS. 

The methods of expressing the cdnditions of questions of 
this kind, and the consequent reduction of them, till they are 
brought to a quadratic equation, involving only one unknown 
quantity and its square, are the same as those already given 
for simple equations. 

1. To find two numbers such that their difference shall be 
8, and their product 240. 

Let X equal the least number. 

Then wjll a? + 8 = the greater, 

And OP (a: + 8) = ir" 4- 8ir = 240, by the question. 

Whence a? = — 4 + V(16 + 240) = — 4 -f i/256 by the 

common rule, before given. 

Therefore a?=16--4 = 12, the less number, 

and ap + 8 = 12 + 8 == 20, the greater. 

2. It is required to divide the number 60 into two such 
parts, that their product shall be 864. 

Let a? == the greater part, 
Then will 60 — a? = the less, 
And ap(60 — ar) = 60aj -^0^= 864, by the question, 
Or, by changing the signs on both sides of ^e equation, 

a:» — 60a; = — 864, 
Whence a; = 30 d= i/{900 — 864) = 30 db v' 36 = 30 db 6, 

by the rule. 
And ccmsequently, a? = 30 + 6 = 36, or 30 — 6 = 24, the two 
''parts sought. 

3. It is required to find two numbers such, that their sum 
shall be 10 (a), and the sum of their squares 58 (b). 

Let X = the greater of the two numbers, 

Then will « — a? = the less. 

And a;" + (a — a?)* = 2a:' — 2aa; + a^=bf by the question,' 

Or 2a^ — 2aa? = J — a*, by transposition, 

h — cr 
And as* — oof = — - — , by division. 

by the rule. 
And if 10 be put for c, and 58 for h, we shall have , 

«=a — ^^ ^/(116 — 100) = 7, the greater number, 
2 ^ 

10 1 

And 10 ■- a; = : V(116 — 100) = 3, the less. 

2 2 
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4 Having sold a piece of cloth for 34/., I gained as much 
per cent, as it cost me ; what was the price of the cloth? 
Let X = pomids the cloth cost, 
Then will 24 — «= the whole gain, 
But 100 : a; : : a; : 24 — a;, by the question. 
Or, x' = 100 (24 ~ a?) = 2400 — lOOar, 
That is ar* + 100a? = 2400, 
Whence a: = — 50 + V (2500 + 2400) = - 50 + 70 = 20, 
by the rule, 
And consequently, 20/. e= price of the cloth. 

5. A person bought a liumber of sheep for 80/., and if he 
had bought four more for the same money, he would hare 
paid 1/. less for each ; how many did he buy ? 

Let X represent the number of sheep, 

80 
Then will — be the price of each, 

80 
And — — = price of each, if « + 4 cost 80/. 
a; -|-4 

^ 80 80 

But -^ = — -— + 1, by the question, 
4; a;-t'4 . 

r^ 80« 

Or, 80 = -—J 4- a:, by multiplication. « 

And 80aj + 320 = 80a? + a* + 4r, by the same, 
Or, by leaving out 80^: on each side, a* + 4a: = 320, 
Whence a? = — 2 + V(4 + 320) = — 2 + 18, by the rule, 
And consequently, a = 16, the number of sheep. ^ 

6. It is required to find two numbers, such that their sum, 
prpfluct, and difference of their squares, shall be all equal to' 
each other. 

Let X = the greater number and y = the less. 

Tt^«Ja + J=^^-«> ^bythe.question. ^ 
Hence 1 = —— ^ = a? — y, or a: = y -|- 1, by 2d equation. 

,And (y + 1) + y = y (y + 1)> by 1st equation, 
Thatis, 2y + l=/ + y; / 4 y = l. 

Whence, y=l+ ^/(^ +l)=^ +^ V5, by therule, 

Therefore, y = i + ^ V 5 = 1.6180 . . . 
2 . « 

Anda? = y + l=| + ^V6=:2.6180.. . , 

2 Z , 

Where . . . denotes that the decimal does not end. 
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7. It is ifequired to find^otnr numbers in. arithmetical pro- 
gression, such that the product of the two extremes shall be 
45, and the profhict of the means 77. 

Let X = least extreme, and y ^ common difference, 
Then XjX + y,x + 2y, and x + 3y, will be the four numbers, 

^lesiion, • 

And 2y* = 77 — 45 = 32, by subtraction, 
32 
Or, y* = — = 16 by division, and y = V 16 = 4. 
2 

Therefor§j x' + 3a:y = a;* + 12af = 45, by the 1st equation, 

And.consequently, a? = — 6 + V (36 + 45) = — 6 -f 9 = 3, 

by "the rule. 

Whence the numbers are 3, 7, 1], and 15. 

8. It is required to find three numbers in geometrical pro- 
gression, such that their sKim shall be 14, and ^ sum of their 
squares 84. 

Let X, y, and jr, be the three numbers, j 
Then, xss = y*, by the nature of pn)portion^ 

Hence, a!4'^ = 14^y, by the second equation, 

And «* + 22ra? + ;?* = 196 — 28y + y*, by squaring both sides. 

Or oj* + J8* + 2y« = 1 96 — 28y + y» by putting 2y» (ot its 

equid 2xjB, 

That is, a* + y* + «* = 196 ^ 28y, by subtracti<m. 

Or, 196 — 28y = 84, by equality, 

196-84 . ^ .. , ^. . . 

Hence y = r^ = 4, by transposition and division. 

16 
Again, at? = y* = 16, or a: = ~, by the 1st equation, 

16 
And a + y + ;? = — + 4 + ;? = 14, by the 2d equation. 

Or, 16 + 4jzr + ;8« == 14;?, or ^* - lOz =: -16, 
Whence jt = 5 db V{25 — 16) = 5 ±3 = 8, or 2 by the rule. 
Therefore, the three numbers are 2, 4, and 8. 

9. It is required 7.0 find two numbers, such that their sum 
shall be 13 (a), and the sum of their fourth powers^4721 {b). 

Let X r= the difference of the two numbers sought, ;^ 

1 1 a + ap 

Then will- a + r «, or —^— = the greater number, 
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And - a «, or — - — = the less, 

2 2 2 

But 7[^ + ifi "^ *' ^5^ ^® question, 

Or>(a + ar)* + (a — t)* :^ 16^, by muUiplicatioh, 
Or 2a* + 12a'a' + 2ap* = 165, by involution and addition, 
And a?* + 6c^a^ = 85 — a*, by transposition and division, 
Whence a*=: — 3o'4-V (9q* + 8ft - a^) = — 3a" + 
V8(a* + 5), bythe rule, 

And jp = V [— 3a^ + 2 V 2 (a* + 5)], by extracting the root, 

Where, by substituting, 13 fbr a, and 4721 for b, 

we shall have a = 3, 

13 + X 16 
Therefore = — - = 8, the greater number, 

^ . 13-a; 10 ^ ^ , 
And — — — = — = 5, the less number. , 
2 2 

The sum of which is 13, and 8* + 5* = 4721. 

. 10. Given the sum of two numbers equal Sy and their product 
2= J), to find the sum of their squares, cubes, biquadrates, &c. 
Let X and y denote the two numbers ; then 
(l,)x + y==s, {2.)ccy=:p, 
From the square of the first of these equations take twice the 
second, and we shall have 

(3.) af + y' = ^ — 2p= sum of the squares. 
Multiply this by the 1st equation, and the product will bo 

Fxorn which subtract the product of the first smd second 
equations, and there will remain 

(4.) or* + y' = j' — 3sp = sum of the cubes. 
Multiply this likewise by the 1st, and the product will be 
«* + acy + a'y + y* =:= 5* — ■ 3s^p ; from which subtract the product 
of the second and third- equations, and there wiU remain- 

(5.) a?* -4- y* = ^* — Asy + 2/?* = sum of the biquadrates. 
And, again multiplying this by the 1st equation and subtract- 
ing from the result the product o^ the second and fourth, we 
shall have 

(6.) ac* +y =^ 5* — 5s^p + 5sp^ = sum of the fifth powers. 

And so on ; the expression for the sum of any powers in 

, , . ^ 'wCfw — 3) 

general bemg a:«» + yW = y» — m^'^^p + — ^ • s^'^^p^ — 

• 2 

>yi(m-~4)(^-5 ) m{m^5)(m^6){m^7) _ 

2-3 ^ F-r 2-3*4 ' ^ » 

11* 
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&c . Wherer it is evident that ^tlie series vf'Hl tenninate when 
Ihe index of s becomes = 0. • 



EXAMFL£S FOB PRACTICE. 

r. It is required to divide the number 40 into two such 
parts, that the sum of their squares shall be 818. 

Ans. 23 and 17. 

2. To find a number such, that if you subtract it from 10, 
and then multiply the remainder by the number itself, the 
prpducl shall be 21 . Ahs. 7 of 3. 

3. It is required to divide the number 24 into two such 
parts, that their product shall be equal to 35 times their dif- 
ference. Ans. 10 and 14. 

4. It is required to divide a line, of 20 inches in lengtlu 
into two such parts that the rectangle of the whole and one of 
the parts shall be equal to the square of the other. 

Ans. 10>/5 — 10, and 30 — 10 x/5. 

5. It is required to divide the number 60 into two such 
parts, that their product shall be to the sum of their squares 
in the ratio of 2 to 5. Ans. 20 and 40. 

6. It is required to divide the number 146 into two such 
parts, that the difference of their square roots shall be 6. 

Ans. 25 and 121. 

7. What two numbers are those whose sum is 20 and their 
product 36 ? Ans. 2 and 18. 

8. The sum of two numbers is 1^, and the sum of their 
reciprocal 3|- ; required the numbers. ^ Ans. 2 and |. 

9. The difference of two numbers is 15, and half their 
product is equal to the cube of the less number; required the 
numbers. Ans. 3 and 18. 

10. The difference of two numbers is 5, and the difference 
of their cubes 1685 ; requirednhe numbers. Ans. S and 13. 

11. A person bdught cloth for 331, 15s., which he sold 
again at 21. 8s, per piece, and gained by the bargain as much 
as one piece cost him ; required the number of pieces. 

Ans. 15. 

12. What two numbers are those, whose sum, multiplied by 
the greater, is equal to 77, and whose difference, multiplied 
by the less, is ^qual to 12 ? Ans. 4 and 7; 

13. A grazier bought as many sheep as cost him 60Z., and 
aft^r reserving 15 out of the number, sold the remainder for 
54/., and gained 2s, a head by them : how many sheep did he 
buy? Ans. 75. 

' 14. It is required to find two numbers, such that their 
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prodact shall t>e equal to the difference of tneir squares, and 
ihe sum of their squares equal to the difference of their cubes. 

Ans. ^i/5and J^(5 + v'5f. 

15. The difference of two numbers is 8, and the difference 
of their fourth powers is 14560 ; required the numbers * 

Ansi 3 and 11. 

16. A company at a tavern had 81. I5s. to pay for their 
reckoning ; but before the bill was settled, two of them went 
away ; in consequence of which those who remained had 10^. 
apiece moFe to pay than before ; how many were there in 
company? * Ans. 7. 

17. A person ordered 71. 4s. to be distributed among some 
poor people ; but before the money was divided, there came 
in, unexpectedly, two claimants more, by whiQh means the 
former received a shilling apiece less than they would other- 
wise have done ; what was their number at firs^ ? * 

Ans. 16 persons. 
l6. It is required to find four numbers in geometrical pro- 
gression such, that their sum shall be 15, and the sum of 
their squares S5. Ans. 1, 2, 4, and 8. 

19. The sum of two numbers is 11, and the sum of their 
fifth'powers is 17831 ; required the numbers. Ans. 4 and 7. 

20. It is required to find four numbers in arithmetical pro- 



* In solving this question, the reduced equation, found by the nsnal 
methods of operation, will be of the form a;3+ax = * ; which is a cubic 
equation, and therefore cannot be resolved by the ordinary rules of 
quadratics ; but such equations may sometimes be reduced to the form 
of a quadratic, and then resolved according to the rules already given. 

Whenever, in a cubic equation of the form a:3-f-aa; = ft, ^ can be 
divided into two factors m and », so that m2+a= », then the cubic 
equation can be resolved ais a quadratic : thus, in the cubic equation 
a;3-|-6rc = 20, 20 = 2x10, and 2»+6=10. Now, multiplying both 
the sides of the equation by x, we have x* -j-dxA =; 10 X 2a:, adding (2a;)« 
to both sides, xi-{-lOx^ = (2.r)2+ 10(2a;) ; .\ completing the square, 

xi + 10.r2 -f- 25 = (2.t)2 + 10 (2.r)-(- 25, 
and extracting the root, a;a+ 5 = 2a;+ 5 ; .'.by transposition, a:2 = 2a;, 
and^rc = 2, or =0. 

TMs.methodj as well as some other-similar artifices^, is of no Utility 
when the divisor has not integral roots, and even then it can be resolved 
more readily by Newton^ s Method of Divisors. 

It is proper to observe, that cubic equations of the form a;3-|-a.r2-J- 
bx — c, may be also exhibited under the form of a quadratic, from which,' 
by completinsr the square, the value of the unknown quantity will be de- 
termined. For instance, the cubic equation a;3-|-2a.r2-f-5a2:B-f-4a3 
= 0, may be reduced to the form {xi + a'c)2 -\- ia^ (x^ -\-^ax) = ; thus, 
multiply the gjven equation by x, we have aj*4-2a.r3-|-5«4.r2-|*4«9 
s=rO; which maybe readily exhibited under the above form. ,Seer 
Ryan's Elementary Treatise on Algebra, Practical and TheoretkaK 
(Art. 423.).-Ei>. , 
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gressioQ, such, that their common difference shall be 4, and 
their continued product 176985. Ans. 15, 19, 23, and 27. 

21. Two detachments of foot being ordered to a station at 
the distance of 39 miles from their present quarters, begin 
their march at the same time ; but one party, by travelling j- 
of a mile an hour faster than the other, arrive there an hour 
sooner ; required their rates of marching. 

Ans. 3 j^ and 3 miles per hour. 

22. It is require4 to.find two numbers, such, that the square 
of the first plus their product shall be 140, and the square of 
the second minus their product 78. Ans. 7 and 13. 
' 23. It is required to find twa numbers, such that their dif- 
ference shall be 13/|^, and the difiference of their cube roots 
1|. Ans. 15f, and 2^^. 

24. It is required to find three numbers in arithmetical pro- 
gression, such that the sum of their squares shall be 93 ; and 
if the first be multiplied by 3, the second by 4, and the third 
by 5, the sum of the products shall be 66. Ans. 2, 5, and 8. 

25. The sum of three numbers in harmonical proportion is 
191, and the product of the first and third ts 4032 ; required 
their nupobers. Aais. 72, 63, and 56. 

26.. It is required to fi^d four numbers in arithmetical pro- 
gression, such that if they are increased by 2, 4, 8, and 15 
respectively, the sums shall be in geometrical progression. 

Ans. 6, 8, 10, and 12. 
' 27. It is required to find two numbers, such, that if their 
difference be multiplied into their sum, the product will be 5 ; 
but if the difference of their squares be multiplied into the 
sum of their squares, the product will be 65. Ans. 3 and 2. 

28. It is required to divide the number 10 itito two such 
parts, that if the square root of the ^eater part be taken from 
the greater part, the remainder shall be equal, to the square 
root of the less part added to the less part. 

Ans.' 5 -h f v^ 19 and 5— i V 19. 

29. It is required to find two numbers, such that if their 
product be added to their sum, it shall make 61 ; suad if their 
sum be taken from the su^i of their squares, it shall leave 88. 

Ans. 7 + V2 and 7 — V2, 

30. It is required to find jtwo numbers, such that their 
difference multiplied by the difference of their squares, shall 
be 576 ; and their sum multiplied by the sum of their squares, 
shall be 2336. Ans. 5 and 11. 

31. It is required to find three numbers in continual pro- 
portion, whose sum shall be 20, and the sum of their squares 
140. Ans, 6| + V 3,V, 6i, and 6f - V 3^. 
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32. It is required to find two numbers whose product shall 
he 320, and the difTerence of their cubes to the cube of their 
difference, as 61 is to unity. Ans. 20 and 16. 

33. The sum of 700 dollars was divided among four per- 
sons, A, B, c, »nd D, whose shares were in geometrical pro- 
gression ; and the difference between the greatest and least, 
was to the difference between the two means, as 37 to 12 
What were all the several shares 1 ^ " 

Ans. 108, 144, 192, and 256 dollars. 

OF CUBIC EQUATIONS. 

A cubic equation is that in which the unknown quantity 
rises to three dimensions ; and, like quadratics, or those of the 
higher orders, is either simple or compound. 

A simple or pure cubic ej^uation is of the form 

b b 

• aa^=:b, or a^=z -; where « = V -> 

a a 

A compound cubic equation is of the form 

a?^ + a* = ft, a^ 4- ox" = ft, or ar* + fluc* +bx = c, 
in each of which the known quantities a, ft, c, may be either 
+ or-. 

Or either of the two latter of these equations may be re- 
duced to the same form as the first, by taking away its second 
term ; which is done as follows : — 

Rule. — ^Take some new unknown quantity, and subjoin to it 
a third part of the coefficient of the second term of the equation 
with its sign .changed ; then, if this sum, or difference, as it 
may happen to be, be substituted for the original unknown 
quantity and its powers in the proposed equation, there will 
arise an equation wanting its second term. 

Nate. — The second term of any of the higher orders of 
equations may also be exterminated in a similar manner, by 
substituting for the unknown quantity some other unknown 
quantity, and the 4th, 5th, &c., part of the coefficient of its 
second term, with the sign changed, according as the equation, 
is of the 4th, 5th, &c. power.* 

* Equations may be transformed into a variety of other new equa- 
tions, the principal of which are as follows : — 

1. The equation x* — 4x8— 19a:84- 106a;— 120 = 0, the roots of which 
are 2, 3, .4, and — ^5, by changing tne signs of the second and fourth 
terms, becomes xi-}-ix9 — 19a:a — 106a;— 120 = 0, the roots of which 
are 5, —2, —3, and— 4. ^ 

2. The equation zH-hxi — 10a; 4- 8 = 0, is transformed, by assuming 
3; = y — 4into ^a— llya+30y = 0, or ys— lly-f-30 =0j the roots of 
which are greater than those of the former by 4. 

3. The equation a;9— 6a«4"9^ — 1 = 0, may be transformed into one 
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KXiMPLES. 



1. It is required to exterminate tie second term of the 



Whence a:^ _ 3^^ + 20^ — ^ = 0, 
Or ar' - 3<i»;? =: 5 -^ 2a», 
m wWch equation the second powef (^»), of the unknown 
quanUty, is wanting. 

2. Let the equation ^~ 12^ + 3rc = ~ 16, be transformed 
into another that shaU want the second term. 
Here x=:z^4. 

Then j - I2{z + 4)^ = - 12^ - 96z - 192 
( +3(^ + 4)= +a? + 12 

Whence ;r» — 45^ — Ije = — le 
, . . . Or, ;g>- 45:8^ =100 

M befoi^ ^ ^^*^o» ^l^we ^> or the second term, is wanting, 

s.JihbV^^^T^''''' f-6a^= 10, be transformed into 
another that shall want the second term. 

Ans. ^» — 12;2r = 26. 

.nLC!^\/rJ^/'^^^y==^'^^^ *>« transformed into an 
equaUon that shaU want the second term. 

Ans. ar* + 6a? = as. 



which shaU want the third term, by assuminff a? = v -+- e and in the re- 
^Umg equation let ^^12e+\ or eal^+^slo Kich ti^e 
values of e are 1 and 3; then as^mea;=y+3,^r y-f^l, and Se ^ 
^mg equation wiU be y3+3y2^ 1 = 0, ^Tquktion^^knting &>d 

4. The equation €s»^ Ito-f 6a;- 1 = 0, by assuming a; = i, may 

be transformed into vs — 6ys+ lly ^6 = j the roots of which are to 
be reciprocals of the former. «"c w 

6. The equation 3a:3- 13xs+ I4a:+ 16 = 0, by assuming a; = |, may 
^SSsfrf^;7o^rtE^.+ ^^ therootsof which are 
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3 7 9 

5. Let the equation a* + j «*+-« — — = 0, be transform- 
ed into another that shall want the second term. 

An8.y3 + ^y = j. 

6. Let the equation a* + 8ac^ ^ 5a:" + lOac — 4 = 0, be 
transformed into another^ that shall want the second term. 

Ans. / — 29^" + 94y — 92 = 0. 

7. Let the equation a* — 3af + Sac* — Sa? — 2 = 0, be trans- 
formed into another, that shall want the third term. 

Ans. y*+y* — 4y — 6 = 0. 

8. Let the equation 3sff^ — 2x + \ = 0, he transformed into 
another, whos,e roots are the reciprocals of the former. 

Ans. y* — 2y* + 3 = 0. 

9. Let the equation x* — iar' + ^a:* — f« + rr =^> ^® 
transformed into another, in which the coefficient of the 
highest term shall be unity, and the remaining terms in- 
tegers. Ans. y* — 3y =» + 12y* — 162 y + 72 = 0. 



OF THE SOLUTION OF CUBIC EQUATIONS. 

Rni,E. — Take away the second term of the equation when 
necessary, as directed in the preceding rule. Then, if the 
numeral coefficients of the' given equation, or of that arising 
from the reduction above-mentioned, be substituted for a and 
b in either of the following formul2e, the result will give one 
of the roots, as required.* 



* If, instead of the regular method of reduciDg a cubic equation of 
the general form 

to another, wanting the second term, as pointed out in the precedmg 
article, there be put re =|(y — a\ we shall have, by substitution and 
reduction, y 3 -{-(9b -^ 3a2) y = 9ab — 27c —^ 2^3 ; where, since the value 
of y can bis determined by either of the formulae given in this rule, the 
value of X will also be known, being x=i(y — •a). And if A =0, or 
the original equation be of the following form, a^-\-ax!i-\'C = 0, the re- 
duced equation will be ys — 3^ = — 2a9 — 27c, where the value of y, 
being found as above, we shall have, as before, re = i (y — a), which 
formulae, it may be observed, are more convenient, in some cases, than 
those resulting from the preceding article ; as the coefficients, thus ob- 
tained, are alwajs integers j whereas, by the former method, ihey are 
frequently fracticms. 



4P=r' ^ 
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. af* + aa: =3= 5. 

or 

Where, it is to be observed, that when the coefficient a, of 
the second term of the above equation, is negative, —-, as 

alan Q) ^^ ^^® formula, will be negative ; and if the absolute 

' term b be negative, - in the formula will also be negative ; 

b' 
tupt -- will be positive.* 

It may likewise be remarked, that when the equation is of 
<he form 

a? — aa; = d=5, 

* * This method of solving cubic equations is usually ascribed to Car- 
dan, a celebrated Italian analyst of the 16th century ; but the authors 
of it were Scipio Ferrous and Nicholas Tartalea, who discovered it 
about the same time, Independently of each other, as is proved by 
Montucla, in his Histoire das Math^nuUiqtLcs, Vol. I. p. 568, and more 
at large in Hutton's MuthemtUical Dictionaryy Art. Algebra. 

The rule above given, which is similar to that of Cardan, may be 
demonstrated as follows : — 

Lei the. equation, whose root is required^ hea^-\'ax =b, 
And assume y-^z=.Xf and 3yx = — a. 

Then, by substituting these values in the given equation, we shall have 

^+3y2z + 3vzi-^zi-\-aX{y-\'^) = V^ + ^+h^y^(y + ^) + ^X 
{y+z) = y3+zz — aXiy+2:)+aX{y+^)=b,0Ty^-\-z3:=6. 

And if, from the square of this last equation, there be taken 4 times 
the cube of the equation yz = — ia^ we shall have y^ — 2y^z^-\'Z9 
= *2 + 3*Y <i3, or y3 — ^3 = v (^2 -]- -^ ai). 

But the sum of this equation and y3 -(- jys = b, is 2y3 =zb -\-V{p2-\- 

^y a3), and their difference is 2z3 =b—Vibi-\- t\ ^) ] whence y = V 

[i6 + V(l*3+Jya3)],and^=V[i*— V(:^+2Ta3)]- 
Prom which it appears, that y-|-^, or its equal •'C, is = 

V[^ + V{kbi+^\a»)]-j-V[^'-V{ibi+s\o»)]r ^^^^^ ^ ^be 
theorem ; 

Or, since z is = — — , it will be y+z = y — — or re = 
rule. 
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and — is greater than -, or 4a^ greater than 27^ the solu- 
tion of it cannot be obtained by the above rule ; as the ques- 
tion, in this instance, falls under what is usually called the 
Irreducible Case of cubic equations.* 

EXAMPLES. 

I. Given 2ar» - 12a^ -f 36a? =^ 44, to find the val«e of ^r. 

Here ar* — 6j?* -f 18a: = 22, by dividing by 2. 

An^, in order to exterminate the second term, 
/» 

Put « = ar + - = ar + 2, 



Then 



{z -\' 2f ^ z^ + 6z' + I2z + S 
-6{z-{-2Y= — 6j8*-24;y -24 
18(i^4-2) = I8z-\'Z6 



= 22. 



Whence z^ + 6z + 20== 22, or ;8^ + 6z = 2, ' '• » * 
Aad consequently, by substituting 6 for a and 2 for 5, in the 
first formula; we shall have • 



jg 



8,52 . W^ . 216\^ . , S3* ./4 . 216vi. 
= '^k+^U+27)j+'^^2-^(4+"27)N, 



* It may here be farther observed as a remarkable circamstance in 
the history of this science, that the solution of the Irreducible Can 
above-mentioned, except bv means of a table of sines, or by infinite 
series, has hitherto baffled the united efforts of the most celebrated Mi^ 
thematicians in Europe; although it is weU known that all the three roots 
^of the equation are, m this case, real; whereas in those that are resolv-r 
able by the above formula, only one of the roots is real ; so that, in fact, 
the nue>is only applicable to such cubics as have two equal, or two im- 
possible roots. 

The reascm why the assumptions, made in the note to the form^ part 
"bf this article with respect to the solution of the equation x9 — ox = ^, 
are found to fail in the case in question (and it does not appear that any 
other can be adopted) is, that the two auxiliary equations, 3yz — — a 
and yi+-z^=zbj which in this case become 3y^ = a, and y3-|-;2^=^, 

or y3zs = — , and y3-)-2r8 = ^, cannot take place together ; being' m- 

27 
consistent with each other. 

For the -greatest product that can be formed of the two quantities 
y3+<3rs is when they are all equal to each other ; or since ya^"-'^' = ** 
when each of these = id j in which case their product is = i^a. 

But, as above shown, y3z9 = — by the question ; therefore, when -• > 
'•7 * , 37 

J-, the two conditions areincompatible with each other ; and conequently 

the solution of the problem, upon that supposition, can only be obtained 
by imaginary quantities. 12 " 
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V[l + V(l + 8)] 4- V[l - V(l + 8)] = V(l + V9) + 
V(l-V9)= V(l+3)4-V(l-3)=^ V4-V2, 
Therefore .r = « + 2 = i^4-V2 + 2 = 2 + 1.587401 — 
1.259921 = 2.32748, tKe answer. 
2. Given a' — 6* = 12, to find the value of x. 
" Here a being equal to — 6, and h equal to 12, we shall 
have, %j the formida, 

' '-=^^^ + ^(^^-"^)J-- Vl6 + V('36-r 8)]" - 
^ V(6 + V28) + ^^^_:.V{6 + 5.2915) + 

V% +12915) -^ ^''^'''^ + W&9T5) = ^'^^^^ + . 

2^35 « 2.2435 + .8957 = 3.1392, 

^ . Therefore a? = 3.1392, the answer. 

& ^iven d^ 7- 2ap =7 — 4, to find the value of a. 
. Hei|e a being = — 2, and & = — 4, we shall have, by the 
Torm^, ,^ 

^v{-2 + V(4-.l)S + v5^2-V(4-l)|. or 

10 10 

byreduction, V(-2 + — V3) — V(2 +-g-V3)=: 

V (_ 2 + 1.9245) - V (2 + 1.9245) = V ( ^ -0755 - 
V 3.9245 := - .41226 - 1.5773 = - 1.9999, or - 2; 

' Therefore a; = *- 2, the answer.* 
Note, — ^When one of the roots of a cubic equation has been 
. found, by the common formula as above, or in any other way, 
the 6^er two roots may be determined as. follows : — 

Let ihe known root be denoted by r, and put all the terms 

* of the equation, when brought to the lefthand side, = ; then, 

if the equation, so formed, be divided by a? db r according as r 

is positive or negative, there will arise a quadratic equation, 

* When the root, of the given equation is a whole fittmber, this 
method only determines it by an approximation of 9$^ in the decimal 
part, which sufficiently indicates tne entire integer; but in most in- 
stances of this kind, its value may be readily found, by a few trials, 
from the equation itself. 

Or if, as in the above example, the roots, or numeral values of V 

(^2+— V3), and— V(3+-^ V3), be determined according to 

the rule laid down in Surds, Case 12, the result will be found equal to 
— 3 as it ought. 
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« 

the roots of which will be the other two rootd of the given 
cuhic equation. 

4. Given ac' — 15x = 4, to find the three roots or values 
of a?. 

Here x is readily found, by a few trials, to be equal to 4, 
and therefore 

ar — 4)aj3 ^ 15x — 4(«* + 4aj + 1 

ar»~4a;' ^ . 





■4««-^15aj 
4ar» - 16* 




ar-4 
x-4 



Whence, according to the note akeady given, 

a:* + 4a? + 1 5= 0, or ac^ + 4ap = — 1 ; ^ ^ 

the two roots of which quadratic are — 2 + y 3 and ^ s^-* 
V3; and ccmsequently 

4, - 2 + V3, and - 2 - V3, 
are the three roots of the proposed equation. « * 

BZAMPLE8 FOR PRACTICB. 

1. Given a^ + 3a*— 6a; = 8, to find the root of the equa- 
tion, or the value of x. Ans. m si'd. 

2.^Given ac' + «" = 500, to fiiid the root of the equation, or. 
the value of a?. Ans. ~ x = 7.61 6789. 

3. Given a? — 3aj"=: 5, to find the root of the equation, or 
the value of x. Ans. x = 3.425101. 

4. Given a^ — 6^ = 6, to find the root of the equation, or 
the value of a. Ans. V4 + V2. 

5. Given a^ -(- 9a( = 6, to find the root of the equation, or 
the value of ap. Ans. V ^ — V 3. 

6. Given as' + 2a:' — 23a; = 70, to find the root of thee qua- 
tion, or the value of x, Ans. x =; 5.134599. 

7. Given a;' — Ha;* + 54a; = 350, to fiind the root of ihe 
' equation, or the value of x. Ans. x =: 14.954068. 

8. Given a:^ — 6x :^ 4, to find the three roots of the equa- 
tion, or the three values of x, 

Ans. — 2, 1 +V3, and 1— V3. 

9. Given a;* — 5a;' + 2a; ■= ~ 12, to find the three roots of 
the equation, or the^ three values of x. 

Ana. — 3, 1 + V5, and 1 — V5. 
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OF* THE SOLUTION OF CUBIC EQUATIONS/ > 
BY CONVERGING SERIES. 

This method, which, in some cases, will be found more 
convenient^ in practice than the former, consists in substi- 
tuting the numeral parts of the given equation, in the place of 
the literal, in one of the following general formulae, according 
to which it may be found to belong, and theur collecting as 
many, terms of the series as are sufficient for determining the 
value of the unknown quantity, to the degree of exactness 
required.* 

1. x"^ + ax=^ 5.t 

_' 2h i 2.5 / 27^* > V 2.5.8. 11 

* "* V [2(27** + 4a3)] ^ "^ 6.9 \27i>^ + 4(r*/ "^ 6.9.12.15 

%^ _ ^ . 

♦ The method laid down in this article., of solving cubic equations 
by means of series^ was first given by Nicole, in the Memoirs of the 
Ma^iSt^ of Sciences, an. 1738, p. 99 ; and afterwards, at greater length,, 
by Clairaut in his EleTnens d!M^ehre. 

t With respect to the determmation of the roots of cubic equations 
l!7 means of series, let there be given^ as above, the equation ^-^-az. 
sad, ^njpe the root by transposing the terms of each of the two branches 
'oftheeSmmon formula, is , 

patting, for the sake of greater simplicity, v (i**+FT ^) = h *^d re- 
ducing the expression, a; = s* | vci-f-gj)— V(i--^)|. 

Hence, extracting the roots of the righthand member of this equation 
by the binomial theorem, there will arise Vn + ~ j = 1 -f- if — )— — 



/*\a. 2.5 /*\B 2.5. 8 /^W^ 

Vsi) +3:6:9rJ ■^aXsr.iaV-S") +'*^"- 

v(.t^)— .(i)-,4(i)-S(i)"- 



.6.8 



3.6.9.12 

And consequently, if the latter of these two series be taken from the 
former, the result, by making the first term of the remainder a mul- 
tiplier, will' give ' . 



6.9\25/ 

h \« 27ft« 



where, since 5 = V ( i^+^T a^ j , we shall have \ ■^J = 27^ 4. ^& * 
/by ( 27*8. \s ^ 2»5* 26 ^ 2& 

Whence, also, by substitution, we have the above formula 
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/ 27y X 2.5.8.11.14.17 / 27^ \3 ^ 

\27d«+4W "^ 6.9.12.15.18^21 \27&« + 4aV +' *^^- J ^ 

_ 25 5 2.5/ 27^ \ "8.11 

"^ "" V [2(27A? + 4a»)] ^ "*" 6.9 \276» + 4a^/ 12.15 

/ 27y V 14.17 / 27y \ 20.23 

\27^ 4- 4a«/^ "^ 12.21 \27i* + 4^3/^"*" 24^27 
/ 275* \ 
V2WT4Sr+'^^- 
In which case, as well as in all the following ones, a, b, c, 
&c., denote^ the terms immediately preceding Siose in which 
tjiey are first found. 

2. te^ — ax=i -kb, where ^t^ is supposed to be greater than 
^Va^ or 275" > 4a'. ^ 

^2t 3.6^ 27*» ' 3.^9.12^ 27i» ' 

_ 2.5.8.11.14 f 27b'-4a' ^ jtr I * n * 

3.6.9.12.15.18^~2W ^ J • 0'» 

^«, ^<, 2 ,27ft* --4< 5.a,275«- 



3.6 ^ 275* ' 9.12' 275* 
11.14,275*-. 4a3^ 17.20 ,275*- 4< 

- ' ( — '- : ' — J C ( J D — . &C. 

15.18^ 275* ^ 21.24^ 275* ^ * 

In which case the upper si^ must be taken when '5 is 



* The root, as found by the common formula, when properly reduced, is 

« = ±vHv[i+4V(ii»-^4»)]HV[i-r^«*»-^)]i- 

Or, putting, as in the last case, r- VC^^— « <»8)^ or its equal 

Whence, extracting the roots of the mghthand member of this eauation^ 

there^ari* V(l+0 = l+»*--^»«+3^^-j~:r2^+' 
3 2 5 S 5.8 

And, consequently, by adding the two series together^ and taking the 1st 

term of the result as a multiplier, we shall have s^=dz2 ^^il-^ Ta^ 

8.5.8 ^ S.5.8.11.14 , ^^ v^ w,*. /^5«-4a8V 

-3-Ml2^*-^3:6^i5l5T8^-^' &c.^Or,by subsututmg (-^^ j 
for its equal s^ we get the above expression. 
12* - 
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positive, and the under sign when it is negative ; and the - 
same for the first root in the two following cases : — 

3. re' —• a* = ± ft, 
where ^b^ is supposed to be less than Jj a\ or 27b^ < 4c^. 
he 2 4a'* — 27^ 2.5.8 405 — 27&* 

9:= ±2 v- Vi 4- — r--- — — -) — —-—(SI ^« 

"^ 2 t ^ 3.6 ^ 27b^ ' 3.6.9.12^ 27ir^ ' 
. 2.5.8.11.14 4a!-27i\3 . ) ^ r^ 
+ 3X9Tl24^8(-2W-^ -'^^^ ^^' 

♦ This eipressioD is obtained from the last series, by barely changing 
the signs of the numerator and denominator in each of its terms; which 
does not alter their value. 

Hence, in order to determine the other two roots of the equation, let 

that above found, or its equivalent expression, < V J* + V{\^ — ^\ «») J 

+ V\^ -Vm- ^^a^)\ = it r. 

Then, according to the formula that has been before given for these 
roots in the former part of the present article, we shall have z = zp ^ ± 

^^j V[J*+V(i&8-s\fl^3)]-Vl4*--V(i^-2\a;3)]j. Or, 

2 . 2 . 

puttmg- vCi^s— 8% fl3) = 5, and reducing the expression, a; = zp -± 

,0 ' r 

^^-^~— I V(l+«)— V(l--«) } . Whence, extracting the cube 
roots of the righthand member of this equation, there will arise 

And, consequently, by taking the latter of these series from the former, 
and making tne first terna of the remainder a multiplier, we shall have 

V WV.^3V ,^^2j:ail^ 2.5.8.11.14. 17 ■!, 

2 3 e ^e;9. 6.9.12.15 ^6.9.12.15.18.21 ^' i 

2 , r , 1 X / 27ft»— 4^13 \i 27ft»--4a3 



,59 = . 



273a 



But since s = - V(i*9^ i^ ai) = ^ ^^^ j 

'x^''(^^)-''-"'X''(^^)- 

^ — ^, if these values be substituted for their equals,* in the last 

series, 'the result will give the above expressions for the two rcfmaining 
roots of the equation. 



•J 

I 



CUBIC EaUATIONS. m 

, 11.14/4a?-27*^ 17.20 /4a3-27&2v 

" t r5r8(-~^2w-)^ -•2t:24(-2w- r +' ^" 

which series answers to the irreducible case, and must be 

used when 2c^ is less than 276*. 

^ And if the root thus found be put .= r, the other twd roots 

may be expressed as follows : — 

a; = -=b ^(^^ - 2 7^) ^ _ 2.57 4(r>~27&\ 2.5.8.11 

^2 9V2i* r "* 6!9\ 27P / 6.9.12.15 

/4c^-2^\2_ 2.5.8.11.14.17 / 4(r»--27&' v3 ; > 

\ 27^^^ J 3.6.9.12.15.18.21 \ 27^ j +» &c. ^. 

Or, 
x= r.. ^H<^-2 7^>^) J 2.5/ 4a?~276« \ 8.11 > 

"^2 9V2Zi^ ) ""6^\ 27i* /^ "^ 12.15 

.4^--2Wv ^ 14.17 / 4fl»-276» v 20.23 v 4fl»- 27y \ 

\ 27^ j^ 18::21\ 27*» /^"^ 24.27 \ 27ft« / 

D — , &C. 

Where — ^r, or + -Jr, must be taken according as b is 
positive or negative ; and the double signs ± must W con- 
sidered as 4- in one case, and — in the other, as usual. 

4. a;' — ax= ±bf 
-where ^6' is still supposed to be less than ^^d?, or 276* ' 
<4a'. . ' 

^_^ .26 c 2.5/ 276* \ 

V [2(4a - 276^)] > 6.9 \4a=- 276V "^ 

2.5.8.11 / 276« V 2.5.8.11. 1 4.17 / 276* y^\ 

6.9 12.1 5 \4(^ - 276V ^ 6.9.12.15.18.21 \4(^ - 276*) "^ 
&c. |. •Or, 

* By transposing the terms of the common formula, as in the first case, 
we shall have a; = (/ 1 V(i6»— ^^ ^a) + J6 1 — y | V (i62-- ^^ a») 

— i6 > . Or, by putting, for the sake of simplicity as before, V (i6a 

— ^^ fl3) = Sf and reducing the equation x= ^^s I v^(l4"o;)"*"V 



<'-!>! ■ 



Whence, extracting the roots of the righthand number, as in the 
former instances, « ,, 

«'('+4)-+<(4)-&(4)'+3%(a-sraa>+' 

&c. 
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2* ' c . 2.5 , 275« , 8.11 



X 



" ^[2(40^ - 27b^)] i 6.9 W - 276*^ ^ "*" 12.15 

27^^ 14.17 27ft^ 20.23 27^ 

4(^-271^^ ^ TsJl Ua'-27b'^ ^ "^ 24^27 ^4^ ^ 276^^ 

. /, *\ , /*\ 2 /ft\ 2.5 /d\ 2.5.8 /*\ 

And consequently, by taking the latter of these series from the former, 
and mal^g the first term of the result a multiplier, we shall have 

w_^JlA.5:5/M 2.5.8.11 /^\^ , 25.8.11.14.17 /^\^, , 
'^^ 6s I "^6.9X25/ *"*" 6.9.13.15 W ^ 6.9.1215.18.21 W "^ 



'&c. J . But since s = V (i*»— ^^ «•), we shaU have (5- )* = ^^l^ - 

:£»!_/n « = (_?»•_ V, &c, and ^= ^ = 
»— 27M25/ \4af—Sm>t/'' 6s fi.l 



4a8 i6tUM\76S/ \±U^ iOIU»/ OJ g^f 



Whence, if these values be substituted for their equals in the last 
series, there will arise the above expression for the first root of the equa- 
tion. And if we put the root thus found, of its equivalent expression 

we shall have, according to the formula before given for the other two 
roots, 

— j4] (. Off, taking, as before, V(i*«— ^, bf) = », and simplifying 
^.e^esnl, . = ^^± ^J^f .^(,+ *.)+ ^(|_4)}. 

Whence, 'by extracting the roots of the righthand side of this equa- . 
tion, there will arise 



v('+4)-+"(y-f.(y-+^tt>-rS»(y'+. 

Ac. 

And, consequently, if the latter of these series be added to the former^ 
we shall have, by niaking the first term of the result a multiplier, 

^2 I 3S^2s^ 3.6.9.13^23'' 3.6.9.12.16.18 

(^)6— ,&c. But since teV0Jt-A^a8)«:(???L^f!!)\ we sl^ 
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D — , <&c., which series also answers to the irreducible cdse^ 
and must be used when 2a^ is greater than 276*. And if 
the root thus found, be put = r, as before, the other two 

'•-ufl,4«'~276*< . , 
roots may be expressed thus: ar = qp ^ ^ V , s A + 

^ 27^ 2.5,8 27y 2.5.8.11.14 



3.6 ^40?* - 276*' 3.6.9.12 '4<^ - 276*' 3.6.9.12.15.18 

(4-^^*)'-^^i ^^'' * 

r 40^-276*5 ^ 2 ,276* / 5.8 

*=?^2=^^-l—i '-^3:6(473276*)^- 9l2 
276* 11.14 . 276* 17.20 . 276* 

Qcr»-276*) ® "^ 15l¥ 4^ - 276*' ^ 21 .24 4a* - 276*^ 
D 4-, &c. 

Where the signs are to be laken as in the latter part of the 
preceding case. 

SZAMPLES. 

1. Given a' + 6aj = 2, to find the value of ar. 
Here a =j 6, and 6,= 2, whence 

276* 27 X 4 1 I ^ 

I • = .1 I ' ' — — =: — — ss — : and 

276*+4(|3 27X4 + 4X216 1+8 9' 
26 4 



4 4 2V81 V648 ^ J|, 

■ _ = — -=:— • Consequ^Kly 



VP(276* + 4a^)] V [2(4 X 27 + 4 X 216)] 

^-. ^-. ."Consequi 
27 27 ^ 

1.0000000 (a) 
.0205761 (b) 

.0011177 (c> 

.0000782 (d) 



also have (--)« = — -— = — ----, Ac, and conseqaent- 

^2j' 276a— 4a3 403 — 37^8* . • 

Hence, if these values be substituted for their equals in the above 
series, th& result will give the above expressions for the two remaining 
roots of the equation. 



2V(27 + 8X27) 
by formula 1, we st 

2.5 1 

6-:9><9" 


6*/9 
tall have 




12.15-9 




14.17 1 
18.21^9^^ 
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^ "" VI2(4(|3 - 27i»)] ( 6.9 Mc^ - 276*' ^ "^ 12.15 

27^^ 14.17 27ft^ 20.23 27^ 

4a3 _ 27b'' ^ 18!2i ^40* - 27b'' ^ "^ 24.27 M^ ^ 27^^ 

And consequently, by taking the latter of these series from the former, 
and mal^g the first term of the result a multiplier, we shall have 

-^ijl.^(L) 2.5.811 /^\^ , 2.5.8.11.14.17 /^\„ , 
^~ 6s C. "*" 6.9 \2s/^"*" 6.9.13.15 W "^ 6.9.12.15.18.21 W "^ 
'&c. I . But since s = V (i*9— ^^ «»), we shaU have (^)' ~^rSZS 
27^ /*\ / S7A« \. ^ ,2bsi fib 



.27^ 
"4a8- 



6VCi*«-A«0 V|2(4^83~27is)r 

Whence, if these values be substituted for their equals in the last 
series, there will arise the above expression for the first root of the equa- 
tion. And if we put the root thus found, of its equivalent expression 

we shall have, according to the formula before given for the other two 
roots, 

—!*](. Ofr, taking, as before, v{l*«— ^, bf) = », and simplifying 

Aeresult, ^ = ^^± d^J .^(l+ *.)-|- ^^{l-^)]. 

Whence, "by extracting the roots of the righthand side of this equa- . 
tion, there will arise 

v('+4)-+'a)-i8a+^{i)-r«(i)'+. 

And, consequently, if the latter of these series be added to the former^ 
we shall have, by making the first term of the result a multiplier, 

^j-¥y -»<! 2,*v 3.5.8 / A \ ^ 2.5.8.11.14 

(£)6-.,Ac. But since teV(i»- j-^aa) ^ C^Z^ )^, we sMfll 



CUBIC EQUATIONS. 



1^ 



D ^, <&c., which series also answers to the irreducible cdse^ 
and must be used when 2flF' is greater than 27^. And if 
the root thus found, be put = r, as before, the other two 

roots may be expressed thus: x ^=: zp^'^ v . % ^ 

2 27^ 2.5,8 27y 2.5.8.11.14 

o~c * 7I3 nrth2f o A o 1 o M ^ o»7Aa/ ' ' 



3.6'4(r*-27^»« 



Qfl^- 



.276^' 



3.6.9.12 M<^- 276^' 
Or,' 



3.6.9.12.J5.18 



^2 "^ 4 



1 '^j:e^4 



27b' 



) B 4- r^-TTT ( 



3.6 Ma^- 276* 
27^^ . 17.20 



,)A- 



5.8 



15.18 '4a' -276* 



:.)<^- 



276» 



21.24 4a' — 27^»' 



9.12 
) 



276' 

Qcr»-27-6» 

D 4-, &c. 

Where the signs are to be laken as in the latter part of the 

preceding case. 

EXAMPLES. 

1. Given a' + 6aj = 2, to find the value of ar. 
Here a =^6, and 6,=: 2, whence 
27^ _ 27X4 _J 1 

276'+4a'""27X44-4X216""l+8~9*' ^ 



2b 



VP(276» + 4tf^)] V [2(4 X 27 + 4 X 216)] 

4 4 2^81 V648 ^ J|, 

— — — : Consequ«Iy» 



2 V(27 + 8 X 27) 6 8/9 
by formula 1, we shall have 
1 
2.5 1 

6":9^9^ 
8.11 1 

X- B 

12.15 9 

14.17 1 

V — c 

18.21^9 



27 



27 

1.0000000 (a) 
.0205761 (b) 

.0011177 (c)l 

.0000782 (d) 



27*« 



4^8 — 2768 



, &c., and consequent^ 



also have (r-)« = jr=r 7— = 

^ 2j' 276a— 4<j3 

ly, 5 V-3 = V( J-T-). 

Hence, if these values be substituted for their equals in the above 
series, the result will give the iU>ove expressions for the two remaining 
roots of the equation. 
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30.23 1 

' X-D 

24.27 9 

26^ 1 
30i33^9^ 



fcg. 1.0217787 
!g. V648 
CoTog. 27 

No. 3274801 



.0000062 (e) 
.0000005 (f) 

1.0217787 

0.0093570 
0.9371916 
8.5686362 

- J.5151848 



Therefore «= ,3274801 



2. Given oc' — 9a? = 12, to find the real value of x. 
Here « = 9 and 5== 12; 
12 , ^ ^27&«-4fl3 27X144-4X27» 





= ^VV»"^ 27&» 


' 27X144 


144 - 108 


36 1 










144 


144 4' 


• .' 


(consequently, by formula 2, we shall have 


1 




1.0000000 (a) 


2 1 , . 
-§76^4 W 




-.0277778 (b) 


5.8 1 , ^ 
-9.12^4 ('«) 




-.0025720 (c) 


11.14 I , 






^iTiiXi^*'^ 




-.0003667(d) 


17.20 1 , ^ 






21.^4X4 ("> 




-.0000619 (e) 


23.26 1 , 


, 




-a7.3oXi(^) 




-.0000114(f) 


29.32 1 






33.36^4^^^ 


^ 


-.0000022 (a) 


Sum 


-.0307920 


Comp, 


.9692080 


Log. 969208 


-1.9864137 
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Log. 2 %/6y or Log. V 48 " ^ 

No. 3.522334 
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0.5604137 



.5478274 
therefore x = 3.522334. 
3. Given ar» — 12a: = 16, to find the three values of x. 
Here o = 12 and ^ =. 15 ; 
„„ b 15 40* — 27&* 

Whence 2 V" = 2 Vy = V60 and ^^-^^— = 

4.12' - 27.1 5' ^ 256r-225^ jl^ '^ 

27.15' "" 225 225* 

Consequently, by formula 3, we shall have 

I +1.0000000 (a) 

+34^1-5" +0.0153086(B) 



^ 5. 8 31_ 

9.12^225^ 
11. H 31^ 

'^15J8^225^ 
17.20 31 

21.24^225 
_23.26 31^ 

27.30 225* 

Sum of + Terms 
Sum of — Terms 

Difference 

Log. 1.014837 
Log. V 60 

No. 3.971962 



-0.0007812 (cf) 
+0.0000614 (d) 
-0.0000057 (e) 
+0.0000006 (f) 



+1.0153706 
—.0007869 

1.0145837 

.0062880 
.5927171 



.5990051 



Therefore the affirmative value "of x qr first root, res 
3.971962. 

^(4^-27^) _ v^837 _ V(9X93) _ v^93 



Again, 



and 



4^ - 27y 
27i' 



9V26* 



9V450 9V450 3V450 



225* 



Hence, 



+1 
6.9^225 



1.0000000 (a) 
-.0255144(b) 



\u 
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8.11 31 



12.15^225 
14.17 ^1 



18.21^225 

20.23 3J 

"*"24:27^225^ 

26.29^^ 31 

X-rr K 



30.33 225 

Sum 

Log. ^760683 
Log. %/93 
Colog. V450 
Colog. 3 

No. .4099445 

Last No 

Result ' 
Or 



+.0017186 (c) 

— .000149.0(d) 

+.0000145 (e) 

'-.0000014 (f) 



.9760683 

—1.9894802 
0.9842415 
9.1155958 
9.5228787 

-1.6121964 



-1.9859810 
±0.4099445 

—1.5760365 
-a.3959255 



Whence the three roots or values of x are 3.971962 
— 1.57^0365, and —2.3959255. 
4 Given a^ — 6a; = 2, to £aid the three values of a?. 

-26 Zi___^ 

^^'^^ V [2(4^ - 276«)] ■"" V P(4.6» - 27.4)] ^ 

— 4 _ — 4 _ —2 2x/49 27y 

3V [2(4.8 -4)7"" 6V7"~ 3 V 7 "" "" 21 '— 4a'-276« 



4,27 



1 

■*7' 



'4.6^-27.4. 8-1 . 

Hence, by the formula 4, we shall have 
1 1.0000000(a) 

2.5 1 



6.9^7^ 
8.11 1 

+ 1215^7^ 
i4.17 1 

18,21^7^ 



-.6264550(b) 
+.0018476 (c) 
—.0001662 (d) 



f- 
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20.23 1 

+21:27^7^ 
g6.29 1 

30.33^7" 

Sum 

Log. .9752414 
Log. 2 
L. V49 
Colog.' 21 

No. 329870 



+.0000168 (B) 
-.0000018 (f) 

+.9752414 

—.9891120 
0.3010300 
0.5633987 
8.6777807 

-1.6313214, 



Therefore one of the negative roots . or values of «, is 
— .339870 = — r. 

. 4i|3 — 27&*^ 4.6^ — 27.4 
Again, V T ^^ V j = V(6' - 27) = V 



189, and 



27^ 



4a' — 27^ 



1 

+3:6X7^ 

_5. 8 1 

932^7* 
11.14 1 

+ i5.18><7^ 
17.20 1 



Hence, 



21.24^7^ 
23.26 1 

"•"27.30^7" 



Sum 

Log. 1.0150952 
Log. V 189 

No. 2.431741 



1.0000000 <▲) 
+0.0158730 (b) 

—.0008398(c) 

+.0000684 (d) 

—.0000066 (b) 

+.0000002 (f) 



1.0150952 

.0065070 
.3794103 

.3859173 



Therefore - 



13 



+.169935 
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Last number =h2.431741 



Result +2.601676 

Or -^2.261806 

And consequently, +2.601676, —2.261806, and —.339870, 

are the three roots required. . 

EXAMPLES FOR PRACTICE. 

1. Given aj* + 9* = 30, to find the rqot of the equation, or 
the value of x. Ans. x = 2.180849. 

2. <jriven a^ — 2« =i 5, to find the root of the equation, or 
the value of ap. Ans. x = 2.0945515. 

3. Given a^ — 3« s= 3, to find the root of the equation, or 
th«t, value of x, Ans. 2.103803. 

4. Given a^ — 27a? =36, to find the three roots or values 
of*. Ans -5.765722, — 4.320684, and - 1.445038. 

5. Given a/^ — 48a:* = — 200, to find the root of the equa- 
tion, or the value of a?. Axis. 47.9128. 

6. Given a:^ — 22a? = 24, to -find the root of the equation, 
or the value of a?. Ans. 5.162277 



OF BIQUADRATIC EQUATIOl^S. 

A biquadratic equation, as before observed, is one that rises 
to the fourth power, or which is of the general form — 
X* + aa^ + ba/' + ex -h d= 0. 

The root of which may be determined by means of the 
following formula; substituting the numbers of the given 
equation, with their proper signs, in the places of the literal 
coefiicients, a, b, c, d. 

Rule 1.* — Find the value of z in the cubic equation z^ + 



* T%is method is that given by Simpson, p. 120 of his Algebra, which 
consists in supposing the givdi biquadratic to be formed by taking the 
difference of two complete squares, being the same in principle as that 
of Ferrari. 

Thus, let the proposed equation be of the form .r* + aa;3 + to + ca; + 4 
=»6ri), having all its terms complete; and assume {x»'\'iaz-\-p)i — 
(gaj 4- r )3 = .T^ + «a;3 + to + ca; 4- rf. 

' Tnen, if a;2 + haz-\-p and qx4-rhe actually involved, we shall have 
a;4+aa;3+2p xst-{-ap 
+ka2 
— qi —2qr 



^I^\ =x* + ax»+bx^+cx+d. 



And (^nsequently, by elating the homolc^ous terms, there will arise 



if 
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by one of the former rules ; and let the root, thus determined, 
be denoted by r. Then find the two values of x in each of the 
fc^wing quadratic equations : — 

and they will be the four roota of the biquadratic required. 



1. %?+ias— 5«=* 
3. pn—n =zd 






where, since the product of the first and last of the absolute terms of 
these equations is evidently equal to \ of the square of the second, we 
shall have 

%»a-|-(J««— 4);;3— 3<^— £Z(tea— 4) =i(a»p«— 2«5p4-c8). 
Or, by bringing the unknown quantities to the lefthand side, and f|0 
known to the right, and then dividing by 2, 

- p- 

From which last equation jp can be determined by the roles before 
given for cubics. 
And since, from the preced^ig equations, it appears that 

wp — c 
- j = V(Sp+iii2— d)andr=-i^, or VCpa— <0, 

it is evident that the several values of ^ can be obtained from the quan- 
tities thus found. 

For, because x^-\^0J^-\'h3^-\^cx-\■d^ or its equal (a?»-fi flK&-fy)»— 
(ja;+r)s = 0, it is plain that (a;2 + iaa;-j-p>=:=(yaj+r)8. And, 
therefore, by extracting the roots of each side of this eqi^ation, there 
will arise 

^-\'^ax-\-'p — qx-\'r\ ora;S4-(|a — q)x=r — f. 

Whence, by substituting the above values of ^, g, and r, for their 
equals, and transposing the terms, we shall have 

for the case where ap — c is positive ; and 

for the case where ap — c is negative : which two quadratics give the 
four roots of the proposed equation. ^ 

And by putting ji = z+ - » in the reducing equation (IB), in order to 
6 
destroy its second term, the several steps of the investigation may be 
made to agree with the expressions given i^ the above rule. 
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EXAMPLES. 



1. Given ihe equation «* — lOar* + 35a;* -^ 50ar + 24 = 0, to 
find its roots. 

Here a = — 10, & = 35, c = — 50, and d = 24. 
Whence, by substituting these numbers in the cubic equation, 

^Bd), we shall have the following reduced equation^ 
13 __25 

12^"" 108' 
which, being resolved accc^ding to the rule before laid down 
for that purpose, gives 

jf = - S V(35 + 18 V - 3) +3/(35 - 18 V- 3) ^ 

But, by the rule for binomial surds, given in the former 
part of the woi^, 

V (35 +18 V - 3) =^ + ^ V - 3, and V (35 - 18 V -3) 
=7-iv-3 

And if this number be substituted for r, — 10 for o, 35 for h, 
and 24 for <i, in the two quadratic equations, 

«*+(^+V^|«* + 2(r-|«)^)«=-(r+^5)+V^(r 

they will become, after reducing them to their^most simple 

terms, 

a;* — 3a? = — 2, and a;* — 7a? = — 12 : 

3 13 1 

from the first of which a; = -=fc V-= ~db- = 2,or l,and 
^2 4 2 2 

7 17 1 

from the second, a? = -± -v/2 = Q^9==4or3; 

Whence the four roots of the given equation are 1, 2, 3, 
and 4. 
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Or, when its second teim is taken away, it will be of the 
form 

x* + ha^ + cx + d = 0, 
to which it can always be reduced ; and in that case, its so- 
lution may be obtained by the following rule : — 

Rule 2. — Find the value of z in' the cubic equation 

and let the root thus determined be denoted by r, 

Then fipd the two values of a; in each of the following 
quadratic equations : — 

and they will be the four roots of the biquadratic equation 
required.* 

* The method of solvinp^ biquadratic equations was first discoveijed 
by Louis Ferrari, a disciple of the celebrated Cardan before men- 
tioned ; but the above rul^ is derived from that given by Descartes, in 
his Geometry^ published in 1637, the truth of which may be shown aa 
follows : — 

Let the given or proposed equation be 

a;4 + area + ^.r -|- c = 0, 

and conceive it to be produced by the multiplication of the two quadratics 

ie!i-\-px-{-q = 0; andrc3+ra;-(-5 = 0. 

Then, since these equations, as well as the given one, are each = 0, 
there will arise, by taking their product, 

And consequently, by equating the homologous terms of this last 
equation, we shall have the four following equations, 

p + r^Oy s + q+pr=za] ps + qr = b'jqs=C', 

Or, r = — p/j S'-\'qz=ia -{-pi ; s — q^z-; qs = €, 

P 
Whence, subtracting the square of the third of these from that of the 
second, and then changing the sides of the equation, we shkll have 

«3+2ap«+^ =4^5, or 4tf; 0Tp»-{-2ap*-\'(ai — 4c)^=ia. 

Where the value ofp may be found by the rule before given for tubic 
equations. 

Hence, also, since s-{^q = a+jp9, and 5 — ^r = -, there will arise, by 

P 
addition and subtraction, 

1 ; 1 3 1 , 1 b 

where p being known, s and q are likewise known. 
And, consequently, by extracting the roots of the two assumed quad- 
13* ^ ' 
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Or the four roots of the givea equation^ in this last case, 
will be as follows : — 

x = -iVJ2(r-i6)|+^/J-^ + |+V[(r + iA)»-i]| 

x = .+ iVf2(r-l5)J-^J-J_|_V[(r + ij)«-i]^ 

2. Given a* + 12a? —17 = 0, to find the four roots t)f the 
equation. 

^' Here a = 0, & = 0, c = 12, anJ J = — 17 ; 

Whence, by substituting these numbers in the cubic 
eii^uation, 

^12 ^ 108 ^ 8 3 ' 

we shall have, after simplifying the results, 
^ + 17^=18, 

Where it is evident, by inspection, that z=:l. 
' And if this number be substituted for r, for by and — 17 
for d in the two quadratic equations in the above rule, their 
solution will give 

i^=-.*V2 + V(~* + A/18)= -W2 + V(-i + 3V2) 
a?=~iV2-V(-* + Vl8)= - i V2 - V(- * + 3 V^) 
«= +iV2 + V(-i- V18)= +iV2 + V(-*-3V2) 
a;= +iV2 — V(-*-yi8)= + iV2 — V(- * - 3y2) 
Which are the four roots of the proposed equation ; the first 
two being real, and the last two imaginary. . 

Rule* 3. — The roots of any biquadratic equation of the 
form. X* + aoi^ +bx + c = 0, may also be determined by the 

ratios, cd-^-pz + g^ = 0, and «»+ rx-\-s = 0, or its equal a^ — px-{-s = 
we shall have 

which expression, when taken in + and — , give the four roots of the 
propQ|ed biquadratic as was required. 

* This method, which differs considerably from either of the former, 
consists in supposing the root of the given equation, 

xi + axa-j-bx-j-c^Oll^ 
to be of the following trinomial surd form 

: x — Vp+Vq+Vr\ 

where p^ q^ r, denote the roots of the cubic equation 

y3 4- fy% -\-gy = h (2), 
of which the coefficients /, "/, and the absolute term A, are the unknown 
quantities that are to be determined. 
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followmg general formulae first given by Euler ; which are 
remarkable for their elegance and ain^plicity. 

Find the three roots of the cubic equation s? + 2o«' + 
(a* — 4c) ;? = d*, by one of the former rules before given for 
this purpose ; and let them be denoted by r, r", and r"\ 



Then, agreeably to the theory of equations before given, we ahall 

have j? 4" ? + ** = — / J V^ +^^ "f" ^^ ~ ^ > ^^^ ~ ^* '^'^^^ ^^ squaring 
each side of the formula expressing the value of a;, 

Or, by substituting / for its equal — (p-ffi'-r Oi ^^^ bringing the 
term, so obtained, to the other side of the equation 

a:2+/=2vi>?+2Viw+2Vg'r. 
Also, by again squaring each side of this last expression, -we shall 

Or, substitutmg 4g lor its equal 4pq-^-4^-\'^rj and bracing the 
term to the other side as before, 

xi + 2fx!i+fi — 4g = 8Vp(ir{Vp+^Vq+Vr). 
But since, from what has been above laid down, we haVe 

Vp-\-Vq-\-Vr = Xi and VjP9r = VA, 
if these be put for their equals in the last equation, it wiU become, by 
this substitution, 

a;4 +2/a:2— 8A*ic4-/2— 4^ = 0. 
. Whence, comparing these coefficients with those of the given equation, 
there will arise 

2/=a; — 8VA = *j7i— 4^=:c; or, 
a ^2 ai c 

And ^consequently, by substituting these values in the assumed cubic 
equation (2), we shall have 

y3 + J^iy2+-(^-4e:)y = -C3), 

the three roots of which last equation, when substituted for p, q, and r, 
in the formula x=:Vp-\-V^r-]-Vq, will give, by taking each term of 
the expression both in -f and — , all the four values ofz. 

Or, in order to render this result more commodious in i)ractice, by 
freeing it from fractions, let y=\z. Then, by substitution and re- 
duction, we shall have the corresponding equation 
zs -\r 2az2 + (<J2 — 4c) Z = ^2, U), 
the three roots of which are each, evidently, four times those of the 
former. Hence, using this instead of equation, (3), and denoting its 
roots b)'^ /, r", r"', the last mentioned formula, Jaking each of its terms 
in + and — , as before, will give the values of a;, as in the above 
expressions. ' ' * ■ 

Note.— If we were to. take all the possible changes of the signs, in this 
' case, whicbthe terms of the assumed formula admit of, it would appear 
that X should have eight different values ; but it is to be observed, that, 
according to the first part of the above investigation, the product Vf X 
V <? X V r = V A, or b ; and consequently, that when b is positive, either 
all the three radicals must be taken in 4-, or two in -7-, and one in + J 
and when b is negative, they must either te all — , or two + and one — j 
which .considerations reduce the number of roots to four. 
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Then, we shall have, 



When b is positive, 



07 = 


2 

-v/f' + v/r" 


+Vr"' 


X !-^ 


2 




2 


-Vf"' 



When i is negative, 
+ Vr' + Vr" + Vr"' 



a?~ 


+ Vr' 


2 


-^/f" 


iV =^ 


-Vr' 


2 


-N/f"' 


a? = 


-Vr' 


2 



Note. — If the three roots r', r", r"', of the auxiliary cubic 
equation be all real and positive, the four roots of the proposed 
equation will also be real ; and if one of these roots be posi- 
tive and the other two imag^inary, or both of them negative 
and equal to each other, two of the roots of the given equa^ 
tion will be real, and two imaginary ; which are the only 
ci|ses that produce real results. 

3. Given cn* — 250?" + 60a? — 36 = 0, to find the four roots 
of the equation. 

Here a = — 25, 5 = 60, and c = — 36 ; 
Whence, by substituting these values for their equals in 
the cubic equation above given, we shall have ;&^ — 2 X 25 
g» + (25» 4- 4 X 36) z = 60^, or ;8^ -- 50;8* + 769 2r = 3600 : 
the three roots of which last equation, as found by trial, or 
by one of the former rules, are 9, 16, and^5, respectively ; 
w hen ce 
X = i(- -/9 - -• J6 - -v/25) ==i(-3-4-6) = -6 
a? = i(- v^9 + -/ 16 + -v/25) = i(^ 3 + 4 + 5) = + 3 
a; = i(+\/9-v^l6 4-\/25) = i(+3-4+5)=^ +2 
ar = i(4- v^9 + x/16-.x/25) = ir+3 4-4-.5)= +1 ' 
And consequently the four roots or the proposed equation 
are 1, 2, 3, and — 6. 

EXAMPLES POH PRACTICE. 

1. Given a?* — 55a:* — 30a: + 504 = 0, to find the four 
roots, or values of a:. ' Ans. 3, 7, — 4, and — 6. 

2. Given a;* + 2a» — 7a;* — 8x = — 12, to find the four 
roots, or values of x. Ans. 1,2, — 3, and — 2. 

3. Given a?* — Sjc* + 14a;* + 4a; = 8, to find the four roots, 

orvalueBofx. Ans. { J + ^§; Jl^;! 

i. Given a* — 17a;* — 20a? — 6 = 0, to find the four roots, 

5 2+V7, 2-V7 
i-2 + V2, -2-V2. 



or values of x. 
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5. Given o^ — 3a;' — 4re = 3, to find the four roots, or 
1 f A $ i+iV13, i-4V 13 

6. Given «*— 19ar»+ 132aj'— 302« + 200 = 0^ to find the four 

, - . i 4.27768, .80955 

roots, or values of x. Ans. ^ ^g 95537^^ ^ y (_ 9.3686). 

7. Given a* - 27*3 + 162ar' + 356a; — 1200 = 0, to find 
,. c * 1 c A $ 2.05608,-3.00000 
the four roots, or values of x. Ans. ^ ^3 1530^; 14.79086., 

8. Given a?* — 12aj* + 12a? — 3.=:a'0, to find the four root% 
, . . S .606018, - 3.907878 

or values of x, Ans. f 2,858083, .443277. 

9. Given a?* — 36a» + 72a? — 36 = 0, to find the four roots, 
■ . . 4 0.8729836, 1.2679494 

or values of .r. Ans. ^ 4 73205O6, - 6,8729836. * 

10. Given «* -.12a;3 + 47a?» - 7^a? + 36 = 0, to find the. 
roots, or values of a?. Ans. 1, 2, 3, and 6," 

11. Given a?* + 243?= — IMa?* — 24a? + 1 = 0, to find the 

, c A J +Vl97-14,2 + Vf 

roots, or values of a?. Ans. ) J. y x97 — 14 2 -- V5. 

12. Given a?* — Oi' — 58x* — 114a? — 11 — 0, to find the 
roots, or values of «. 

Ans. ±f^/3+i±v^(17=tVv'3). 



OF THE RESOLUTION OF EQUATIONS BY 
' APPROXIMATION. 

Equations of the fifth power, and those of higher dimen- 
sions, cannot be resolved by any rule or algebraic formula 
that has yet been discovered ; except in some particular cases 
where certain relations subsist between the coefficients of 
their several terms, or when the roots are rational ; and, for 
that reason, can be easily found by means of a few trials. 

In these cases, therefore, recourse must be had to some of 
the usual methods of approximation ; among which, that com- 
monly employed is the following, which is universally ap- 
plicable to all kinds of numeral equations, whatever may be 
the number of their dimensions, and, though not strictly 
accurate, will give the value of the root sought to any required 
degree of exactness. 

Rule. — Find by trials^ a number nearly equal to the rpot 
sought) which call r ; and let ss be made to denote the dif- 
ference between fhis assumed root, and the true root x* 

Then, instead of a?, in the given equation, substitute its 
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•qaal r =k r, and there will arise a new equation inrolving 
only z and known quantities. 

Reject all the terms of this equation in which z is of two 
or more dimensions ; and the approximate value of z may 
then be determined by means of a simple equation. 

And if the value, thus found, .be added to, or subtracted 
from, that of r, according as r was assumed too little or too 
great, it will give a near value of the root required. 
^ But as this approximation will: seldom be sufHciently exact, 
die operation must be repeated, by substituting the number 
* thtts/ouhd for r in the Ridged equation exhibiting the value 
of z ; vhen a second correction of z will be obtained, which, 
Wng added to, or subtracted from, r, will give a nearer value 
« ofih# root than the "former. 

Andb]| again substituting this last number for r, in the 
aboveoientioned equation, and repeating the same process as 
of^Ai as may be thought necessary, a value of x may be found 
to any degree of accuracy required. 

'^ iVb««.-*-The decimal part of the root, as found both by this 
and the next rule, will, in general, about double itself at each 
<iperation; and therefore it would be useless, as well as 
troublesome, to use a much greater number of figures thap 
those in the several substitutions for the values of r.* 

EXAMPLES. 

1.' Given a? + «* + ar = 90, to find the value of « by approx- 
imation. 

Here the root, as found by a few trials, is nearly equal to 4. 
Let, therefore, 4 == r, and r + ;r = a. 

Then a^ = r» + 2r;? +^ =90. 

a: = r 4-je^ 
And by rejecting the terms z^^ Zrs^^ and j^, as small in com« 
parison with Zy we shall have 

rJ 4- r» -f r + 3r«;y + 2rz + ;?, = 90 ; 

* It may here be observed, that if any of the roots of an equation be 
whole numbers, they may be determined by sabstituting 1, 2, 3, 4, Ac., 
successively, both Id pl/ns and in minus, for the unknown quantity, till 
a result is obtained equal to that in the question j when those that are 
found to succeed, will be the roots required. 

Or, since the last term of any equation is always equal to the con- 
tinued product of all its roots, the number of these trials maybe generally 
diminished, by finding all the divisors of that term, ana then substi- 
tuting them both in plus and mirvus, as before, for the unknown quantity, 
'when those that give the proper result will be the rational roots sought; 
but if none &f them are found to succeed, it may be concluded that the 
equation cannot be resolved by this method j the roots, in that case, 
b«ng either irrational or imagmary. 
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9(i-f»-r«--r 90-64-16-4 6 ,^ 

Whence z = = = — -= .10. 

3ra + 2r + l 48 + 8 + 1 67 

And consequently, op = 4.1, nearly. 
Again, if 4.1 be substituted in the place of r, in the last 
equation, we shall have • i 

90 -r'-r«-r 90-68.921-16.81-4.1 

• = 3r^ + 2r + l = 50.43+8.2 + 1 = '^^^^ 

And consequently, a? = 4.1 + .00283 = 4.10283 for a second 
• <tpproximat%on. ^ 

And if the first fom* figures, 4,102, of this number be figldft 
substituted for r, in the same equation, a still nearer valBe of 
the root will be obtained ; and so on, a3 far as may be thought 
necessary. 

2. Given a^ + 20a; == lOQ, to find the value of x by ap-^ 
proximation. Ans. a; = #.14213S6,tji 

3. Given ar* + 9a:* + 4a; = 80, to find the value of a by 
approximation. Ans. a = 2.4721359. 

4. Given x* — 38ar» + 2103;* + 538x + 289 = 0, to find t\e 
value of X by approximation. Ans. x = 30.53565375. 

5. Given a^ + 6a:*- 10^ - 112a* - 207a; + 110 = 0, to find 
the value of x by approximation. Ans^ 4.46410161. 

The roots of equations, of all orders, can also be determined, 
to any degree of exactness, by means of the following ^asy 
rule of double. position ; which, though it has not been gene- 
rally employed for this purpose, will be found in some 
respects superior to the former, as it can be applied, at once 
to any unreduced equation consisting of surds, or cpmpoimd 
quantities, as readily as if it had been brought to its usual form. 

Rule 2.- — Find, by trial, two numbers as near the true root - ' 
as possible, and substitute them in the given equation instead . 
of the unknown quantity, noting the results that are obtained 
from each. 

Then, as the difference of these results is to the difference 
of the two assumed numbers, so is the difference between tUe 
true result, given by the question, and either of the former, 
to the correction of the number belonging to the result used ; 
which correction being added to that number when it is too 
little, or subtracted from it^when it ia too great, will give the 
root required nearly. 

And if the number thus determined, and the nearest of the 
two former, or any other that appears to be more accurate, ba 
now taken as the assumed roots, and tbe4>peration be repeated 
as before, a new value of the unknown quantity will be ob- 
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Again, let 10.5 and 10.6 be the two assumed numbets 

Then, ' 

First Sup, Second Sup, 

49.7025 . . {^a^ - 15)« . . 55,830784 

34.0239 . . x^x. , , 34.511099 



83.7264 Results 90.341883 

Hence, 

90.341883 . . 10.6 . . 90.341883 

83.7264 . . ^ 10.5 . . 90 



'"" 6.615483 . .1 :: ^ .341883 : .0051679. 
And consequently, 
« = 10.6 - .0051679 = 10.5948321, very nearly, 

EXAMPLES rOR PRACTICE. 

1. Given a^ + lOac* + 5a; = 2600, to find a near approxi- 
mate value of |r. Ans. a; =11.00673. 

2. Given 2a;* — 16aj' +-40a:' — 30a? + 1 = 0, to find a near 
value of a?. Ans. x = 1.284724. 

3. Given a* + 2a;* + 3r» + 4a;* + 5x = 54321, to find the 
value of 0?. Ans. 8.414455. 

4. Given V (7a;^ + 4a^ + v^ (20ar« - lOa?) = 28, to find the 
value of a?. Ans. 4.510661. 

5. Given -v/[144a3~ (a;* + 20)^] + V [^^^^ ~ {^ + 24)^ 
= 114, to find the value of x, Ans. 7.123883. 



OF EXPONENTIAL EQUATIONS., 

An exponential quantity is that which is to be raised to 
some unknown power, or which has a variable quantity for 
its index ; as, 

-L X 

a*, o*, a^, or a;*, &c. 
And an exponential equation is that which is formed between 
any expression of this kind and some other quantity whose 
value is known ; as, 

<z* = ft, ^ = a, &c. 
Where it is to be observed, that the first of these equations, 
when converted into logarithms, is, the same as 

m log. a = ft, or a; = , ; and the 'second equation sc* =m 
° log.d 

is the same as x log. x = log. a. 

In the latter of which cases, the value of the unknown 
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quantity a? may be determined, to any degree of exactness, by 
the method -of double position, as follows : — • 

Rule. — Find, by trial, as in the rule before laid down, two 
numbers as near the number sought as possible, and substi- 
tute them in the given equation 

X log. X = log. a, . * 

instead of the unknown quantity, noting the results obtained 
from each. 

Then, as the difference of these results is to the difference 
of the two assumed numbers, so is the difference betireen 
the true result, given in the question, and either of tfai^ formet, 
to the correction of the number belqnging to the result used ; 
which correction, being added to that number when it is loo 
little, or subtracted from it when it is too great, will ^ve the 
root required, nearly: 

And if the number thus determined, and the nearest of the 
two former, or any other that appears to be nearer, be taken 
as the assumed roots, and the operation be repeated as before, 
a new value of the unknown quantity will be obtained still 
more correct than the first ; and so on, proceeding in this 
manner as far as may be thought necessary. 

£2LiMfL£S. 

1. Given o^ = 100 to find an approximate ralue of x. 
Here, by the above 'formula, we have 
X log. X = log. 100 = 2. 
And since x is readily found, by a few trials, to be nearly 
in the middle between 3 and 4, but rather nearer the latter 
tiian the former, let 3.5 and 3.6 be taken for the two assumed 
numbers. i 

Then log. 3.5 ==■ .5440680, which, being multiplied by 3.5, 
gives 1.904238= first result; 

Aiid'log. 3.6 = .5563025, which, being multiplied by 3.6, 
gives 2.002689 for the second result. 
Whence, 
2.002689 . . 3.6 . . 2.002689 
1.904238 . . 3.5 . . 2. . 



. .098451 : .1 : : .002689 : .00273 
for the first correction; which, taken from 3.6, leaves 
X = 3.59727, nearly. 

And as this value is found, by trial, to be rather too small, 

let 3.59727 and 3.59728 be taken as the two assumed numbers 

Then log. 3.59728 = .0.555974243134677 to 15 places. ^ 

The log. 3.59727 = 0.555973035847267 to 15 places, 
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yhicb logarithms, multiplied by their respectiTe I»]Illbcn^^ 

give the following products : — 

1.999995025343512 > . ,, . ^ .^ ,. i . -__ 
1.999985122662298 $ ^^ *™® tathelast figure. . 

. Therefore^ the errors are 4974656488 
and 14877337702 
and the difference of errors 9902681214 
Now, since only 6 additional figures are to be obtained, we 
may omit the three last figures in these errors; and state 
thus: as difierence of errors 9902681 : difference of si^. 
1 : : error 4974656 : the correction 502354, which, united to 
3,59728, gives us the true value of a? = 3.59728502354.* 

2. Given ac^ = 2000, to find an approximate value of x. 

Ans. a; = 4.8278226S. 

3. Given (6a?)' = 96, to find the approximate value of ». 

Ans. a? =1.8826432. 

4. Given a* = 123456789, to find the value of x, 

Ans.. 8.6400268. 

5. Given «• — « = (2« — «*)*, to find the value of a. 

Ans. ac = 1.747933. 

OF THE BINOMIAL THEOREM. 

The bimMDiai thewem is a general algebraical expression, 
or formula, by which any power, or root of a given quantity, 
consisting of two terms, is expanded into a series ; die form 
of which, as it was first proposed by Newton, beuig as 
follows :-:- 

••2? ^ 

n n^ m m/m — n\ . tn /m ^ n\ 



(=^) 



2«\ i . T 

'q', &c.] 
Or, 



n !!.«• ^ m--- n m — 2n,. 

m — 3n - 

DQ,'<KC. 

4n 
When p is the first term of the binomial, q the second 

♦ The correct answer to this question has been first given by Doctor 
Adrain^ in his edition of Hutton's Mathematics, who plainly proves 
that Hutton's answer, which is the same as Bonnycastle's, is incorrect. 
Sm BuUon'sMathemoHcs, Vol I. p 963, N, Y. EdUion.—ED. 
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m 

term divided by the first, — the index. of the power, or root, 

and A, B, c, &c., the terms immediately preceding those in 
which they are first found, including their signs + or — . 

Which theorem may be readily applied to ,any particular 
case, by substituting the numbers, or letters, in the given 
example, for p, q, m, and n,^in either of ;the above formulae, ' 
and then finding the result according to the rule.* 

EXAMPLES. 

1: It is required to convert (c? -f- xy into an infinite' series. 
Hete p = a", Q = — - = -, or m = 1, and n = 2 ; 
whence 



B 






m \ a ^ ^ 

n 2 \ cr 2a 



* This celebrated theorem, which is of the most extensive use in 
algebra and various other branches of analysis, may be otherwise 
expressed as follows : — ^ 

mm 111 

Ac.] 

m 

Or, («+«)** = 

- w - 

n^^ , m/ X \ , m m-^-n f x \, ^wi «+» m+2»/ « \ 

* ^ '^nU+x)'^n,'''^U + x) "^7l'"2Sr ""Ii~\^A' 

&C.] 

m 
Or, («+«)» = 
m 

Ac. 

It may here also be observed, that if m be made to represent any 
whole, or fractional number, whether positive or negative, the first of 
these expressions mav be exhibited in a more simple form, 
, , jn m , m-i , m{m — 1) tn-2 . mm — l)(m — ^2) »»-9^ 
ia+x) =ta ^+^ a!+—Y~a ofi+ ^ ^ ^"^^ U afi. 

m(7»-~l)(??t— 2) [;^--(n^i)]g>>»-»a;W 

1.3.3.4 .... n 

Where the last term is called the general term of Vie series, because if 
1, 2, 3, 4, &c., be substituted successively for n, It will give all the rest 

14* 
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m — n __ 1 — 2 » a? _ ag* ^ 

4n '^^ "" 8 "^ 2.4.6a* ^ «« "" 2.4.6.8<i^ "" *' 
m — 4n _ 1--8 " 3.5a?* a; _ 3.5.7a;* _ 

^ _ BQ — X - 2.4.6.8a'' ^ "? "" 2.4.6.8.10? "" '' 

Therefore (a* + «)* = 
«^ a^ 3^ _ 3.5a;* 3.5.7x* 

*"^2^ 2.40* 2.4.6a* 2.4.6.8a'' "*" 2.4.6.8.1 Oa» ' ^' 
Where the law of formation of the several terms of the 
series is sufficiently evident. 

2. It is required to convert ; -^, or its equal (a + by-*, 

into an infinite series. 

Here p=:a, q= -, and - = — 2,or m= — 2, i^d«=sl ; 
whence 

p'* = (a)"=:a-:* = — = A, 

m 2 I b 2b 

;iA<^=-lX^X-^~;^=B. 

fn^n -2-1 2b b 3ft" 

2n 2 €r a or 

m - 2» — 2 -2 36» ft 4ft* 



CQ= -— X--7 X -=--r-=D, 



3» 3 tf* a a» 

,n-.3n —2-3 4ft? ft 5ft^ 

__.na= _-_x«-Xj=;^-E, 

Ac. .&c. &c. 

„ . 1 1 2* 36» 4** , 5>« 

Consequendy, ^^-j-^ = ---+--_+-. &c. 

3. It is required to convert p or its equal «^ 

(a* — x)» 

(a* — a;) ", into an infinite series. 
Here 

9^ii?, Q=s — -^,and — == -7r-,orm= — l,andfis=;2; 
a* n_ 2 ^ ' 
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whence 

a 

m 1 1 « a 

n • 2 a a" '2tf* 

"^"^"^ 6 ^24?^""? ""2X6?"^'*' 

m — 3n _ — 1 - - 6 3.5ar» x _ 3.5.7a;* _ 

4» ^^^''"Ib ^2^6^'^ "■;?"" 2.4.6.8a»*~'' 

&c. <&c. &c. 

Therefore, 

-J_=i+1 /JL^ + 1 /^^ +lL/^i!!^ , 3.5.7. 

(a« - a?)t tf 2 W/ ^ 2.4 \ a* / ^ 2.4.6 V aV "^ 2.4.6.8 
(^)+,&c. 

And ' 

(^ _ ^)i "" "* 2 W "^2.4 W/ "*■ 2Z6 W/ ■*■ 2:4.678 ' 

4. It is required to convert f/ 9, or its equal (8 + 1)», into 
an infinite series. 

1 «n 1 

Here p = 8, q = -, and 7— = -, or m = 1 and.11 = 3 ; 

o .n , 

Whence, 
in m .J. 

P«=:(8)'«=:8 =2 = A, 

m _1 -3 1 _ 1 _ 

— AQ---X jX .^3- — -B, 

-m-n _1- 3 1 1 __ 1 _ 

■^fT "^ "^ " "6" ^ 3:2'« ^ 2^ ~ "■ 3:6:2* ~ ""' 
m~27i 1-6 __ 1 1 _ 5 _ 

■"3^^^^"" 9 ^ 3:6:2*^ ^"^ 3.6.9.2*' "~^* 
m-^3n 1 — 9 5 1 _ 5.8 _ 

4» ^*^ ~ 12 ^ 3.6.9.2'' ^ 2^ ~" ""3:6:9.12.2" "" ^ 
m-^4n lr-.12 5.8 1 5.8.11 



^^ = -TV- X - ^Ar^.^cxt. X ri = 



5« 15 ^ , 3.6.9.12.2" ^ 2" "" 3.6.9.12.15.2" 

&€. &C. &C. 
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Therefore, V 9 = 
1 1 . 5 5.8 . 5.8.11 



^'** 3.2' 3.6.2* "^ 3.6.9.2^ 3.6.9.12.2" "^ 3.6.971 2.15.2*^' 

6. It is required to convert \/2, or its equal %/ (1 + 1)> 
into an infinite series. 

1 1 3 35 357 

^'- ^ + 2 - 2l + 2Z6 ~ ^Zel + 2.4.6.8.10' *"• 

6. It is required to convert V7, Or its equal (8 — 1)3» 
into an infinite series. ' 

A o 1 1 ^ 5.8 . 

Ans. 2 — • — — 4 — ' — "" — — ,&c. 

3.2« 3.6.2 3.6.9.2'' 3.6.9.12.2" ' 

7. It is required to convert V240, or its equal (243 — 3)«, 
into an infinite series. 

« « 1 4 4.9 4.9.14 

6.3^ 5.10.3'' 5.10.15.3" 5.10.15.20.3'*' 

8. It is required to convert (a =b x) into an infinite series. 

Ans. a <l dc ' -4- db &c 

( 2a 2.4a*'*=2.4.6a» 2.4.6.8«* ^• 

JL 

9. It is required to convert (ai 5)^ into an infinite series. 

Ans. a" M it: zh ±, &c. > 

^ 3a 3.6«» 3.6.90^ 3.6.9.12a* ' "^^'J 

10. It is required to convert (a — 5)* into an infinite series. 

. xC h 36» 3.7*3 3.7.115*^ ' } 

Ans. a* < 1 -t L :: , &c. { 

C 4a 4.8a* 4.8.12(^ 4.8.12.16a* ' S 

I 

11. It is required to convert (a + a?) into an infinite series. 

A«- -t^i . * ^ . 4a:' 4.7a:* , 4.7.10a^ 

Ans. a \ \ A ^ 4-: Acr 

\ ^3a 9a«^9V - 9M2a*^9».12.15a« '® 

T • • ^ 

12. It IS required to convert (1 — a:)* into an infinite series. 

. , 2a: 2.3ar» 2.3.8a:3 2.3.8.13a:* 

Ans. 1 '■ .^ ifec 

5 5.10 5.10.15 5.10.15.20 ' 

13. It is required to convert 1, or its equal 

(adba:)» 

-*. 
(a =b a;) into an infinite series. 

A«« ^5i * 3a:« S.Sar* , 3.5.7a:* ^ } 

^""'•^ir =^2^ + 274^=^ 2^6^ + 2X6:8^ =P'H^ 



a _ 

14. It is required to convert' i, or iits equal 

(adzx) , into an infinite series. 

.1^, » . 4«» 4,7ir» , 4.7.10** . > 

Ans.^3jl=F-+^^=F3.;^;^+^;g;^;j^q=,&c.^ 

1 . 

15. It is required to convert £, or its equal 

(1 + x) , into an infinite senes. , 

J? Gx? 6.11a!» , 6.11.160^ . ^^ ) 
Ans. 1 - ^ + ^^ - ^^^^^^_ + 5JQ152Q » ^- ^ 

--— j , or Its eqaai 

(a + «) (a* — a') , into an infinite series. 



OP THE INDETERMINATE ANALYSIS. 

In the common rules of Algebra, such questions are usually 
proposed as require some certain or definite answer; in 
which case, it is necessary that there should be as many in- 
dependent equations, expressing their conditions, as there are 
unknown quantities to be determined; or odierwise the 
problem would not be limited. ' 

But in other branches of the science, questions frequently 
arise that involve a greater number of unknown quantities 
than there are equations to express them ; in which instances 
they are called indeterminate or unlimited problems, being 
such as usually admit of an indefinite number of solutions ; 
although, when the question is proposed in integers, and the 
answers are required only in whole positive numbers, they 
are, in some cases, confined within certain limits, and in 
others the problem may become impossible. 

Problem 1.*— To find the integral values of the unknown 
qoantities x and y in the equation 

aic^by:=idtc, orax + by=:e. 

Where a and b are supposed to be given whole numbers, 
which admit of no common divisor, except when it is also a 
divisor of c. ~ " 
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Rule 1. — -Let wh denote a whole, or integral number; and 
reduce the equation to the form ' 

bydtc e — by 

X = toA, or a; = wh. 

a a 

2. Throw all whole numbers out of that of these two 
expressions, to which the question belongs, so that the num- 
bers d and e, in the remaining parts, may be each less than- 
a; then 

dydze e — ,dff 

= wh, or = wh. V 

a a 

3. Take such a multiple of one of these last formulae, cor- 
responding with that abovementioned, as will make the 
coefficient of y nearly equal to a, and throw the whole num- 
bers out of it as before. 

ay 
Or, find the sum or difference of — , and th<d expression 

ay 
aboye used, or any multiple of it that comes near — , and the 

result, in either of these cases, will, still be = wh, a whole 
number. 

4. Proceed in the same manner with this last result ; and 
so on, till the coefficient of y becoi^es = 1, and the remainder 
=s some number r ; then 

yd=r 

— — = wh, =p, and y:==apzpr. 

Where p may be 0, or any integral number whatever that 
makes y positive ; and, as the value of y is now known, that 
of X may be found from the given equation, when the equation 
is possible.* 

Note. — ^Any indeterminate equation of the form 
oa? — 5y = ± c, 
in which a and h are prime to each other, is always possible, 
and will admit of an infinite number of answers in whole 
numbers. 

But if the proposed equation be of the form 
ax + by^Cj 
the number of answers will always be limited ; and, in some 
cases, the question is impossible; both of which circum- 

♦ This rule is founded on the obvious principle, that the sum, dif- 
ference, or product of any two whole numbers, is a whole number; 
and that if a number divides the whole of any other number and a part 
of it, it will also divide^ the remaining part. , 
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stances may be readily discovered from the mode of solutibn 
above given.* 

EXAUPLES. 

1. Given IQo; — H'y = 1 1, to ^d x and y in whole numbers. 

Here x = — =--— = u?^., and also. —^ = toA. 

„,, ^ ' . 19y Hy + ll 5y-ll 
Whence, by subtraction, — ^ ^-— — =:: ■ — = wh,^ 

li7 J 9 1*J 

- , 5y— 11 , ,20y — 44 „ . y-6 

And, by rejecting y —'2, which is a whole number, 

Whence we have y = 19p + 6. 

. , 14y4-ll 14(197>4-6) + ll 266p + 95 

.And X = = . - = ' ss 

19 19 19 

Up 4- 5. 

Whence, if jo be taken = 0, we shall have a? = 5 and y = 6, 

for their least values ; the number of solutions being obviously 

indefinite. 

2. Given 2a? + 3y = 25, to determine x and y in whole 

positive numbers. 

_ 25 — 3y 1— y 

Herea? = --Jl=:i2-y+ — Jl. 

Hence, since a: must be a whole number, it follows that 

=- must also be a whole number. 

2 . 



• That the coefficients a and i, when these two formulae are possible, 
should have no common divisor, which is not at the same tune a divisor 
of c, is evident'; for if a = m4, and h = mf , we shall have ax^ by^ 

c 
mdx db viey = c ; and consequently, dx-{-ey:=:^. But d^ «, re, y, being 
_ ' w 

c 
supposed Co be whole numbers, -^ must also be a whole number, which 

it cannot be except when-m is a divisor of tf. v 

Hence, if it were required to pay lOOZ. in guineas and moidores only, 
the question would be impossible ; since, in the equation 21.c+*^y = 
2000, which repre<;ents tlie conditions of the problem, the coefficients, 
21 and 27, are each divisible by 3, whilst the absolute term 3000 is not 
divisible by it. See my Treatise on Algebra^ for the method of resolv- 
ing questions of this kind by means of CorUirmed Fractions. 



1— y 
Let, therefore, —77^ = toA.=jp ; 

Then 1 — y = 2^, or y= 1 — 2p. 
and since 

a = 12 - y + li^ = 12 - (1 - 3p) +/» = 12 + 3p — 1, 
2 

We shall have a? = 1 1 -f- 3p, and y = 1 — 2p ; 

Whcire p may be any whole number whatever, that will render 

the values of x and y in these two equations positive. 

But it is evident, from the value of y, that p must be either 

or negative ; and consequently, from that of x^ that it mnst 

be 0, — 1, — 2, or — 3. 

Whence, if p = 0, /> = — 1, j> = — 2, /> = — 3, 

Thent^=i^'*="^'* = ^* = ^' 

Which are all the answers in whole positive numbers that 
the question admits of. 

3. Given 3aj = 8y — 16, to find the values of x and y in 

whole numbers. . 

8y-16 ^ ^ . 2y-l - 2y-l 

Here x = -:i— = 2y — 5 + -^ — = wk. ; or -^ — =u?A. 

o o o 

2y — 1 ^ 4y — 2 . y — 2 

Also, -^1~— X 2 = J!_-==:y + ?-—== «,A. 

Or, 1by rejecting y, which, is a whole number, there will 

y — 2 
remain -—— = wh.=:p. 

Therefore, y = 3j» + 2, 

And X = ?y::±« =. !i^±^L=ii? = ?ff = &,. 

3 3 3 ^ 

Where, if ;> be put = 1, we shall have a; = 8 and y = 5 for 
their least values ; the number of answers being, as in the 
fiij»t question, indefinite. 

4. Given 21a? 4- 17y -^ 2000, to find all the possible values 

of X and y in whole nuihbers. 

„ 2000 -I7y ^ /, 5-17y 

Here x = ^ = 95 4 -—•— = toA. : 

21 21 

Or, omitting (lie 95, ^ = wk, ; 

1 ,. ,-,. . 21y 5 — 17y 4y + 5 

Consequently, by addition, — p H — — ^ = -— — = to*.; 

21 21 21 

*i 4y + 6 ^ 20y + 25 , . 4 + 20y 
Also, ^ X5— ^ = 1 + - ^ = «A, 



4+20y 
OV, by rejecting the whole number 1, — prr*^ = ^^' J 

* v.. u . 21y 4 + 20y y-4 

And, by subtraction, — ~ — - = ^-rr- = «?A. = » ; 

' "^ ' 21 21 21 ^ 

Whence y = 21;) + 4, 

, , 2000 -r- 17y 2000 — 17 (21o + 4) ^ ,^ , 

Where, if p be put = 0, we shall have the least value of 
y = 4, and the corresponding or greatest value of a; = 92. 

And the rest of the answers will be found by adding t21 
continually to the least value of y, and si^ibtracting 17 from 
the greatest value of x ; which being done, we shall obtain 
the six following results : — - 

a? =92 75 58 I 41 I 24 7 
y = 4 25 46 I 67 I 88 109 
These being all the solutions, in whole numbers, that the 
. question admits of. 

Note 1. — When there are three or more unknown quantities, 
and only one equation by which they can be determined, as 

ax + by -^^ cz = d, 
it will be proper first to find the limit of the quantity that has 
the greatest coefficient, and then to ascertain the different 
values of the former, from 1 up to that extent, as in the fol- 
lowing question : — 

5. Given 3a: + 5y + 7-? = 1 00, to find all the different 
values of x, y, and z in whole numbers.* 

Here each of the least integer values of x and y are 1, by 
thfe question ; whence it follows, that 

100-5 — 3 100 — 8 92 

z 5= = — — 13^^ 

7 7 ■" 7 " '' 

Consequently; z cannot be greater than 13, which is alffp 
the limit of the number of answers ; though they may be con- 
siderably less. 



♦ If any indeterminate equation, of the kind above given, has one or 
more of its coefficients, as <;, negative, the equation may be put nndei» 
the form 

az -^ by = d-\- czj 
in which case it is evident that an indefinite number of values may be 
^iven to' the second side of the equation by means of the iadefinite quan- 
tity z ; and consequently, also, to x and y in the first. • And if the 
coefficients a, b, c, in any such equation, have a common divisor, while 
d has not, the question, as in the first case, becomes impossible. 

15 
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Bj proceeding, therefore^, as in the former rule, we shall 
have 

X = ^^^ = 33 - y - a^ H ^ = toA. 



1 - 2y - ;g 



3 ^ ^ • 3 

And, by rejecting 33 — y — 2j«r, 

3y 1— 2y— ar y + 1— jp 

' 1 "^ 3 



= wk, 



+ 



= 10%.; 



Whence 



y+l-z 



= ?» 



And y = 3;? 4-jBr— 1. 
And consequently, putting p == 0,~ we shall have the least 
value of y = j^ — 1 ; whei^e z may be any number, from 1 up 
to 13, that will answer the conditions of the question. 
When, therefore, i? — 2, we have y =1, 



And a? = 



100 — 19 



= 27. 



Hence, by taking z = 2,3, 4, 5, <&c., the corresponding 
values of x and y, together with those of ;?, will be found to be 
as below : — 



z=z 2 


3 


4 


5 


6 


7 


8 


y= 1 


2 


3 


4 


5 


6 


7 


a? = 27 


23 


19 


15 


11 


7 


3 



Which are aU the integral values of x, y, and z, that can be 
obtained from the given equation. 

Note 2. — ^If there be three unknown quantities, and only 
'two equations for determining them, as 

. ax + by -\- cz = d, and ex +fy -{-gz z=k, 
exterminate one of these quantities in the usual way, and fihd 
the values of the other two from the resulting equation, as 
before. 

Then, if the values, thus found, be separately substituted in 
either of the given equations, the corresponding values of the 
remaining quantities will likewise be determined : thus : — 

6. Let there be given a; — 2y + ;? = 5, and 2* + y — «^ = 7, 
to find the values of x, y, and z. 

Here, by multiplying the first of these equations by 2, and 
•ttbtracting from the second the product, we shall have 
3 -f 5y 2y V 

3^ - 5y = 3, or z = —3—= l+y + 3 = ^K; 

2i/ 2y 2y y ' 
And consequendy y, ^' "3" "" 3 == | = «^^- —P- 

Whence y = 3p. 
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And, by taking ;» = 1, 2, 3, 4, &c., we sliall hare y =: 3, 6, 
0, 12, 15, &c., and ar = p, 11, 16, 21, 26, &c. 

But from the first of the two given equations 
« = 5 -f- 2y — jy ; 
whence, by substituting the above values for y and i, the 
results will give a? = 5, 6, 7, 8, 9, &c. 

And therefore the first six values of x, y, and z^ are as 
below : — 



a?=5 


6 


7 


8 


9 


10 




y = 3 


6 


9 


12 


15 


18 




^=6 


11 


16 


21 


26 


31 




Where the law by which they can b© continued 


is suffi- 


ciently obvious. 















EXAMPLES FOR PRACTICE. 



1'. Given Zx = 8y — 16, to find the least values of x and y 
in whole numbers. Ans. jc = 8, y = 5. 

2. Given 14a? = 5y + 7, to find the least values of a; andy 
in whole numbers. Ans. « = 3, y = 7. 

3. Given 27a; = 1600 — 16y, to find the least values of x 
and y ia whole numbers. Ans. a? = 48, y = 19. 

4. It is required to divide 100 into two such parts, that one 
of them may be divisible by 7, and the other by 11. 

Ans. The only parts are 56 and 44. 

5. Giv^n 9a? + 13y = 2000, to find the greatest value of «, 
iemd the least valu6 of y in whole numbers. 

Ans. OP = 2] 5, y = 5. 

6. Given lla* + 5y = 254, to find all the possible values of 
X and y in whole numbers. 

Ans. a? = 19, 14, 9, 4 ; y r= 9, 20, 31, 42. 

7. Given -170!? + 19y + 21-2? = 400, to find all the answers 
in whole numbers which the question admits of. 

Ans. 10 different answers. 

8. Given 5a; -f 7y + 1 1;? = 224, to find all the possible 
yalues a?, y, and z, in whole positive numbers. 

Ans. The number of answers is 59. 

9. It is required to find in how many different ways it is 
possible to pay 20/, in half-guineas and half-crowns, without 
using any other sort of coin. , Ans. 7 different ways. 

10. I owe my friend a shilling, and have nothing about me 
but guineas, and he has nothing but louis-d^ors ; how must I 
contrive to acquit myself of the debt, the louis being valued 
at lis, apiece, and the guineas at 21^. ? 

Ans. I must give him 13 guineas, and he must 
give me 16 louis. 
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11. How many gallono of British spirits, at 12^., 15^., and 
18^. a gallon, must a rectifier of compounds take to make a 
mixture of 1000 gallons that shall be worth 17^. a gaUon ? 

Ans. llliatlS^.; lll^atl5A\; and 777 f at 18*. 

Pft0BL«M*3.— To find such a whole number as, being 
divided by other given niimbers, shall leave given remainders. 

RvLE 1. — Call the number that is to be determined x, t)ie 
numbers by which it is to be divided a, b, c, &c., and thd 
given remainders/, ^, A, &c. 

2.' Subtract each of the remainders from x, and divide the 

differences by a, ft, c, <Sm;., and there Will arise 

a? — /"*— •jO' x-^h 

-, — ^,~, , &c., = whole numbers. 

a ^ b ^ c 

jr-/ 

3. Put the first of these fr'actions = ©, and substitute 

tlie value of x, as found in terms of p, from this equation, in 
the jdace of x, in the second fraction. 

4. Fijid the least value of/) in this second fraction, by the 
last prdbiem, which put = r, and substitute the value of x, as 
fouiid in terms of «*, in the place of x in the third fraction. 

Find, in like manner, the lea^t value of r, in this third 
fraction, which put s= s, and substitute the value of «, aa 
found in the terms of *, in the fourth fraction as before. 

Proceed in the same way with the next following fraction, 
and so on to the last ; when the value of x, thus determined, 
Witt give the whole, number required. 

EXAMPLES. 

1. It is required to find the least whole number, which, 

being divided by 17, shall. leave a remainder of .7, and when 

divided by 26, shall leave a remainder of 13. 

Let^ = the number required. 

r.« a? — 7 , aj — 13 , , ' ' 

Then —— and — ^r^---= whole numbers. 

^ 7 

And, putting = p, we shall have a? = ITp + 7. 

Which value of x, being substituted in the second fraelion, 
17n + 7-13 17o-6 
«i^^«-^ 26 ^^■"26~"='^^- ' 

26/? 
But it is obvious that -r^ is also = wh, 

Zo ^ 

, ^ , 26/) 17/)-6 9J0 + 6 . 
And consequently, -^ ^- — = 26"" ~ 
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Where, by rejecting p, there remains — wh. = r. 

Therefore, ;> = 26r — 1 8 ; 

Hence, if r be taken, = 1, we shall have /> = 8. 

And consequently, a: = 17p + 7= 17 X 8 + 7 = 143, the 

number sought. 

2. It is required to find the least whole, number,, which, 

being divided by 11, 19, and 29, shall leave the refflainders 3, 

6, 10 respectively. 

Let X = the number required. 

x^3 x — 5 a?— 10 

Then — — , -r^-, and — - — = whole numbers. 

X — 3 
And, putting = />, we shall have x=llp + 3. 

Which value of a, being substituted in the second fraction, 
. Up -2 

_ llp-2 ^ 22p-4 3p-4 

3p — 4 
And, by rejecting />, there will remain — Tq— = wh. 

., , ,.,. . 3p-4 ^ 18»-24 18p-5 
Also, by multiplicaUon, — Tg— Xo = — = — — — 

— 1-to*.; 

18p — 5 
Or, by rejecting the 1, — Tg — = wh^ 

19» ' 

But —— is likewise = wh. 

I9p 18/>~5 p + 5 , ^. ^ 
Whence ~ r^ — = — r^ = wh., which put = r. 

19 1*/ 1«7 y 

Then we shall have 

jj =r 19r — 5, and a; = 11 (19r — 5) + 3 = 209r — 52. 

And if this value be substituted for x in the third fraction, 

there will arise 

209r-62 „ 6r-4 

= 7r — 2 H — r— = wh. ; 

29 ^ 29 ' 

Or, by neglecting 7r — 2, we shall have the remaining part 

of the expression —77-^ = wh.; 
29 

15* 
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But, by multiplication, 
6r — 4 ^ 30r— 30 ' r — 20 

r — 20 
Or, by rejecting r, there will remain -— r — = wh.y which 

put =5. 

Then r = 29^ + 20 ; where, by taking s = 0, we shall 
have r = 20. 

And consequently, 
a;=:209r-52=209x20-52=:4l28, ', 
the number required. 

3. To find a number, which, being divided by 6, shall leave 
the remainder 2, and when divided by 13, shall leave the 
remainder 3. Ans. 68. 

4. It is required to find a number, which, being divided by 
7, shall leave 5 Ibr a remainder, and if divided by 9, the re- 
mainder shall be 2. Ans. 47, 110, &c. 

5. It is required to find the least whole number, which, 
being divided by 39, shall leave the remainder 16, and when 
divided by 56, the remainder shall be 27. Ans. 1147.. 

6. It is required to find the least whole number, which, 
being divided by 7, 8, and 9, respectively, shall leave the 
remainders 5, 7, and 8. Ans. 215. 

7. It is required to find the least whole number, which, 
being divided by each of the nine digits, 1, 2, 3, 4, 5, 6, 7, 8, 
9, shall leave no remainders. Ans. 2520. 

8. A person receiving a box of oranges observed, that when 
he told' them out by 2, 3, 4, 5, and 6 at a time, he had none 
remaining ; but when he told them out by 7 at a time, there 
remained 5 ; how many oranges were there in the box ? 

Ans. 180. 

OF THE DIOPHANTINE ANALYSIS. 

This branch of Algebra, which is so called from its in- 
ventor, Diophantus, a Greek mathematician of Alexandria in 
Egypt, who flourished in or about the third century after 
Christ, relates chiefly to the finding of square and cube num- 
bers, or to the rendering certain compound expressions free 
from surds : the method of doing which is by making such 
substitutions for the unknown quantity, as will reduce the 
resulting equation to a simple one, and then finding the value 
of that quantity in terms of the rest. 

It is to be observed, howeVer, that questions of this kind do 
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not always admit of anajvers in rational numbers, and that 
when they ar^ resolvable in this way, no rul^ can be given, 
that will apply in all the cases that may occur ; but as far as 
respects a particular class of these problems relating to 
squares, they may generally be determined by means of some 
of the rules derived from the following formula : — 

Problem 1. — To find such values of x as will make 
V (aa^ -f *« + c) rational, or aa^ + bx -{- c = a square * 

Rule 1. — When the first term of the formula is wanting, 
or = 0, put the side of the square sought = n ^ then 

And consequently, by transposing c, and dividing by 'the 

n* — c 
coefficient h, we shall have x = — r — ; where n maybe any 

number taken at pleasure. 

2. When the last term is wanting, or c = 0, put the side 
oi the square sought = nx, or, for the sake of greater gene- 
rality = — ; thenj in this case, we shall have cui^ -{-bxzsi. 

And consequently, by multiplying by n*, and dividing by 

bn' 

X, there will arise an^x + bt^ = m^x, and x = t-^ -_, where 

nr — atr 

m and n, both in this and the following cases, may be any 

whole numbers whatever, that will give positive answers.f 

3. When the coefficient a, of the first term, is a square 

number, put it = <P, and assume the side of the square sought 

wi_-_-^- •-»• 2owi m 

= c/a? + ■^; then, cPar + ia? + c = drar + « + -j 

n , n n* 

And consequently, by cancelling cPar", and multiplying by 



• The coefficients a, h, of the unknown quantities, as well as the 
absolute term c, are here supposed to be all integers; for if they were 
tractions, they could be readily redaced to a common square denomina- 
tor; which, being afterwards rejected, will not alter the nature of the 
nuestion ; since any square number, when multiplied or divided by a 
square number, is still a square. 

t The unknown quantity a;, in this case, can always be found in in- 
te«rers when h is positive ; and, in Case 4, next following, its integral 
value can always be determined, whether b be positive or negative. 
See Vol. II. of Bonnyc&stle's Treatise on Algebra, Art. (H.) 
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n*, we shall have hr?x + ci^ =z^2dmnx + m*, and x = 



8»* — 2d7nn 

4. When the last term c is a square number, put it = e*, 

tnx 
and assume the side of the scjuare sought = -^ + e ; then 

mV 2em • . , , , 

oar + iat + c* = — r- H a: + 6*. And consequently, by 

n n 

cancelling c*, and dividing by a:, we shall have or + 6 =: 

m*a; 2em , bnP — 2«/wn 
— — H and a? = — -r-. 

5. When the given formula, or general expression, 

€ux^ -{- bx -{- c 
can be divided into two factors of the form /a? +g and Aa? + ** 
which it always can when ^ — 4ac is a square, let there 

be taken {fx: -^^ g) X {hx + k) z= — {fx + gY ; then, by re- 

n 

duction, we shall have x=^%-^ ;r-r; where it maybe 

hn^ —j7rC 

observed, that if the square root of h^ — 4ac, when rational, 

be put = ^, the two factors abovementioned, will be 

a..+ -^,anda. + -^,* 

And, consequently, by substituting them in the place of the 
former, we shall have, 

_ avr^{h'^l) — n* ( J + ,r) 

6. When the formula, last mentioned, can be separated 

into two parts, one of which is a square, and the other the, 

product of two factors, its solution may be ol^tained by putting 

the sum of the square and the product so formed, equiS 

. '. wi 

to the square of the sum of its roots, and - times one of the 

n 

♦ These factors are found by puttinj^ the given formula a.T2+d.r+c = 
" 0, and then determining iis rooi.**; which, by the rule for qaadratics, are 

* = ~SS-+2L V(to-4<w),anda; = -l— i-V(i»-4a«). 

Whence, if ^ — 4«c be a square, of which the root is ^, we shall havetf, 

a:+ g- — ^, and x-\- — + — , for the divisors of oxiA-bz+e, or 

ox + -^^ , and a?+ -~ , for its two factors, as in the above rule. 
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factors, and then finding the values of or as in the former 
instances. 

7. These being all the cases of the general formula that 
are resolvaMe by any direct rule, it only remains to observe, 
that, eitber in these, or other instances of a different kind, if 
we can find, by trials, any one simple value of the unknown 
quantity which satisfies the condition of the question, an 
expression may be derived firom this that will furnish as many 
ot]^er values of it as we please. 

Thus, let pf in the given formula cui^ -{• hx -{- e, be a value 
of X so found, and make op* + Ap + c = 5^. 

Then, by putting x = t/-{-py we shall have aa?* + ^a? + c = 

«(y + ?f+*(y+;>) + c = fly* + (2ap + *)y+ap»+^+c. 

or or* + &« + c = ay" 4- [2ap + *) y + 5^. 

From which latter expression, the values of y, and conse- 
quently those of a:, may be found as in Case 4. 

Or, because c = 9* — ^ — ap', if this value be substituted 
for c, in the original formula tu^ -{-bx -{-e, it will become 
«(ar»-p«) + ft(;t~;?)+^,or 

^ + (x — j») Xiax-^f^P •\-b)= B, square ; 
which last expression can be resolved by Case 6. 

It may here, also, be farther observed, that by putting the 

f/" g «— if 
given formula, ajc* + ia? + c = ^ , and taking x = ; ^e 

shall have, by substituting this value for x in the former of 
these expressions, and then multiplying by 4a, and transpos- 
ing the terras ay* + (b'x — 4ac) = j»* ; or putting, for the sake 
-of greater simplicity, b^ — 4ac = &', this last expression, may 
then be exhibited under the form ay* + 6' = j^*, where it is 
obvious^ that if ay* -f- {b^ — 4ac}, or its equal ay' + &', it caa 
be made a square, <ia^ -^-bx + c will also be a square. 

And as the proposed formula can always be reduced to one 
of this kind, which consists only of two terms, the possibility 
or impossibility of resolving the question, in this state of it, 
can be more easily perceived.* 

♦ It may here be observed, that an infinite number of expressions, <rf 
the kind ay2+(*2 — ac)^ or ayi-\-b' =2:8, here mentioned, are wholly 
irresolvable ; among which we may reckon 

V =h 3, 5y«^ 6, 7y»d: 5, Ac. 
none of which can ever become squares, whatever number, either whole . 
or fractional, be substituted for y ; although there are a variety of in- 
stances in which the value ofy may be found, even in integers, so as to 
lender the formula a^ 4- d = afl. 

^ For a further detail of which circumstances, as well as for other par- 
ticulars relating to this part of the subject, see the second volume of 
EuUfs J^gebra^ or the second volume of Sownf cable's Algebra, 



m DIOPHAmiNE ANALYSIS. 

EXAMPLES. 

1. It is required to find a number, such that if it be multi- 
plied by 5 and then added to 19, the result shall be^ square. 

Let X =z the required number : then, as in Case I, 5x + 
n* — 1 9 
19 = n*, or Of = — - — ; where it is evideDt that n may be 
5 . 

any number whatever greater than v' 19. 

Whence, if n be taken = 5, 6, 7, respectively, we shall 

25-19 /, 36-19 ^, 49-19 ^ 
have X = ^— = 1 }, or — -— = 3 J, or ^-^= 6 ; 

the latter of which is the least value of x, in whole numbers, 
that will answer the conditions of the question ; and conse- 
quently 5* + 19 = 5 X 6 + 19 = 30 + 19 = 49, a square 
number as was required. 

2. It is required to find an integral number, such tbat it 
shall be both a triangular number and a square. 

It is here to be observed, that all triangular numbers are 

a' + x 
of the form r-r — ; and therefore the question is reduced to 

,. x' + x . ,2ac» + 2a? 
the making , or its equal , a square. 

Where, since^ the divisor 4 is a square number, it is the 
i^ame as if it were required to make 2a^ + 2a; a square. 

Let, -therefore, 2«* + 2« = f — r= — j- , agreeably to the 

method laid down in Case 2. 

Then, by dividing by «, arid multiplying the result by 
n*, the equation will become 2n^x + 2n' = m'ar, or (m* — 2n') 

2n' 

' TO* - 271^ 

a^+x 64+8 
taken = 2, and m = 3, we shall have a? = 8, and — - — = — r— 

2 2 

72 ^. . ' ' 

= "2" = 36> which is the least integral triangular number 

that is at the same time a square.. 

3. It is required to find the least integral number, such that 
if 4 times its square be added to .29, the result shall be a 
square. > 

Here it is evident, that this is the same as to make 4ik' 
+ 29 a square. 
And, as the first term in the expression is a square, let 



. = 2„.;andoon,eq«entljr.x=-J!^; where, if « be 
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4«» + 29 = {3a? + ~) = ^a^ + — « + — ; agreeably to 

Case 3. 

4m m' 4m m* 

Then, — a? + -;-= 29, or — a? = 29 — — = ; and conse- 

29n* — m* , .^ , , ^ , 

quently, a? == — ;: ; where, if m and n be each taken 

^ -^ 4m» 

29 1 

= 1, we shall have a;= -^ = 7, and 4a» + 29 = 4 X 49 + 

4 

29 = 225 = (15)*, which is a square number, as was required. 

4. It is required to find such a value of x as will make 
7a^ — 5a? -f- 1 a square. 

Here the last term 1 being a square,^ let there be taken, 
according to Case 4, 

n nr n 

Then, by rejecting the 1 on each side of the equation, 

and dividing by «, we shall have 7a? — 5 = — j« =•, and 

n n 

consequently, x = — —-— ; where^ if m and n be each 

m -^ 7» 

2 — 5 3 

taken = 1, the result will give x = - — - = - = i, or by tak- 
ing n = 3, and m = 8, we sh^ll have x = — - = 3, which 

64 — 63 

makes 7 X 3' — 5 X 3 + 1 = 49 = 7», as required. 

5. It is required to find such a value of x as will make 
Sa?* + 14a? -H 6 a square. » 

Here, by comparing this expression with the general for- 
mula, or* -{-hx + c, we shall have a = 8, b = 14, and c = 6. 

And; as neither a nor c, in the present instance, are 
squares, but b' — 4ac = 196 — 192 = 4 is a square, the given 
expression can be resolved, by Case 5, into the two following 
factors, 8a? + 6 and a? + 1. 

Let, therefore, 8a?* -f- 14x + 6 = (8i + 6) (« + 1) = ^ (a? 

^+ 1)*, agreeably to the rule there laid down. 

Then there will arise, by dividing each side by « -(- 1, 
m* 
8x + 6 = -j^(a: + l). 

And consequently, by multiplication and redaction, we shall 
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have, in this case, a? = r-^j ^ ; where it appears thi^t, m 

m« 
order to obtain a rational answer, -r- must be less than 8 and 

n 

greater than 6. 

Whence, by taking m = 5, and n = 2, we shall have «== 
25'- 24 1 , . , , 8 14 ^ 400 /20\, 

' = =, which makes 1 + 6 = — = i — i , as 

32 — 25 7' ^"*^"*"*"^«'* 49 7 ^ 49 \ 7 / ' 

^required, 

6. It is required to find such a value of x as will make 
2a^ — 2 a square. 

Here, by comparing this with the general formula or* + 
hx + c, as before, we shalLhave a = 2, A = 0, and c ii=— 2. 

And, as neither a nor c are squares, but h* — 4ac = — 4ae 
= — 4 (2 X — 2) = 16 is a square, the root of which is 4, the 
given expression can be resolved, by Case 5, into the two 
factors 2a; — 2, and a? + 1, or 2 (a: — 1), and (a? + 1), which 
is evident, indeed, in this case, from inspection. 

Let, therefore, 2a:» — 2 = 2 (a?— 1) X (« + 1) = ^(«+lA 

agreeably to the rule; and there will arise, by division, 

2a; — 2 = -J (a; + !)• And consequently, by multiplication, 

and reducing the result, we shall have x = r-V h > where, 

by taking n =. 1 , and w = 1, we shall have a? = 3, and 2a?* — 
2 = 18 — 2 = 16 = (4)' ; or, taking n = 2 and m = 3, the 
result will give « = — • 17. 

But as a? enters the problem only in its second power, 
4-17 may be taken instead of — 17 ; siijce either of them 
give 2^ - 2 = 576 = (24)^ 

7. It is required to find such a value of ^x as will make 
^0? + *^^^ + 7 a square. 

Here, by comparing the expression with the general for- 
mula, we shall have o = 5, 6 = 36, and c = 7. 

And as neither a nor c are squares, but h^ — 4ac = 129$ 
— 140 = 1156 = (34)* is a square, it can be resolved, as in 
the last example, into the two factors, 5a? + 1, and a? + 7. 

Whence, putting 5a;* + 36a; -f 7 = (5a; + 1) X (a? + 7) = 

-^ (a? + 7)*, there will arise, by dividing, by a; + 7, 5a? + 1 = 
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And consequently, by multiplication, and reducing the 

resulting expression, We shall have a? =7-3 5 ; where, 

On — trr 

taking m = 2, and n = 1 , the substitution will give x = 

^^""^ = 27, which makes 5 X (27)' + 36 X 27 + 7 = 
ox* *"" ^ < 

4624 = (68)», as required. 

8. It is required to find such a value of x as will make 
601^ + 13* + 10 a square. 

Here, by comparing the given expression with the general 
formuFa cr" + 6* + c, we have a = 6, 6 = 13, and c = 10. 
And as neither a, c, nor ir^ — 4ac, are squares, the question, 
if possible, can only be resolved by the method pointed out in 
Case 6. 

In order, therefore, to try it in this way, let the first simple 
square 4, be subtracted from it, and there will remain, in that 
case, 6a;* + 13a: 4- 6. 

Then since (13)' — 4 (6x6) = 169 -• 144 = 25 is now a 
square, this part of the formula can be resolved, by Case 5, 
into the two factors 

3« 4- 2, and 2ar + 3. 

Whence, by assuming, according to the rule, 6a;* + 13« 

+ 10 = 4^+ (3« + 2) X {2x + 3)= $2 +-(3« + 2)^«= 4 + 

4m m' 

— (3a; + 2)+ —J (3a? + 2)', we shall have, by cancelling 

the 4 on each side, and dividing by 3« + 2, 2a? + 3 = 

4m m' : 

— +^(3x + 2).- 

And consequently, by multiplying by n', and transposing 
the ^ terms, we have 2n'a; — 3m'x = 4m» + 2m* — 3«*, or 
_ 4mn + 2m' ^ 3»* 

*"" 2/1'' -3m' ' 

Where, putting m = 2, and n = 3, the result will give «^=» 
24 + 8 — 27 5 ., , , 
— — — —— - = - ; or, if m be taken = 13, and n = 17, we shall 

10 — IZ 6 

w^^^ ^Xl7xl3^-h2x(13)'-3x(17)' ^355^ 

2(17)' -3(13)' 71 , ' 

Which makes 6 X (5)' + 13 X 5 + 10 == 225 = (15)', as 
required. 

9. It is required to find such a value of a; as will make 
133;* + 15ap + 7 a square. 

16 
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Here, by comparing tliis with the general formula, as' 
before, we have a = 13, b=. 16, and c = 7. And as neither 
a, b, nor ^ — 4ac, are squares, the answer to the question, if 
it be resolvable, can only be obtained by Case 6. In order, 
therefore, to try it in that way, let (1 — xY or 1 -^ 2a; + a* 
be subtracted from the given expression, and there will remain 
12a:«+17« + 6. 

And as (17)* — 4 (6 X 12), which is = 1, is now a square, 
this part of the formula can be resolved by Case 5, into 
the two factors 4x + 3 and 3x + 2. Whence, assuming 

13a:« +15a! + 7-= (1 — af +(4ar + 3) X (3a? + 2) = |(1 - a:) + 

^(3;. + 2)|» = (l-x)» + ?!?(l^x)x(3^+2)+5(3^ + 

2)*, we shall have, by cancelling (1 — *)*, and dividing by 

2ot m^ 

3ap + 2, 4a? + 3 = — (1 — x)-\ — ^ (3« + 2); and consequent- 
ly, by multipl3ring by i^^ and transposing the terms, there will 
arise 4n*a' -h 2mnap — Zrt^x = 2m» + 2»»* — 3»*, or a = 
2»w + 2m* - 3fi* 

4n? + Imn - 3m»' 

Where, putting m and n each =: 1, we shall have a? = 
.2 + 2-3 , ^. ^ ■ 13 15 13 . 45 63 

4+2^33 = *' ^^<^i^°^»J^««y+y+7= 9 -^y+y= 

121 /llx, . _ 

— =(yJ", as required. 

10. It is required to find such a value of a? as will make 
7a;* + 2 a square. 

Here it is easy to perceive that neither of the former rules 
will apply. 

But as the expression evidently becomes a square when 
« = 1, let, therefore, a? = 1 + y, according to Case 7, and we 
shaH have 

7a?* + 2 = 9 + 14y + 7y*; 

Or, putting 9 + 14y + 7y*= (3 + - y)*, according to the rule, 

and i^uaring the righthand side, » 9 + 14y + 7y* = 9 + 
6iii m* 

Hence, rejecting the 9s and dividing the remaining terms 
by y, we have 7n*y + 14n* = 6«m + m*y ; and consequently, 
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6mn — 14n* , 6»i» — 14»* ^ . . 

evident thai m and n may be any positive or negative numbers 

whatever. 

If, for instance, m and n be each taken = 1, we shall have 

4 1 

3f =s — - and »=•—-. Or, since the second power of « only . 
o o 

enters the formula, we maiy take, as in a former instance, 

a? = i, which value makes 7«« + 2 = f + 2=J+-^rsV' 

a square. 

Or, if m = 3 and » = — 1, we shall have x = 17, and 7»* 
4- 2 = 7 X (17)* 4- 2 = 2025 = (45)«, a square as before. 

And by proceeding in this manner, we may obtain as many 
other values of x as we p ease. 

Problem 2. — ^To find such Values of a? as will make 
V (a^ -i- boi^ -{• ex '\- d) rational, or ax* + ba^ + ex + d =z a 
square. This problem is much more limited and difficult to 
be resolved than' thcj former ; as there are but a few cases of 
it that admit of answers in rational numbers, and in these the 
rules for obtaining them are of a very confined nature, being 
mostly such as are subject to certain limitations, or that admit 
only of a few simple answers, which, in the instances here 
mentioned, may be found as follows : — 

Rule 1. — When the third and fourth terms of the formula 
are wanting, or c and d are each = 0, put the side of the 
square sought = no;, than ao^ -{-ha^ = nV. 

And consequently, by dividing each side of the equation by 

at', we shall have oj? + 6 = n*, or » = , where n may 

be any integral or fractional number whatever. 

2. When the last term (^ is a square, put it = e*, and assume 

c 
the side of the required square = + — or, and the proposed 

formula is c* + eo? + 5ir* + oa;^ = c* + c* H — ^ oj*. 

4c* 

Whence, by expunging the terms c* + ca?, which are com- 
mon, and dividing by a^, we shall have Acu^x + 4ic* = c^ ; 

c»-45e« 
and consequently, x = — —-5 — . 

^ .- _ . , , . c 45tf*— c^ , 

Or if, the same case, there be put « + — af + — --5 — ar 

26 80 

for the side of the required square, we shall have^ by squaring. 
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^+ex + ba!^+aai^= i^ + ex + ba^ + . ""i? "^ 

^ . — —a^. And, as the first three.tenns {e^ + cx + ba^) 

are now common, tbere will arise, by expunging them, and 
then multiplying them by 64c', Q^ae^c^ = 8ce» (4^ — c'')ar* + 
(46e^-c»)V. 

Whence, by dividing ,each side of this last equation by a?, 
and reducing the result, we shall have 

— ^^^^"^ -^^(^^^- ^) 
*-~ (46e^-.<r»)« ' 

which last method gives a new value of x^ different from that 
before obtained. 

It must be observed, however, that each of these forms fail 
when the second and third terms of the given formula are 
wanting, or h and c each = 0.* 

3. When neither of th^ above rules can be applied to the 
question, the formula can be resolved, by first finding, by 
trial, as in the former problem, some iralue of the unknown 
quantity that makes the given expression a square : in which 
case other values of it may be determined from this, when 
they are possible, as follows r — 

Thus, let p be a value of x so found, and make 
ttp^-^rbf + ep + d^q^'. 

Then, by putting qp = y + p, we shall have cp* + ftp* + cp 
+ rf = a(y+p)« + ft(y+pf + c(y-|-p)-|-rf = «3r' + (3ap + 
b)f + (3a/ + 2op + c)y + ap'^ + ftp* + <^+ d, or ax* + bx% 
+ cx'\'dz=af'\- (3flp + ft) V* + (3ap« + 2ap -f- c)^^ + (f. 

From which latter form, the value of y, and consequently 
that of Xy may be found by either of the methods given in 
Case 2. . 

It may also be further remarked, that if the given formula, 

♦ In the first of these methods, the assumed root, e-\- —x^ is deter- 
mined by first taking it in the form e -\- n.r, and then equating the second 
term of it, when squared, with the corresponding term of the original 

formula : when it will be found that » = =r> 

In like manner the assumed root eA-^xA ^ — x^. in the second 

method, is determined by first taking it in the form e+nx+mofi, and 
th€fn equating the second and third terms of it, when squared, with the 
corresponding terms of the given formula, whenit will be found that 

e ^ iibe^—cA 
» = — and m = . 
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in any case of this kind, can be resolved into factors, such 
that one of them shall be a square, it will be sufficient to 
make the remaining factor a square, in order to render the 
whole expression so ; since a square, multiplied or divided 
by a square, is still a square.* 

EXAMPLES. 

1. It is required to find such a value of a? as will make 
110^ + Zot^ a square. 

Let the given expression lla;* + Sap* = »V : agreeably to 
Case 1. 

TheUjL by dividing by ac*, we shall have lla? + 3='n*i 

ani consequently, x = ; where n may be any number, 

positive or negative, that is greater than ^/3. 

Taking, therefore, « = 2, 3, 4, 5, &c., respectively, we 
1 f> 1 ^ 
shall have, in this case, x = — , — , — or 2, the last of 

which is the least integral answer that the question admits of. 

2. It is required to find such values of a; as will make 
a? — 2x' -f 2ac + 1 a square. 

' Here the last term 1, being a square, let 1 + 2« — 2a!* + 
a;' — (1 + a)* = 1 + 2a; + a:*, agreeably to the first part of 
Case 2. 

Then, since the first two terms, en both, sides of the 
equation, destroy each other, we shall have a^ — • 2x* = «*, or 
a? = 3a:*, and consequently a; = 3 ; which, by substitution, 
makes 1 + 2a; — 2a:* + «'== 1 + 6 — 18 + 27 = 16 a square, 
as required. 

Again, by putting a; == y + 3, according to Case 3, we shall 

♦ The method of determining the factors of which any formula is 
^composed, when it can be done, is to put the given expression = 0, and 
then* find 'the roots r, r', &c., of the equation so formed ; each of which 
will give a factor x — r^x — r', and these «ire generally easily dis- 
covered, as we here seek only the rational roots, which are always 
divisors of the absolute term, or of that which does not contain x. 

Thus the formula ^ — afl — x-\-l is resolval)le into the factors 
(1 — a:)X(lH-a;)X(l— .r),or(l— .'^)2xa-{-2;);andbyputtingl+a;= 
«2, we have a; = 7i2 — 1 ; where, if n be taken equal to any number 
whatever, .t3 — :es — .r -j- 1 will be a vsquare ; though, by any other mode 
of solution, it would be difficult to find even two qr three values of rr. 

It may here also be observed, there are but few questions in this prob- 
lem that can be determined in whole numbers. Several of them, like- 
wise, admit only of one answer, and others are totally irresolvable, 
either in integers or fractions. Thus, if it were required to make 
ajB+ 1 a square, the only positive value of x that renders this possible, 
is 2 ; and the making of 3zs — ] a square, is impossible. 

16* 
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hare .1 +2ir— 2a?«+«'=l + 2(y + 3) — 2(y + 3)• + 
(y + 3f = 16 + 17y + 7/ + y^- 

And consequently, by^ making 16 + 17y + 7^" + y* = 

1 7 *289 

(4 + —yf=- 16 4- I7y + ■— - f, agreeably to the first part of 
8 64 

Case 2, by cancelling 16 + 17y, there will arise 7^* + y' = 

289 . . ^ 289 

-^/,ory + 7=— . 

„„ 289 „ 289-448 159 ^ 

Whencey= — - —7 = ~- = — _., andap = 3 — 

64 . d4 64 

159 192-159 33*^ ^ 

— - = •- = --, for another value of x. 

64 64 64' 

Which number, being substituted in the original formula, 

, , « « a . , 429025 /655v, 
makes 1 + 2a? — 2a;* + ar» = 252144 °° \512/ ' * 8^^*^» ** 

before. 

3. It is required to find such values of a; as will .make 
Saf* — 5ar* + 6a; + 4 a square. 

Here, 4 being a square, let 4 + 6a; — 5a!* + 3ap' a=3 (2 + ^xf 
*=a4 + 6a; + ^(x^^ as in the first part of Case 2. 

Then, ^ince the first two terms on each side of the equa« 
tion destroy each other, we shall have Sai' — 5a;« «= fa**, or 

5 _r Jl 29 

3jc — 5 =a J, and consequently, in this case, x = * «= — 

o 12 

29 29' 45 

Whence (2 +f X —)*'= (^ +-3 )'= ("q")" * square, as 

was required. 

Or, by the second method of the same Case, let 4 + 6* 
29 • 87 

— ^a^ + 3ar»=» (2 + fa; — j^(x^Y^4: + 6a? — 5a;a — t^ a;^ + 

841 

—^ a^ ; then, as the first three terms on each side of this 

.' , ,. !_ 1. „ , 841 87 , 

equation destroy each other, we shall have ;r='x a;* — rr jr* 

25b 10 

« 3a!', or -— a; — — « 3, or 841a; — 1392 «= 768 ; and con- 
2oo 16 

1392 + 768 2160 ^ ' 

sequently, a? = r-rr = "gTT-, which is another value 

of a?, t(hat, being substituted in the original formula, will make 
it a square. ' 
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4. It is required to find such values of a; as will make 
ar* + 3 a square. » 

Here, it is evident that the expression is a square when 
tt==l. Let, therefore, a? = 14-jr, and we shall have 

3 + ar» =»=4 H- 3y -f 3ya + y». 

And, as the first part of this is a square, make, according to 
the first part of Case 2, 4 + 3y + 3y9 + f ^{2 -{-iyY ^ 

4 ^ 3y ^ ^^9. Then, because the first two terms on each 

side of the equation destroy each other, we shall have 

y3 + 3y»_^^y», or y + 3=»VV' 

9 ^ 9-48 39 ^ ,39 

Whence y = ^-3.= -j^=--,andx=l--= 

16 — 39 23 

= ; which is a second value of x. 

16 16 

3 39 
Again, let 4 + 3y + 3y« + y» = (2+- y +_y«)« = 4 + 
. . 4 o4 

117 1521 

% + V + J28 ^ +TQ9g y*» according to the second part of 

Case 2. 

Then, as the first three terms on each side of the equation 

destroy each other, we shall have --— y* + -— y= = y*, or 

4U«/0 X<wo 

1521 117 

vH =3 1. 

4096^^128 

„„ , 352 , , 352 1873 , , , 

Whence, also, y=.^^, andx= 1 +_. = ^^,which 

is a third value of x. 

And by proceeding in the same way with either of these 
new values of a? as with the first, other values of it may be 
obtained pbut the resulting fraction will become continually 
more complicated in each operation. 

Problem 3. — To find such values of a? as will make 
V {ax* •{- bx^ •{- coi^ -{- dx •{• e) rational, or ax* -{- ba^ + ca^ -{- dx 
+ c =: a square. 

The resolution of expressions of this kind, in which the 
indeterminate, or unknown quantity, rises to the fourth power, 
is the utmost limit of the researches that have hitherto been 
made on the formula affected by the sign of the square root ; 
and in this problem, as well as in that last given, there are 
only a few particular cases ^hat admit of answers In rational 
numbers ; the rest being either impossible, or such as afford 
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.one or two simple solutions ; which may generally be found 
as follows :* — 

RuL£ 1 . — When the last term e, of the given formula, is ^ 
square, put it =/*, and make f -{- dx -{• est' -{- boi^ + ax* = 

64/» ' 

Then, by expunging the first three terms, which are com- 
mon to each side of the equation, there will remain ha^ + 

dlAcP -cP). , (4c f - <PY , 
««* = "^8/^ ^ "^ 64f^ ^^ consequently, by 

dividing by a^, and reducing the result, we shall have x = 
eUf' - Sdp {4cp ^ (P) 

(4cf-ay^Q4af' ' 
which form fails when the coefficients c and </, or ,i and df, 
are each =i 0. 

2. When the coefficient a,^f the first term of the formula, is 
a square, put it = ^, and make g'x* + iar* + cr» + dit + « 

Then,c?a: + . = g^- J ,, + LX.^-^ . ^^^ conse- 

(4cg^-¥f' ^Q4€g^ 
quenuy, x ^ ^^^^—-^^——.—^^ . ^^^^ ^^^^ Hkewise 

fails under similar circumstances with the former. 

3. When the first and last terms of the formula are both 
squares, put a =r= ^«, and e =/b, and make /s + rf^ + cx^ + 

ja^+^a^. Then, cx2 + baP=={2fg + '^)x^ + ^ aP- 

And consequently, x — ^^^ J^ — g) -f 4«^ ^ 
f(hf— dg) ' 
Or, because g enters ,the given formula only in its second 

* As an instance of what is above said, it may be observed, that the 
only value ot'x that renders the formula 2rc4 — 3^2+2 a square, is 1; 
and the formula x* — x^A-l can never be a sguape, except when 
« = + l, or— 1. ^ . ' ^ 
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power, it may be taken either negatively or positively ; and 

idi — f^i^fgA-c) 
consequently, we shall also have x = — 7777-^ Tr: — ' 

f(bf-h dg) 
So that this mode of solution furnishes two different answers. 
Also, if there be taken for another supposition p + dx 

ia - ^ ^ ^ 

+ -r-j) x^ + bai?-{- g'x*, hence, by cancelling, djD + ex^ = Jfx 

+ (2/^ + ^)«'; and consequently. «= j^-^. 

. And because /enters the given formula only in the second 

power,. it may be taken either negatively or positively; and 

e (bg + hf) 
consequently, we shall also have x = ^, ,^/ 1. 

So that this solution likewise furnishes two values for «, 
which are each different from the former. 

But these forms all fail under similar circumstances with 
those of the second Case. 

4. When neither the first nor the last terms are squares, 
the formula cannot be resolved in any other way than by first 
endeavouring to discover, by trials, some simple value of the 
unknown quantity that will answer the conditions of the ques- 
tion, and then finding other values of it according to the 
methods pointed out in the last two problems. 

Thus, let p be a value of x so found, and make aj^ + ^' -h 
cp* 4-. c(p + c = 9*. 

Then, by putting a? = y + p, we shall have ap^ -{-hf^ '\- cp% 

+ ^i> + « = «(y+;^r + *(y + p)' + c(y + ;>)* + d(y+;>) 

+ e = ai/* + {ap-{-b)y^ + (6ap» + 3«p + c)y«+ (4^ + 3^ 
+ 2cp + d)y + ap^ 4- 6p' 4- c^ + dp + c, or ax^ -{-bj^ + coi^ 
+ dx-{-e = ay*-{- {ap -f b)f + (6flp« + 3bp + c) 1^ + (4ap» 
+ 3bp^ + 2cp + d)i/ -\-^. From which last formula, the 
value of y, and consequently that of a?, may be found by Case 1. 

EXAMPLES. 

1. It^is required to find such a value of x as will make 
1 — ,2aj + Sap* — 4a:* + 5** a square. 

Here, the first term 1 , being a square, let 1 — 2aj -f- 805*— 
4a? + 5a!*= (1 — a? + a:»)« = 1 — 2a: + 3a:« — 2ar' + a;*, agree 
ably to the method in Case 1. 

Then we shall have 5a;* — 4a:' = a?* — 2ar'. 

And consequently, 5ap — 4 = « — 2 ; whence x=:z f=:i. 
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And consequently, 1— 2« + 3a* — 4ar* + 5«*=l — 1+f 

5 9 
— ^ 4- 7- = -~, which is a square number, as was required. 
16 16 

2. It is. required to find such a value of « as will make 
4a* — 2ar* — «« + 3ic — 2 a square. 

Here, the first term being a square, let 4tt^ — 2a^ — afl + 
5 5 2A 

3a^2 = (2a:»-ia-^)» = 4x*-2a^-2x«+,-a + — , 

according to the method in Case 2. 

5 25 5 

Then we shall have 3a? — 2 = — x A , or Sop — — ap=2 

16 256 16 

25 

J . Whence 768a? — BOx = 512 + 25 ; and conse- 

^256 

512 + 25 537 
^^«^^ly'*=768^r80=688 

Or, if we put x=^ -, th^ formula in that case will become * 

y* f y* y ' 

And, therefore, multiplying this by y*, which is a square^ 
it will be 4 — 2y — y« + 3/ — 2y*. Where the first term 
being now a square, if the expression, so transformed, be 

688 1 

resolved by Case 1, we shall have y = rq«> a^d a? rt= - =r 

3. It is required to find such values of a as will make 
1 4- 3ap + 7«» — 2a? + 4aP* a stjuare. 

Here, both the first and last terms being squares, let 1 + 
Q 25 

2x + 7^-2a^ + 4x* = (1 +2^ +2ara)8= 1 4. 3^. + aj« + 

6a^ + 4«*, according to the method in Case 3. 

25 
Then, we shall have 6a* + --x> = 7«« — 2a!*; or 6a! + 2* 

4 

25 3 

^ 7 — — ; and, by reduction, » = — . 

And if we put the same formula, 1 + 3a? + 7a« — 205* + 4a?* 

= (l + fa?-2ar«)8 = l + 3a?-5a?»-6a?» + 4«*, we shall 

have, by cancelling, 7a?* — 23?* = — J«» — 6a? ; whence 6x — 

T .; 35 35 

2a:=-.x-7=._;ora=-^. 
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And, in a similar manner, pther values of x may be fonnS, 
by employing the metbod of substitution pointed out in the 
latter part of Case 3. 

4. It is required to find such values of x as virill make 
2x* — 1 a square. 

Here, 1 being an obviojis value of x, let, according to Case 
4, a; = 1 + y. 

Then 2aj* ^1 =2(1 -4- y)* - 1 =2(1 +4y + 6y3 + 4jr' 
4- y4) — 1 = 1 + 8y + 12ya + 8y' + 2y*. And since the 
first term of this last expression is now a square, we shall ^ 
have, by Case 1, 1 + 8y -f 12y8 + Sy* + 2y* = (1 +-4y — 
2ya)« = 1 -f 8y + 12y^ - 16y= + 4y*. 

Whence, as the three first terms of the two members of 

this equation destroy each other, there will remain 4y* — 

16y' = 2y* + 8y" ; or y = 12 .; and consequently x=.l + y 

= i 3.; which value being substituted for x, makes 2a:* — 1 

= 57121 = (239)2, as required. And if 13 be now taken as 

the known vsilue of x, and the operation be repeated as before, 

we shall obtain, for another value of a?, the complicated 

, . 10607469769 

fraction . % 

2447192159 

Problem 4. — To find such values of x as will make " 
V (ax^ + bct^ + ex + d) rational, or cto^ + bxa + ex + d =z 
a cube. This formula, like the two latter of those relating to 
squares, cannot be resolved by any direct method, except in 
the cases where the first or last terms of the expression are 
cubes ; it being necessary, in all the rest, that some simple 
number answering the conditions of the question, should be 
first found by trial before we can hope to obtain others , but 
when this can be done, the problem, in each of the cases here 
mentioned, may be resolved as follows : — 

Rule 1.— When the last term d of the given formula 
is a cube, put it = e^, and make e^ + ex + bx^ + aaP s= 

(e + ±.y.= ^ + c. + ^^ + £-^^. 

Then, by expunging the two first terms on each side of 

the equation, which are common, there will remain ax^ + 

a? c% 

bxi ^ — i Jrr* + r-^ ap" ; whence, by division and reduction,' we 
27e? ^ 3e' / 

shall have 27ae^x + 27be^ = c'o; + 9c4e^, and consequently 

9e\fibe — c«) 
* = "3 — r,» ' ft ~ » which form fails when the coefficients b 

and c, or a and c, are each equal 0. 
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2. When the coefficients a of the first term is a cube, put it 
=/», and make/'a;' + 5a;» + <?a; + <'— (/a?+ 375)' =/'*• 



a, by 



Then, by expunging the two first terma on each side of 

the equation, as before, there will remain ex + d^ -^ a? + 

IP 
^ZT^l whence, by multiplying by 27/" we shall have 

27pcx + 27dp t= 9h^Px + 6', and consequently, x = 
Qp . /^ J. As\ » w^ic^ ^^^ likewise fails when b and c, or 

h and rf, are each =r 0. 

3! When the first and last terms are both cubes, put a == 
/» and <f = e'', and make ^ + ex + 6x* +/'«:» = {e +fxy = 
c' + Sfe'x + SPex" +fx\ 

Then ex + fty" = 3/e»x + 3/'ca:» ; 
Whence we shall have bx — Sf^ex = 3/e* — c, and conse- 

quently, x = r^^ — -75- ; which formula may also be resolved 
b'-Sf'e 

by either of the two first cases. 

4. When neither the first nor the last terms are cubes, let 
p be a value of x, found by inspection or by trials, and make 
ajp + bjp •}- ep •}- d = q^. 

Then, by putting a; = y +j5, we shall have ap^ + bp^ + cp 
+ d = a{y+py+b{j^-{-pY + e{y+p) + d = af-h (3ap 
+ i)y' + (3ap^ + 2bp + e)y + af -h bp"" -{- ep -{- d, or aa» + 
ba^'^cx'{-d=af'{- (Sap + *) y' + (3a/ + 2bp + c)y + ^. 

From which latter form, the value of y, and consequently 
that of J?, may be found as in Case 1. 

EXAMPLES. 

1. It is required to find such a value of a? as will make 
«* + «+! a cube. 

Here, the last term being a cube, let the root of the cube 
sought = 1 + -JiT according to Case 1. 

Then, by cubing, we shall have 1 -\-x + a^=l +x + -Jjc* 

And since the two first terms on each side of this equation 
destroy each other, there will remain «• = la^ + ^ x\ 

Whence, dividing by a^, we shall have ^ a? 4- -^ = 1, or 
a? +9 =• 27 ; and consequently, a; = 27— 9=18; which num- 
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ber,"by substitution, makes 1 + jb + {«»= 1 + 18 + 324 = 343 

= 7' a cube mimber, as was required. 

And if we now take this value of x, and proceed according 

to the method employed in Case 4, we shall obtain, a? .^ — 

137826 

■ ^^^^ : which last number will also lead, in like manner, to 

50653 

other new values. / 

2. It is required to find such a value of x as will make 
a^ + Sa^'+lSS a cube. 

Here, the first term being a cube, let its root = 1 + «> ac- 
cording to Case 2. 

Then, by cubing, we shall have 1 33 + 3ar» + a:^ = ( 1 + jf)» 
^l+Sx+dx^ + x*. 

And since the two last terms of this equation destroy each 

other, there will remain 1 + 3a; = 133, or 3a; = 133 — 1 = 

132 
132; whence a: =—-=44, and a;3 + 3a;* + 133 = 91125 

o 

= (45)', a cube number, as was required. 

And if 45 be now taken as a known value of x, other values 
of it may be found, as in the last example. 

3. It is required to find such a value of x as will make 
8 + 28a; + 89a;» — 125ar^ a cube. 

Here, let the root sought = 2 — 5a;, according to Case 3. 

Then, by cubing, we shall have 8 + 28a7 + 89a:* -- 125a;' 
= (2 - bxf = 8 - 6(/a; + ISOi' - l^QaP, 

And since the first and last terms of this equation destroy 
each other, there will remain 28a; + 89a:* = — 60a? + 150«*. 

Whence, by dividing by a;, and transposing the terms, we 
shall have 150a; — 89a; = 28 + 60, or 61a = 88 ; and conse- 

88 
quently « = ^j. 

And as this formula can also be resolved either by the first 
pr second Case, other values of x may be obtained, that will 
equally answer the conditions of the question. 

4. It is required to find such a value of x as will make 
2a;' — 3a; + 7 a cube. 

Here, — 1 being a value of x that is readily found,, by in- 
spection, let a; = y — 1, agreeably to Case 4. 

Then, by substitution, we ishall have 2a;^ — 3* ^7 = 
'2(y-l)'~3(y~l) + 7 = 23^-^-^-3^ + 8. 

And as the last term of this expression is a cube, let 

17 
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according to Case 1. Then, by expunging the equal tenns on 

each side, there will remain 2^^ — By" = f y^ + — y'. , 

Whence, dividing by y*, and reducing .the tenns, we shall 
have 128y — 384 = y + 24, or 127y = 408 ; and conse- 

408 , 408 281 

quently,y= ^-^.^nd.^ 127 "" ^ = m* 

Which number, by substitution, makes 2*^ — 3* + 7 = 
2 X (281)3 ^'281 45118016 /356x, . , 

-■(1^^7p-3Xj-27+' = 20J8^ 

And, by takiijg this last as a new value of a?, others may be 

determined by the same method. 

Problem 5. — Of the resolutions of double and triple equalities. 

When a single formula, containing one or more unknown 
quantities, is to be transformed into a perfect power, such as 
a square or a cube, this is called, in the Diophantine Analysis, 
a simple equality ; and when two formulae, containing the same 
unknown quantity or quantities, are to be each transformed to 
some perfect power, it is then called a double equality, « and 
so on ; the methods of revolving which, in such cases as admit 
of any direct rule, are as follows : — 
* Rule 1. — In the case where the unknown quantity does 
not exceed the first degree, as in the double equality, 

aa; -f- 6 = P , and ex -\- d = D,^ . 
let the first of these formulae ao? -f- i = z^, and the second 
ca? 4- d = tt^. ^ 

Then, by equating the two values of x, as found from these 
equations, we shall have cz^ -{- ad — be = av^, or acz^ 
+ a {ad — be) = a^if. ^ 

And since the quantity on the righthand side of this equa- 
tion is now a square, it only remains to find such a value 
of ^ as will make, when the question is resolvable, acs^ + 
a (ad — 5r)^= D ; which being done, according to the method 

pointed out in Problem 1, we shall have x = . 

a 
2. When the -unknown quantity does not exceed the second 
degree, and is found in each of ihe terms of the two formulae ; 
as in the double equality 

aar" -f 6ar = D , and co? •\' dx =^n. 
Let a: = ^ ; then, by substitution, and multiplying each of 
the resulting expressions by y*, we shall have 
a-^-by z=z a, and c + <fy + l^> 

. *% 

• -■'• 
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' from which last formula, the vahie of y, when the question is 
possible, and. consequently that of x, may be determined as in 
Case 1. 

But if it were required to make the two general expressions 
a*" + &x + c == a, and (i*^ + ex +/=□, 
the soliitidn could only be obtained in a few particular cases, 
as the resulting equality would rise to the fourth power. 

In the case of a triple equality, where it is required to make 
oo? -h Z>y = D, CO? + c/y = D, and ex -^-fy = □, 
let the first of them ax + hy ^ ti*, the second cx + dy =^ «*, 
and the third ex +fy-=ti^. 

Then, by first eliminating x in each of these equations, and 

afterwards y in the two resulting equations, we shall have 

(a/- hey - (c/- de) u^ = (ad - ftc) u?» ; 

or, putting t? =tiy, and reducing the terms, the result will give 

. , 1. af—be - cf—de v^ . _ 

the simple equahty -- — r- 2r — ~ r- = — ; where the 

"^ ad — bc ad-- be vr 

righthand member being a square, it only remains to find a 

value of z that will make the iefthand member* a square ; 

which, when possible, may be done by Problem 1. 

Hence, having z, we have, as above, v = u;? ; and the first 

d — b2^ az^ — c 
two equations will give x =^ ---z — j- u* and y = --t r- «*, 

where u may be any whole or fractional number whatever. 

But if the three formulae, here proposed, contained only one 
variable quantity, the simple equality, to which it would bo 
necessary to reduce them, would rise, as in the last case, to 
the fourth power, and be equally limited with respect to its 
solmion. 

4. In other cases of this kind, all that can be done is to 
find successively by the former rules, several answer^, when 
one is known ; and if neither this nor any of the abovemen- 
tioned modes of solution are found to succeed, the problem 
. under consideration can only be determined by adopting some 
artifice of substitution that will fulfil one or more of the re- 
quired conditions, and then resolving the remaining formulae, 
when they are possible, by the methods already delivered for 
that purpose ; but as no general precepts can be given, for 
, obtaining the solution in this ^ay, the proper mode of pro- 
ceeding, in such cases, must chiefly depend upon the skill 
and sagacity of the learner. 

EXAMPLES. 

1. It is required to find a number x, such that x + 128 and 
OP + 192 shall be both squares. , 
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Here, according to Case 1, let x + 128 = to', and x + 192 
= ««. » 

Then, by eliminating or, and equating the result, we shall 
have w» — 128 = «* — 192, or «?« -f 64 = ^. 

And as the quantity on the righthand side of the equation 
is now a square, it only remains to make ti?' + 64 a square. 

For which purpose, put its toot = w + n ; then tc* + 64 
=.io" + 2nto + »', or 2nw + n^ = 64 ; and consequently, w = 
64 — n> 
— ; where, taking n, which is arbitrary, = 2, we^ shall 

64 — 4 60 
have w == — - — = --- = 15 ; and consequently a; = tc* — 128 

= 15* - 128 = 225 - 128 = 97, the answer. 

2. It is required to find a number x, such that a^ + x and 
a^ " X shall be both squares. 

Here, according to Case 2, of the last Problem, let x = 

- ;.then we shall have to make r-^-}- -, and -, squares : 

of, by reduction, -a(l + y) = d, and -aCl — y) = C 

Or, since a square number, when divided by a square 
number, is still a square, it is the same as to make 

l+y=a,andl-y=D; » 

For this purpose, therefore, let 1 + y = ;»*, ot-y = «* — 1 ; 
then 1 — y = 2 — ;»* ; which is also to be made a square. 

But as neither the first nor the last terms of this formula 
are squares, we must, in order to succeed, find some simple 
number that will answer the condition required ; which, it is 
evident from inspection, will be the case when ;? = 1. 

Let, therefore, ;? ^ 1 — it?, agreeably to Problem 1, Case 7, 
and we ^shall have 1 — y — 2 — ja:* = 2 — (1 — «?)*== 1 + 
2to — «j" ; or y = to^ — 2w? ; 

Or, putting 1 — niw for the root of the former of these ex- 
pressions, there will arise, by squaring, l+2tt? — «;*=1 — 
2wt(? +*»*«;'. 

Whence, expunging the 1 on each side, and dividing by «?, 
we shall ^ have 2 — «? = — 2;i + r^w ; and consequently 
2n« + 2 ^ 1 1 K+l)» 

where, in order to render the value of x positive, n may be 
taken equal to any proper fraction whatever. 
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Or if, for the sake of greater generality, — be substituted 

n 

for n, we shall have 

_ (m^ + n 'Y 
4mn (»' — m^y 
where m and n may now be taken equal to any integral num« 
bers whatever, provided n be made greater than m, 

25 

If, for instance, )i = 2 and m = 1, we shall have x = zrjl 

24 

169 
and if » = 3 and m = 2, £c = -— ; and so on, for any other 

i, «&-U 

number. 

3. It is required to find three whole numbers in arithmeti- 
cal progression, such, that the sum of every two of them 
should be a square. 

Let X, x+ 1/j and x + 2y, be the three numbers sought.; 
and put 2x + y=z u^, 2x + 2y = u^ and 2x + 3y = lo*, agree- 
ably to Case 3. 

Then, by eliminating x and y from each of these equations, 
we shall have u^ — w^ = w^ — u', or 2v^ — u^=^v^. 

And if we now put v = uz^ there will arise 2u^2^ — u* = 
^ «?^ 

to" ; or, by dividing by m^ 2;^^ — 1 = i ; where the righthand 

inembdr being a square, it only remains to make 2z^ — 1 a 
square, which it evidently is when ^ = 1. 

But as this value would be found not to answer the con- 
ditions of the question, let ;& = 1 — p ; then 2z^ — 1=2 
(1 -»» ^ 1 = 1 - 4j9 + 2/. 

And consequently, if this last expression be put = (1 — 
npfj we shall have, by squaring, 1 — 4p + 2p' = 1 — 2np + 
»y, or — 4 -[- 2;? = ~-2n + v?p\ whence 

2n — 4 ^ 2/1 — 4 »" — 2» + 2 

P = V3^ and . = 1 - ^^-.= — .-^ry-. 

Or if, for the sake of greater generality, - be substituted for 

n in the last expression, we shall have 
_^n? — 2mn + 2n^ 

^"^ ^?^2^^ • 
And since, by the two first equations, y = v — «* =^ vV 
- i/a = {z^ - 1) v!", and ar = i {f ~ y) = i (2 r- z^) w", it is 
evident that z must be some nuniber greater than 1, and less 
than -v/ 2. 

17* 
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If, therefore, m = 9 and /i = 5, we shall have 
81-90 + 50 41 241 %j? , 720 ' 

- = -81350- =31'"= sF^S'^^^y^aP-^"- 

Or, taking w = 2 X 31, a? == 482, and y = 2880, we have 
X = 482, x-\-yz=^ 3362, and a? + 2y = 6242, which are the 
numbers required. 

4. It is required to divide a given square number into two 
such parts that each of them shall be a square* 

Let a* = given square number, and ac* and a* — oc* its two 
parts. Then, since a;* is a square, it oi^ly remains to make 
a* — a?" a square. 

For which purpose let its root = jmc. — c, and we shall 
have a" — oj^ = nV — 2a»a? + a*, .or — a?" = »V — 2ana: ; 

whence, by reduction, a?= -j^ j'the root of the first part, 

, 2an* ar? — o . . /. .i_ j 

and njc — a=-r-. o= « , , the root of the second. 

n" + 1 n'* + 1 

Therefore ( a v 'V *^^ ("*1 ) *'® ^® P*^'' required ; 

where a and n may be any numbers taken at pleasure, pro- 
vided n be greater than 1 . 

5. It is required to divide a given number, consisting of 
two known square numbers, into two other square numbers. 

Let a* + i" be the given numbers,! and o?^ y', the two 
required numbers, whose sum, o?-\"if^ is to be equal to 
a» + ft^ 

Then it is evident, that if x be either greater or less than 
a, y will be accordingly less or greater than 5. Let, therefore, . 
af = a + mz^ and y = & — nzy and we shall have a* + ^amz 
+ mV + 6* — Ihnz + nV = a? -f 6^ * 

Or, by transposition and rejecting the terms which are 
common to each side of the equation, mV + r^;^ = 2hhz •— 



♦ To this we may add the following- useful property : — 
\i 8 and T be any two unequal numbers, of which r is the greater, it 
can then be readily shown, from the nature of the problem, that 

2r5, 5« — r2, and 52+^' 
will be the perpendicular, base, and hypothenuse of a right-angled 
triangle. 

Prom which expressions, two square numbers may be found,- whose 
sum or difference shall be square numbers; for (2rs)3rf-{53 — r«)a=: 
f 52 4-rS)2, and (52 -f- r2)2 — (2rs)2 = (52 — r2)2, or f s2 -f r2)2 — (52 — 7^)2 = 
(2rs)«; where s and r may be any numbers whatever, provided r be 
greater than 5, ' * 
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2amis, or m'z + n^z = 2^71 — 2cm ; whence 

2bn •— 2am , ^ 26mn + a fn' — m*) ^ 2amn-{-&(m2— n») 

^^ m^ + n* '^ m8 + n« '^~ m»4-n^ 

■ where m and » may be any numbers, taken at pleasure, pro- 
vided their assumed values be such as^^ill render the values 
of X, y,,and Zj in the above expressions, all positive. 

6. It is required to find two square numbers, such that their 
difference shall be equal to a given number. 

. Let d = the given difference ; which resolve into two 
factors a, 5, making a the greater and b the less. 

Then, putting ar = the side of the less square, and x + 
b = side of the greater, we shall have (a? + ^)* — a:* = «* + 
2bx + i2 — a:2 = (Z ={ab)y or 2Z>a; -f 62 = rf = {ab). 

Whence, dividing each side t>f this equation, by b, we shall 

have X = — — — = the side of the less square sought, and 
2 

a — b a-{-b 
;p + b = ——..-}- b = = thb side of the greater. 

2 2 «r 

If, for instance, d = 60, take a X ^ = 30 X 2, and we shall 

; 30 — 2 304-2 

have X = — - — = 14, and a: -f 2 = -~— == 16,X)r 16s— 14a 

2 2 

= 256 — 196 = 60, the given difference. 

7. As an instance of the great use of resolving formula of 
this kind into factors, let it be proposed, in addition to what 
has been before said, to find two numbers, x and y, such that 
the difference of their squares, x^ — y*, shall be an integral 
square. 

Here the factors of x^ — y% being x + y and ar — y, we 
shall have (x+ t/)x (x — y) ==s a;8 — y^. And since this pro- 
duct is to be a square, it will evidently become so, by making 
each of its factors a square, or the same multiple of a square. 

Let there be taken, therefore, for this purpose, 
a? + y == mr^, x — y = msK 

Then, by the question, we shall have (x-\'y)x (ar — y) 
or its equal x^ — y2 = rn^r^s^ ; which is evidently a square, 
whatever may be the value of m, r, s. 

But by addition and subtraction, the above equations give^ 
when properly reduced, 

__ m(r' + ^) m^r'-s') 

^- 2 '^- 2"^ 

where, as above said, m, r, and s, may be assumed at pleasure. 
Thus, if we take m ="2, we shall have a; = r* -f ^, and 
y = ^ = ^, which expressions will obviously give integral 
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values of x and y, if r and s be taken = wy integral 
numbers. 

8. It is required to find two numbers, such that, if either of 
them be added to the square of the other, the sums shall be 
squares. 

Let X and y be thfe numbers sought ; and consequently 
aP + y and y* -f- a? the expression^ that are to be transformed 
into squares. Then, if r — « be assumed for the side of the 
first square, we shall have op* + y = r* — 2rx -f- a-*, or y = r* — 

^ — y 

2rx; and consequently, a?= — 7—^. -' 

And if 5 -f- y be taken for the side of the second .square, we 
shall have y* H ^— — = ^ -f 2sy + y" ; or, by reducing the 

equation, t^ ^y =i 4rsy + 2rs^, and consequently, by re- 

j^ 2r^ 2f^s + y* 

duction, y = , and x = : where r and j may 

4rs -f- 1 4rs + 1 

be any number^, taken at pleasure, provided r be greater 
than 2^. 

9. It is required to find two numbers, such that their sum 
and difference shall be both squares. 

Let X and o^ — a: be the two numbers sought ; then, since 
their sum is evidently a square, "it only remains to make their 
difference, jc' — - 2*, a square. 

For this purpose, therefore, put the root = aj — r, and we 
shall have a^ — 2a; = «« — 2ra; + f* ; 

Or, by transposition, and cancelling a^ on each side of the 
equation, 2rx — 2a; = r^ : whence 



a? = : 



jL.,^,^-,..^i(jL^y--^., 



2r- 

where r may be any number, taken at pleasure, provided it 
be greater than 2. 

10. It is required to find three numbers, such that not only 
the sum of all three of them, but also the sum of every two, 
shall be a square number. 

Let 4x, Q? — 4a?, and 2a: -j- 1, be the three numbers sought; 

then, 4a; 4- (ar* - 4a;) = a;*, (ar» - 4a;) + (2a; + 3):;=ar'-2a; + 1, 

and 4a; + (a;*--4a;)4-(2a;-f l)=:a:^H-2a; + l, being all 

squares, it only remains to make 4a? + (2a; + 1), or its equal, 

6a; + 1, a square. For which purpose, let 6ap -|- 1 = «*> and 

»^— 1 
we shall have, by transposition and division, x = ; 
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whence— ^,^g-^- ^-^^, and— g— + l, or 

. . , 2»*-2 n*-26n^ + 25 , n« + 2 

Iheir equals — - — , , and — - — , ajre the 

. 3 3o 3 

numbers required. 

Where n may be any number, taken at pleasure, provided 

it be greater than 5. "* 

QUESTIONS FOR PRACTICE. 

1. It is required to find a number x, such that x + 1 and 
a; — 1 shall be both squares. Ans. jc = * . 

2. It is required to find a number x, such that x + 4 and 
a? + 7 shall be both squares. , Ans. ff . 

3. It is required to find a number x, such that 10 -|* a? and 
10 — a? shall be both squares. Ans. a; = 6. 

4. It is required to find a nu^nber x, such that a:^ + I and 
x + 1 shall be both squares. , Ans. •^^. 

5. It is required to find three integral square numbers, such 
that the sum of every two of them shall be squares. 

Ans. (528)^, (5796)^ and (6325)*. 

6. It is required to find two numbers, x and y, such that 
x^ + y and y^ + a? shall be both squares. 

Ans. a? = /^, and y = jf^, 

7. It is required to find three integral square numbers that 
shall be in harmonical proportion. Ans. 25, 49, and 1225. 

8. It is required to find three integral cube numbers, aPy 
y, and 2^, whose sum may be equal to a cube. 

Ans. a? = 3, y = 4, ;& = 5. 

9. It is required to divide a given square number (100) into 
two such parts, that each of them may be a square number. 

Ans. 64, and 36. 

10. It is required to find two numbers, such that their dif- 
ference may be equal to the. difference of their sqijiares, said 
that the sum of their squares shall be a square number. 

Ans. -f- and -f . 

11. To find two numbers, such that" if each of them be 
added to their product, the same shall be both squares. 

Ans. "I and f . 

12. To find three square numbers in arithmetical pro- 
gression. Ans. 1, 25, and 40. 

13. To find three numbers in arithmetical progression, such 
that the sum of every two of them shall be a square number. 

Ans. 120i, 840i, and 1560^^. 

14. To find three numbers, such that if to the square of 
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each, the sum of the other two be added, the three sums shall 
be all squares. Ans. 1, f, and \K 

15. To find two numbers in proportion as 8 is to 15, and 
such that the sum of their squares shall be a square number. 

Ans. 576 and 1080. 

16. To find two numbers, such that if the square of each be 
added to their product, the sums shall be both squares. 

Ans. 9 and l6. 

17. To find two whole numbers such, that the sum or 
difference of their squares, when diminished by unity, shalL 
be a square. Ans. 8 and 9. 

18.. Ij; is required to resolre 4225, which is the square of ^ 
65, into two other integral squares. Ans. 2704 and 1521. 

19. To find -three numbers in geometrical proportion, such 
that each of them, when increased by a given number (19), ' 
shall be square numbers. Ans. 81, -I, and ilfj. 

20. To find two numbers, such that if their product be 
added to the sum of their squares, the result shall be a square 
number. Ans. 5 and 3, 8 and 7, 16 and 5, &c. 

21. To find three whole numbers such, that if to the square 
of each the product of the .other two be added, the three sums 
shall be all squares. Ans. 9, 73, and 328. 

22. To find three square numbers, ^ch that their sum, 
when added to each of their three sides, shall be all square 
numbers. Ans. ^^^, ifaiiy and^Jf^= roots required. 

23. To find three numbers in geometrical progression, such, 
that if the mean be added to each of the extremes, the sums» 
in both cases, shall be squares. Ans. 5, 20^ and 80. 

24. To find two numbers such, that not only each of them, 
but also their sum and their difference, when increased by 
unity, shall be all square numbers. Ans. 3024 and 5624. 

25. To find three numbers such, that whether their sum be 
added to, or subtracted from, the square of each of them, the 
numbers thence arising shall be all squares. 

Ans -^^^ ^ ^ and ^^^ 

26. To find three square numbers such, that the sum of 
their squares shall also be a square number. 

Ans. 9, 16, and^. 
. 27. To find three square numbers such, that the difierence 
of every two of them shall be a square number. 

Ans. 485809, 34225, and 23409. 

28. To divide any given cube nuifiber (8), into three other 
cube numbers. " Ans- 1, ff , and V?*- 

29. To find three square numbers such, that the difiference 
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between every two of them and the third shall be a square 

number. Ans. 149', 241«, and 269«. 

30. To find three cube numbers such, that if from each of 

them a given number (1) be subtracted, the sum of the 

' remainders shall be a square number. 

Ans.tf^f,^3^,^and8. 

OF THE SUMMATION AND INTERPOLATION OF 
INFINITE SERIES. 

The doctrine of Infinite Series is a subject which has 
engaged the attention of the greatest mathematicians, both of 
ancient and modern times ; and when taken in its whole 
extent, is, perhaps, one of the most abstruse and difficult 
-branches of abstract mathematics. 

To find the sum of a series, the number of the terms of 
which is inexhaustible, or infinite, has been regarded by some 
as a paradox, or a thing ifnpossible to be done ; but this diffi- 
culty will be easily removed, by considering that every finite 
magnitude whatever is divisible in infinitum, or consists of an 
itidefinite number of parts, the aggi^gate, or sum of which, is 
equal to the quantity first proposed. ' 

A number actually infinite, is, indeed, a plain contradiction 
tp all our ideas ; for any number that we can possibly con- 
ceive, or of which we have any notion, must always be deter- 
minate and finite ; so that a greater may still be assigned, and 
a greater after this ; and so on, without a possibility of ever 
coming to an end of the increase or addition. 

This inexhaustibility, therefore, in the nature of numbers, is 
all that we can distinctly comprehend by their infinity: for 
though we can easily conceive that a finite quantity may 
become greater and gi-eater without end, yet we are not, by 
that means, enabled to form any notion of the ultimatum, or 
last magnitude, which is incapable of farther augmentalioir. 

Hence we Cannot apply to an infinite series the common 
notion of a sum, or of a collection of several particular num- 
bers, which are joined and added together, 'one after another; 
as this supposes that each of the numbers composing that 
sum, is known and determined. But as every series generally 
observes some regular law, and continually approaches towards 
a term, or limit, we can easily conceive it to be a whole of 
its own kind, and that it must have a certain real value, 
_ whether that value be determinable or not. 

Thus, in many series, a number is assignable, beyond which 
no number of its terms can ever reach, or, indeed, be ever 
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perfectly equal to it ; but yet may apjusoack towards it in sucb 
a inanner as to differ from it by less than any quantity tllat 
can be named; So that we may justly call this the value or 
sum of the series ; not as being a number found by the com- 
mon method of addition, but such a^limitation of the value ai 
the series, taken in all its infinite capacity, that, if it were 
possible to add all the terms together, one after another, the 
sum would be equal to that number. 

In other series, on ihe contrary, the aggregate, or value of 
the several terms, taken collectively, has no limitation ; which 
state of it may be expressed by saying, that the sum of the 
series is infinitely great ; or, that it has no, determinate or 
assignable value, but may be carried on to siich a length, that 
its sum shall exceed any given number whatever. 

Thus, as an illustration of the first of these cases, it may 
be observed, that if r be the ratio, g the greatest term, and 
I the least, of any decreasing geometric series, the sum, 
according to the common rule, will be (rg ^ l)-^ (r — I): and 
if we suppose the less extreme I to be diminished till it be- 
comes = "Oj.the sum of the whole series will be r^ -r (r — 1 ) : 
for it is demonstrable that the sum of no assignable number 
-of terms of the series can ever be equal to that quotient ; and 
yet no number less than it will ever be equal to the value of 
the series. ' - 

Whatever consequences, therefore, follow from the sup- 
position of r^ -f- (r — • 1 ) being the true and* adequate value of 
the.series taken in all its infinite capacity, as if all the parts 
were actually determined, and added together, no - assignable 
error can possibly arise from them, in any operation or de- 
monstration, where the sum is used in that sense ; because, 
if it should be said that the series exceeds that value, it can 
be proved, thai this excess must be less than any assignable 
difierenoe ; which is, in efifect, no difference at all ; whence 
the supposed error cannot exist, and consequently r^ -f- (/* — 1) 
may be looked upon as expressing the true value of the series, 
continued to infinity. 

We are, also, farther satisfied of the reasonableness of 
this doctrine, by finding, in fact, that a finite quantity is fre- 
quently convertible into an infinite series, as appears in 
liie case of circulating decimals. Thus, two thirc^s ex- 
pressed decimally is f = .66666, &c., == ^ -}- yf ^ + xoVo 
+ To 0^ +» <^^'» continued ad infinitum. But this is a geo- 
metric series, the first term of which is /o , and the ratio -j^p- ; 
and therefore the sum of all its terms, continued to infinity, 
will evidently be equal to |, or the number from which 
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it was originally derived. And the same may be ahown of 
many other series, and of all circulating decimals in general. 

With respect to the processes by which the summation of 
various kinds of infinite series are usually obtained, one of 
Uie principal is by the method of differences pointed out mid 
illustrated ipr Prob. 4, next following. 

Another method is that first employed &y James and John 
Bernoulli, which consists in resolving the given series into 
several others of which the summation is known ; or by sub« 
tracting from an assumed series, when put = s, the same 
series, deprived of some of its first terms ; in which case a 
new series will arise, the sum of which will be knqwn. 

A third method, which is that of Demoivre, consists in 
putting the sum of the series r= s, and multipljdng each side 
of the equation by sonie binomial .or trinomial expression, 
which involves the powers of the unknown quantity jp, and 
certain known coefficients ; then taking a;, after the process 
is performed, of such a value that the assumed binomial, &c., 
shall become = 0, and transposing some of the first terms, a 
series will arise, the sum of which will be known as before. 

Each of which methods, modified so as to render it more 
commodious in practice, together with several other artifices 
for the same purpose, will be found sufiliciently elucidated 
in the miscellaneous questions succeeding the following 
problems :— 

Problem 1. — Any series being given to find its several 
orders of differences. 

Rule 1.< — Take the first term from the second, the second 
from the third, the third from the fourth, &c., and the re* 
mainders will form a new series, called the first order of 
differences, 

2. Take the first term of this last series from the second^ 
the second from the third, the third from the fourth, &c., and 
the remainders will form another new series, called the second 
order of differences. 

3. Proceed, in the same manner, for the third, fourth, fifth, 
^c, order of differences ; and so on till they terminate, or 

. are carried as far as may be thought necessary.* 

EXAMPLES. 

1. Required the several orders of differences of the series 
1, 2», 3«, 4«, 5^ 6^ &c. 

* When the several terms of the series continaally increase, the dif- 
ferences will all be positive ; but when they decrease, the differences 
will be negative and positive alternately. 

18 
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1, 4, 9, 16, 25, 36, <&c. ; . 
3,6, 7, 9, 11, &c., 1st diff. 
2, 2, 2, 2, &c., 2d diff. 
0, 0, 0^ &c., 3d diff. 

2. Required the different orders of differences of the series 
I, 2^ 3', A\ b\ 6', &c. 

1, 8, 27, 64, 125, 216, <fec. 

7, 19, 37, ei, 91, &c., 1st diff. 

12, 18, 24, 30, &c., 2d diff. 

6, 6, 6, &6., 3d diff. 

0, 0, &c., 4th diff. 

3. Required the several orders of differences of the' series 
1, 3, 6, 10, 15, 21, &c. 

Ans. 1st, 2, 3, 4, 5, (fee. ; 2d, 1, 1, 1, &c. 
'4. Required the several orders of differences of the series 
1, 6, 20, 50, 105, 196, &c. 

Ans. 1st, 5, 14, 30, 55, 91, <fec. ; 2d, 9, 16, 25, 
36, <&c. ; 3d, 7, 9, 1 1, &c. ; 4th, 2, 2, &c. 
5. Required the several orders of difierences of the series 
11111. 

2' 4' 8' 16' 32' 

^-1»*' -5- -8' -16-"^''-^^'i' 16' 32> *"•' 

'^•-^•-^'*"'''*^'^'**'- 
Problem 2. — Any series a, b, c, d, c, &c., being given to 
find the first term of th6 nth order of differences. 

Rule.— Let i stand for the first term of the nth differences. 
_, .„ _, »■— 1 n— In — 2' 

Then will a — nb-\-n, — — c — n . — — . -7-^ d-^-n. 

n— 1 n — 2 n — 3 ^ , , . 

— — . — — . — — tf, &c., to » + I terms = «^, when n is an 

even number. 

A J I JL '^'"1 . '* — 1 n — 2, n — 1 

And '-a-\-7ib--'n. -—^c + n, . <f — n.— — •. 

2 2,3 <^ 

n — 2 n — 3 ' , ,.:.:. 

— — . — — -e, &c., to n + 1 terms i= ^, when n is an odd 

number.* 

♦ When the terms of the several orders of differences happen to be 
very ^reat, it will be more convenient to take the loirariihms of the 

Quantity concerned whose differences will be smaller: and when 
le operation is finished,, the quantity answering to the- last logarithm 
may be easily found. 
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EXAMPLES. 

1. Required the first term of the third order of differences 
of the series 1; 5, 15, 35, 70, &,c. 

Here Oyb, c, J, e, &c., = 1, 5, 15, 35, 70, d^c, and » = 3. 

. n—l n — 1 » — 2 

Whence — a + »ft — n . — r— c + n . — ^ — . — r — a = — 

a -I-.36 — 3c+J= — 1+15 — 45 + 35 = 4 = the first 
term required. 

2. Required the first term of the fourth order of differences 
of the series a, 8^27, 64, 125, <fec. 

Here a, b, c, J, c, &c., = 1,8, 27, 64, 125, Sic, and » = 4. 

n—l ' n—l »— 2 n—l 

Whence'a — n6 + n.— r — c — n.— ^ — .—^ — d + n. ■ 

^^.^^ c = a — 46 + 6c — 44 + c « 1 - 32 + 162 — 
« 3 4 

256 + 125 »0 ; so that the first term of the fourth order is 0. 

3. Required the first term of the eighth order of differences 
of the series 1, 3, 9, 27, 81, <fec.* ^ Ans. 256. 

4. Required the first term of the fifth order of differences of- 

*v • , 1 1 1 1 1 1 . . 1 

the series 1, - - - — — — Sic, Ans. — r~ 

' 2' 4' 8' 16' 32' 64' ' 32* 

Problem 3. — To find the nth term of the series a, b, c, d, 
Cj &c., when the differences of any order become at last equal 
to each other. 

Rule. — Let d', d'\ d"\ ^\ &c., be th6 first of the several 
orders of differences, found as in the last problem. 

„, „ n—l , n — l n— 2 _,, . n—l n— 2 n— 3 

Thenwilla+ — d-H-— .— «f'+^.— .-3- 

n—l n— 2 n— 3 n— 4 . 

a -I — . -— — . — — . -^-r— £/>▼, &C.5 a=s nth term required. 

1 »v 3 4 ' 

EXAMPLES. 

1. It is required to find the twelfth term Qf the series, 2, 6, 
12, 20, 30,^<&c. 

2, 6, 12, 20, 30, &c. 

4, 6, 8, 10, &c. 

2, 2, 2, &c. 

0, 0, &c. 

♦ The labour in questions of this kind majr be often abridged, by 
putting ciphers for some of the terms at the beginning of the series ; by 
which means several of the differences will be equal toO, and the answer, 
aq. that account, obtained in fewer terms. 
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Here 4 and 2 are the first terms of their differences. 

Let, therefore, 4 =&= J', 2 « d", and n = 12. 
^ n— 1 ^ li— 1 n— 2 

Then a + — p cT + -y-.-^<r'— 2+ llrf'+ 65dr'— 2 + 

44 + 110BsI56aB 12th term, or the answer required. 

2. Required the twentieth term of the series 1, 3, 6, 10, 
15, 21, &o. 

1, 3, 6, 10, 15, 21, &c. 

2, 3, 4, 5, 6, &.C. 

1, 1, 1, l,&c. 

0, 0, 0, &c. 

Here 2 and 1 are the first terms of the dififerences. 

Let, therefcnre, 2 »• <2', 1 — d'\ and n -e 20. 

Thenii + ^d'+^.^(r=l + 19d'+171d"-«l+ 

38 + 171 « 210 n 20th term required. 

3. Required the fifteenth term of the series 1, 4, 9, TB, 25, 
3e, &c. Ans. 225. 

4. Required the twentieth tcirm of the series 1, 8, 27, 64, 
125, &c. Ans. 8000. 

6. Required the thirtieth term of the Series 1, -, g, r^, -j^, 

5j.*c. ^"••465- 

Problebc 4.* — ^To find the sum of n terms Of Hne series a, 
hf Cy dy e, SiCy when the differences of any order become at 
last equal to each other. 

RuLB. — Let <r, d:\ d"y d^\ &c., be the first of the several 
orders of differences. 

Then wiU na + n-j-d' + n. "g" ' "3~ "^ ** ' "^ ' 
n— 2 w— 3 n— 1 n— 2 n— 3 n— 4 ^ 

to the suip of n terms of the series. 



* When the differences in this or the former rule are finally = 0, 
any term, or the suin of any number of the terms, may be accurately 
determined | but if the difference do not vanish, th^r&sult is only an 
approximation ; which, however, may be often very usefully applied in 
resolvine: various questions that may occur in this branch of tne sub- 
ject, tina which will become continually nearer the truth as the dif- 
ferences diminish. 
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EXAMPLES. 

1. Required the sum of n terms of the series, 1, 2, 3, 4, 5, 

6, &c. 

Here i, 2, 3, 4, 5, 6, &c. 

1, 1, 1, 1, 1, &c. 

0„0, 0, 0, &c. 

Where I and are the first terms of the differences 

Let, therefore, n = 1, rf' = 1, and d" == 0. 

»— 1 n'-r» n^+n 

Then will na + n, — r— rf' = n + =■ «* 8um 

2 2 « 

of n terms, as required. 

. 2. Required the sum of n terms of the series 1', 2", 3^ 4*. 

5*, <&c., or 1, 4, 9, 16, 25, &c. 

Here 1, 4, 9, 16,25, &c. 

3, 5, 7, 9, &c. 

2, 2, 2, &c. 

0, 0, &c. 

Where 3 and 2 are the first terms of the differences. 

Let, therefore, a = 1, </= 3, and d" = 2. 

n— 1 n— 1 n-n.2 

' Then will na + n. -yd! +n.-Y" .--^d" = n + 3n. 

n— 1 n-1 n-2 3n» -J» n^-^S^M- 2» 

nX(n+3)X(2;i + l) . ^ . . 

= r = sum of n terms as reqmred. 

3. Required the sum of n terms of the sieries 1', 2', 3', 4', 
6^ &c., or 1, 8, 27, 64, 125, &c. 

Here 1, 8, 27, 64, 125, &c. 

7, 19, 37, .61, &c. 

12, 18, 24, &fC. 

6, 6, &c. 

0, &c. 

Where the first terms of the diflerences are 7, 12, and 6. 

Let, therefore, a = 1, d' = 7, cT' = 12, and d'" = 6. 

n— 1 n— 1 «■— 2 « — 1 

Then will na + n,'-^d' + n. '^'^f ^'+ ** "T" ' 

!LrJ 'Lzi^'' = n + 7..!Lr_l + 12n.^J;_--J + 6n. 
3 4 2 3 3 

n~l .n-2 n-3 7w? - 77i 



2 .-3-.-— = n+— y- + 2n»-6n«+4n + 
n*-67i^+lU»-6n 4n 14n'- 14w 8n^~24n^ + 16n 

4 "T"'" 4 ■*" i" ■*" 

18* 
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n* ~ 6n^ + 11 n» ~ 6n n* + 2n» + n» 

4 ^ T' ~ ®^^ ®^ ^ tenaa as 

required. 

4. Required the sum of n terms of the series 2, 6, 12, 20," 
30. &c. ; ^^^ «X(«.+ l)X(»+j)^ 

5. Required the sum of n terms of the series 1, 3, 6, 10, 
15, &c. Ans. Y . -g— . — 3— 

6. Required the sum of n terms of the series 1, 4, 10, 20, 

^^ J, . n n+l n-^2 n + 3 
35. cfcc. Ans. — . • 

7. Required the sum of n terms of the series 1*, 2** 3*, 4*, 

&c., or 1, 16, 81, 256, <fcc. Ans. 5" + 2" "^ 3 "" 30 

8. Required the sum of n tprms of the series 1', 2*, 3', 4* 
5»,&c. Ans.g^ + ^ + --j5. 

Problem 5.— »The series a, 5, c, rf, *, &c., being given, 
whose terms a^ a unit's distance from each other, to find 
any intermediate term by inl^erpolation. 

Rule. — Let x be the distance of any term y, that is to be 
interpolated from the first term, and cf , (f ', d**', &c., the first 
terms of the differences. 

0?— 1 iv-^1 ff-^2 ' X*— 1 

Then will a + xd'+ a?.— — £?'+ ••■-2~*'~3~^'"+ ''^2^' 

«— 2 a?-3 ' ^ 

EXAMPLES. 

1. Given the logatithiiiic'^sines of l^O*, 1® 1', 1®2', and 
1« 3', to find the log. sine of !<> 1' 40". 

Here 1° 0' 1«> 1 1^2' !« 3'- 

Sines 8.2418553 8.2490332 8.2560943 8.2630424 
71779 70611 69481 

-1168 -1130 

38 
Whence the first terms of the dific^rences are 71779, — 
1168, and 38. 

■ Let, therefore, a? = 1^ 1' 40"- 1*^ 0' = 1' 40" = If = dis- 
tance of y^ the term to be interpolated; and cfss 71779, 
<?"= -1168, and£r'=:38. 
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a— 1 x—l «— 3 

Then will yz=ia + xd^ + x ,—^ d" + x.'-^,—^d'"=sa+ 

%d' + 5<?" - 57<''"= 8.2418553 + .0119631 +0000694 - 
.0000002 = 8.2538232 = sine of 1° 1' 40", as was required. 

2. Given the series — — — — — , &c., to find the term 

whiqh stands in the middle between the two terms ~ and 

53 

1. . 1 

W ^^'•525- 

3. Given the natural tangents of 88^ 54', 88° 55', 88® 56', 
as** 57', 88« 58', 88® 59', to find the tangent of 88° 5818". 

Ans. 55.711144. 

Problem 6. — Having given a series of equidistant terms, 
o, 5, c, d, e, &c., whose first differences are small, to find any 
intermediate term by interpolation. 

Rule. — Find the values of thd unknown quantity in the 
equation which stands against the given number of terms, in . 
the following table, and it will give the term required : — * 

1. q^b=^0. 

2. a — 2& + c = 0, 

3. a — 3& + 3c — rf = 0. 

4. o — 4& + 6c--.4(f + «=0. 

5. a — 5i + 10c — lOd + 5e — /= 0. "^ 

6. a — 65 + 15c '-20d + 15c — 6/+^ = QL 

n— 1 »— 1 » — 2 _ , 

a - ni + n.— — c - n.— — .— j—.rf + 

fi — 1 n — 2 n — 3 . 
. . , c, &c., = 0. 



Or 



EXAMPLES. 

1. Given the logarithms of 101, 102, 104, and 105, to find 
the logarithms of 103. 

Here the nimiber of terms is 4. 
And against 4, in the table, we have a — 46 + 6c — 44 + 

« = 0; or c = ^^ ^ — ^^ -^ value of the unknown 

^piantity, or term to be found. 

♦ The more terms are given, in any series of this kind, Uie more 
accuratelv will the equation that is to be used approximate towards the 
true result, or answer required. 
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a = 2.0043214 
A = 2.0086002 
i := 2.0170333 
^ 6 = 2.0211893 
And consequently, 
4X (6 + ci) = 16.1025340 
a + c = 4.0255107 



Where, taking the logs, of 
'01, 102, 104, and 105. 



6)12,0770233 



2.0128372 = log. of 103, aa 

required. 

2. Given the cube roots of 45, 46, 47, 48, and 49, to find 
the cube root of 50. Ans. 3.684031. 

^3, Given the logarithms of 50, 51, 52, 54, 55, and 56, to 
find the logarithm of 53. Ans. 1.7242758695. 

PROMISCDODS EXAMPLES RELATING TO SERIES. 

1. To find the sum (s) of n terms of the series 1, 2, 3, 4, 

First, 1+2 + 3 + 4 + 5, &c., . . . n «:8. 
And n + (« - 1) + (n - 2) + (» - 3) +(n - 4), &c.^ 

: . +1=3; 

Therefore, by addition^ 
(n + I) + (» + 1) + (n + 1) + (« + 1) + (« + 1), &c. 
+(«+l)=2s. 

And consequently, n (n + 1) = 2s ; or s = — --— = sum 

required. 

2. To find the sum (s) of n terms of the series 1, 3, 5, 7, 
9, 11. &c. 

First, 1 + 3 + 5 + 7 + 9, &c (2» - 1) = s. 

And (271 - 1) + (2n - 3) + (2n - 5) + . . . + 1 = B. 
Therefore, by addition, 

. 2n + 2n + 2n + 2w + 27i+, &c., ?n = 28. 

And consequently, 2/1 X «^ = 2s ; 

2n' « 

Or s = -~- = n' = sum required. 

3. Required the sum (s) of n terms of the series a + 
(tf + (f) + (a + 2d\ + (a + U) + (fl + 4rf), &c. 

' First, a'>r{a'\-d)^(a-\- Id) + (a + 3rf), &c., + 

{a + (n— l)(i|=8. 

And a + (nrf — rf) + « + (w<^ — 2(1) + a + («<^ — 3(?) + 
a + {nd — 4d(), &c o = s. . 
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Therefore, by addition, a + (mi — J) + 2a + (ni — J) + 2a 

And consequently, (2a + «i— d)X» = 28; 
Or 8 = (2a + »d — (f) X o = sum required. 

Or the same may be done in a different manner, as follows :-*- 
a + {a + d) + {a + 2d) + (a + 3d) + (a + 4d), &c. 
_ I (+ 1 + 1 + 1 + 1 + 1, &c.) X a I ^ 
- ~ I (+ + 1 + 2 + 3 + 4, &c.) X « I "" *• 

But n terms of 1^1+1+1+1, 4i;c., = n. ' 

And ft terms of + 1+2 + 3+4, &c., = ^ — ^^^- 

Whence 8 = na+ ^— ^ =l2a + d(n-l)} X 5, 

which is the same answer as before. 

4. To find the sum (s) of n terms of the series 1, op, jb*, aFf 
«*, &c. 

First, l+a? + a:" + a' + ac*, <fec., , . . . «•-* = 8 • 
And a; + a:* + a:' + aJ* + «* &c., .... oc* = sap. 
Whence, by subtraction, ac» — 1 = s« — s. 
jp« 1 

Or s = — = sum required. 

%r •*■■ 1 

And when or is a proper fraction, the sum of the series, con- 
tinued ad infinitum, may be found in the same, manner. 
Thus, putting 1 + a? + j:* + a?' + x* + x*, &c^, = s. 
We shall have ap + or' + a^+a:* +ar*, &c., = sjp, 
And consequently, — l=sx — S; ors — sa;=2l. 

Whence s = ; = sum of an infinite nnmber of terms, 

1 — ap 

as was to be found. 

5. Required the sum (s) of the circulating decimal .999999, 
&c., continued oitTtTi/Sm^um. 

First, .999999, &c., =3^ + 4 + ^+^^,&c., = 

^ ^10 ■'" Too "*" Togo "*■ loooo '^' ^""'^ = **• 

• 10 ^ 100 ^ 1000 ^ 10000 ^' 9 

^ . Ill 10s 

Therefore,l+-+-+_+,&c..=-. • .. 

lOs 8 9s 
And consequently, 1=3 = — =ss; 



J 
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Whence s = 1 = sum of the series. 

6. Required the sum (s) of the series a* + (a + J)" + 
(a + 2df + (ii + 3 J)* + ^a + 4d)*, Ac, continued to n terma. 

Here, 
First, o« = «" 

(a + d)a = o« + 2Xlfl«i+l<? 
(a + 2rf)" = a» -f 2 X 2flrf +.4(P 
(a + 3d)^ = a" + 2 X 3ai + 9(P 
(a + Uf = a" + 2 X 4a(i + 1 6(?, 
&c. &c. 

Whence 
Sum of n terms pf (1 + 1 + 1 + 1 '+, &c.) a", 
8 = + . . . ditto of (0 + 1 + 2 + 3 + 4+i &c.)2o(i', 

+ . . . ditto of (0 + 1 + 4+ 9 + 16 +, &c.) rf. 
But » terms of 1+1+1 + 1 +, &c., = n. 

And of + 1 + 2 + 3 + 4, &c., = ^i!^-lil. 

' 1 '2 . 

Also of + 1 + 4 + 9 +. &c.. = ^(iZiliH^Lnil. 

1.2.3 " 

Therefore s = na» + n (t. ~ 1) ad + lilzJli?2zi<P=i 

l.<6.«> 

the whole sum of the series to n terms. 

7. Required the sum (s) of the series, a' + (a + <?)' + (« 
+ 2</r.+ (a + 3flf)' + (a + 4(f)', &c., continued to » terms. 

First, flf* = a\ 

(a + (f)3 =a' + 3Xla'ti + 3X la<? + l«P, 
(a + 2d)' = 0^ + 3 X 2a*d+ 3 X 4ad« + 8cP, 
(a + 3d)' = 0* + 3 X 30^^ + 3 X 9fl^ + 27(P, 
(a + 4i)' = 0^+ 3 X 4a'(i+ 3 X 16a(P + 64(P, 
(« + 5(i)' = a3 + 3 X 5a»(i + 3 X 25fl(i' + 125(?, 
^ &c. &c. 

Whence 
Stim of n terms of (1 +1 + 1 + 1, 4tc.) a',' 
+ . : . ditto of (0 + 1+2 + 3+4, &c.) 3a«(i, 
+ . . . ditto of (0 + 1 + 4 + 9 + 16, &c.) '^ad?^ 
+ . . . ditto of (0 + 1 + 8 + 27 + 64, &c.)rf». 
But n terms of 1 + 1 + 1 + 1+1, &c., = 71, 

..of0 + l+2 + 3+4,ifec,.'*^'*" ^^ 



Ditto 



Ditto 



, of + 1 + 4 + 9 + 115, &c., 



Ditto . . . of + 1 + 8 + 27 + ,64, &c., = 



1.2 

_ n(n-^l) ( 2»-^l) 

1.2.3 
n* - 2n' + n* 
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Therefore.s = n^ + "(»-^)^°''^+''("-^)(f-^)^--^+ 

1 1 1 — = sum 01 n terms, as was to be found. 

4 

8. Required the sum (s) of n terms of the series 1 + 3 + 7 
+ 15 + 31, &c. 

The terms of this sreries are evidently equal to 1, (1 +2), 
(1 + 3 + 4), (1 +2+4 + 8), &c., or to the successive sums 
of the geometrical series 1, 2, 4, 8, 16i &c. 

Let, therefore, a = 1 and r = 2, and we shall have 
a + ar'\'a7^-\-ar' + ar^, &c., = 1 + 2 + 4 +8 + 16, &c. 

But the successive sums of 1,2, 3, 4, <&c., terms of the 
series are, 

^ ar — a , ^. a 

2.^=(^-l)X-^,. 
r — 1 r— 1 

r— 1 ^ ' r—\ 

&C. &C. 

Therefpre, s = — ^ X | _ ^ t^,^,3 of 1 + 1 + 1 + 1, &c; 
But 1 + 1 + 1 + 1 + 1 + 1 + 1, &c., = ». 
Andr + r» + r» + f*+, &c., = (f» - 1) x ^. 

Whence s = ^ ^ "" ^^ x — ^n X — — = 2(2« - l)-n = 
r-1 r-l r-1' ^ ' 

whole sum required. 

9. It is required to find the sum of n terms of the series 
1 , 3 . 7 , 15 31 . 63 , 

r+i + i + -8- + l6 + 32'^'- 

Here the terms of this series are the successive sums of the 

. 1.1,1,1,1« 
geometrical progression -H *"t+o + t^» *^- 

Let, therefore, a = 1 and r = 2 ; then will 
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Bat the successive sums of 1, 2, 3, 4, iic, teims of tb* 
series are, 

, (r-l)x« 



{r-l)X 



r-1 



('•-1)X1 

(r-l)Xr ^ r' r-l 
(r3-l)x a „(^ Ky ^, 



(r-UXf^""^ H^^r-T ' 

Therefore, 
n terms of r + r+r + y + ^j Aic. 

s = — -J X -n terms of j + - + ^ + ^, «c. 

These being the two series derived from the above ex* 
pressions .; 

But r + r + r + r + r + r, &c., = nr. 

Whence 
»*-l (n-l)y* + l. 



required. - 

\i 10. Required the sum (s) of the infinite series of the recipio* 

cals of the triangular numbers T+3 + g + To"'"T5» ^^' 
Let 7 + 3 + 6 + 7q> ^c., ad infinitum ='8. 

^''»r2+2l + 3-4 + 4-5'**' = !• 



Or, 



1.1.1,1 1.1 1 . 



1 
8 1 



;, &c. 



Wh0nce « = x ' ^"^ ' 



1_1_ 
"5 6 7 

2 = sum required. 



S 
2' 
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11. And if it be required to find the strm of n terms of the 

1.1 1.1 1 -c 
«ame series, j + -+ -+ - + -, &c. 

X 1 . 1 1 1 . 1 » 1 

Let^=j + 2 + 3 + j + 5, &c.,to^. 

^, 1 1 . 1 1 , 1 p 1 

Then.^- = -+3 + - + -,&c.,to., 

rm, r 1 1 1 . 1 1 1 «. 1 ^ 

Therefore , = - + - H , &c. to rr. 

1 n+1 2^6^12^20' ^» »+l' 
^ w 1 1 1 1 1 



n+l 2 * 6 ' 12 ' 20 '' n(n+l) 

XTLn. ^^ 1.1.^.1^ . ^^ 

Whence — -— =- -\ hxH , &c., to 



«+l""l^3^6^ia' ' »(n+l) ' 

r. 1 . 1 . 1 . 1 . 1 «_ 2 2fL . 

Or- 4- r + « 4 , &c. to . — r = — 7 — =i sum of 

1^3^6^i0^15' n(n+l) n+1 

n terms of the series^ as was required. 

12. Required the sum of the infini^ series 



3.4.5 ' 4.5.6 



1.2.3 ' 2.3.4 

, <fcc. • ^ 



Let z = - + _ + - + ^. + -, A;c., ad infinitum. 

^^ 1-1,1 1 . 1 p ' 

Then «^--r~"o + 5 + T + H» ^^'> ^Y transposition. 

And 1 = — + 23 + 34 + 45'*^^'' ^^ subtraction. 

^^-5 = 2^ + r4 + 4'3 + ^6'^"'^^''^'P^^^^^^ 

^^^^^ ^ = 1X3 + 24r+ Sjk ' ^^-^ ^y subtraction. 

^1 2,2,2,2^ 

2 1.2.3^2.3.4^3.4.5^4.5.6' 

Andi-e-2 = -^ — h-^ |-;r7 — I". *c. 

2 1.2.3^2.3.4^3.4.5 

«1«1,. 1.1.1.1 

But - -e- 2 = 7; therefore 



2 4' 1.2.3^2.3.4^3.4.5 ' 4.5.«» 

19 
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ad infinitum, = -, which is the sum required. 

13. And if it were required to find ihe sum of n terms of 

the same series + -. 1 1 , &c. 

1.2.3 ^ 2.3.4 ^ 3.4.5 ^ 4.5.6' 

Let^=: J- + -L -L -L +, &c., to — ; ; — -. 

1.2^2.3^3.4^' n{n + l) 

Then z = -^ , &c., to — - — j--r. 

2 2.3^3.4^4.5' »(n+l) 

And Mf 1- ^ = 1- 

2 (»+l)(n + 2) 2.3 ^ 3.4 4.5 ^ 5.6 ^ 

rr; + =nE>» ^^•» continued to ^ — p--r^ — r--r terms. 
6.7 7.8 (» + l)(n + 2) 

l^refore - : I = -3_ + _^ + _^, &c. 

2 (»+l)(f» + f) 1.2.3^2.3.4^3.4.5' '^ - 
to n terms, by subtraction, 

, Whence 1 ^=: J-_-+_L 4 ^ 



4 2 (» + 1) (» + 2) 1.2.3 ^ 2.3.4 3.4,5» 
&C., to n ternis,by division. 

And constfeuently, ~ 1 — ^-— H , &c., continued to 

^ -^'1,2.3 2.3.4 3.4.5 

» tentfs = - — '--- — -— -- — -—- = sum required. 
4 2(n+l)(n + 2) ^ 

¥• 1111 

14. Required the sum (s) of the series h" h 

2 4 8 16 

— — , &c., continued ad infinitum. 

1 a? 
Letjr=-ands = . 

2 I +x 

Then --^ = a;(l — a; + «" - a^ + «*, &.C.) 

And;» = (l+(r)X(a?-^ + a^-a;* + ar»,&c.) ^ 
Whence, by multiplication, 
a:--Jc* + «'-ra:* + ap*, &c. 
l+x 



« — oj' + ar* — a;* + dc*, &c. 
+ ap« — 0)3 -(- a?« — ajS, &c. 

Whose som is=a? + + + +0, &c. 
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X 

Therefore, # = «, and » — ** + ** — !«!* + «•, &c. = -7—. 

-11,11,1- i 1 . , 

^a-4 + i- 16 + ^' **'•' =1+1 = 3="'^'*^^'^ 

15. Required the sum of the series 5 + 2"^Q"'"Tfi'''» 

^c, continued ad infinitum, 

1 .. , 

. Let a? = r and s : 



2"""" (l-a:)** 



^r 



Then, 7- '= x + 2^^ + Sad^ + 4x* + 5af, &c. 

(1 — xy 

Andz={l -xYx (a? + 2x> + 3a* + 4a;* + 5«», &c.) 

Whence, by multiplication, 

jc + 2a:^ + 3*3 + 4a;*, &c. 

1 — 2a; + a;* , ^ * 

a; + 28;* + 3ar* + 4:r*, &c. 
— 2a;* — 4a;' — 6a;*, &c. 

+ «» + 2a;*, &c. . . 



# 



Who^esum is =a; + + + 0+ll,&;c. •#- 
• Therefore isr = », * 
And ar + 2a;* + 3a!3 + 4a;*+ 5-,^, <fec., = ^ . 

of the infinite series required. 

16. It is required to find the sum (s) of the series - -|- 

o 

* . 9 16 25 . . ^ ^ . ^ . 

a "*■ 27 "^ 81 "^243' *^^-»-^0'**"^'^®^ adtnfimtum. 

Let 05 = ~ and - 



3 (1-a;)'"" 

Then f— = a; + 4«" + 9ar^ + 16a;* + 26a;", &c. 

And ;? = (1 - a;)' X (a; + 4a;* + 9ar^ + 16a;*, &p.) = « + «•, 

as will be found by actual multiplicatipn. 

Therefore x + oi^=sz, 

And « + 4«* + 9a;3+ 16a;*, &c., + ^^^-tfj. 

(1 - »)» 
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Or, 

1 + 1+1+15, ie.; = tii±| = ? = li=s«mrequired. 
3^9^17^81' ' (l-i)* 2 

17. Required the sum (s) of the series - H J- 

m iw 

a4'2d a + 3d ^ ' ,,./.• 

— 1 L .^ — ! , &c., continued oa xnfimtutn. 

1 * 

Let a: = -, and s = — yj -5- 

^ « a . a+J , a + 2d .a + Zd .^ 

in(l— J?)' m mr * mr' mr 

a+(a + J)« + (a + 2rf)a"+(a + 3d)«*+(<» + 4«/)a!*, Ac. 
A*d«=(l -«)»X l<» + (a + <0*+(« + 3<0*«+(a + 3J)x», 

&c.,|=(l —x)a + dx, 
as will appeal il^ actually multiplying by (1 — xf. 

Therefore, « = (1 — *a)a + dx; and consequently, - + 
f _;^. &c., = -J J^-_j^5 = sum of the 



mr 
infinite sends required. 



EXAAIPLES^ 



1. Required the sum of 100 terms of the series 2, 5, 8, 11, 
"14, <fcc. Ans. 15050. 

2. Required the sum of 50 terms of the series 1+2^ + 3* 
+ 4» + 5«, &,Q. Ans. 42925. 

3. It is reqidred to find the sum of the series 1 + 3a; + 
j6** + lO*' + 15a;*, continued ad infinitum, &c., when x is less 
than 1. ♦ .1 

4. It is required to find the sum of the series 1 + 4x + 
lOaj" + 200:^ + 35ar*, &c., continued ad infinitum, when x is 
less than 1. - 1 

5. It is required to find the sum of the infinite series, 
r3+3-:5 + 6?7+7:9''^*'- Ans.-, or-. 
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6. Required the sum of 40 terms of the series (1 X 2) 
+ (3 X 4) + (5 X 6) + (7 X 8), &c. Ans. 86884. 

2x — 1 

7. Required the sum of n terms of the series -— — + 

2ap — 3 , 2x — 5 , 2a: -^ 7 „ ^ /2x — n\ 

1- , &c. Ans. n( — - — i. 

20- 2* 2x ' \ 2x r 

8. Required the sum of the infinite series -r-r-- — I -r 

^ 1.2.3.4 2.3.4.5 

-, &c. Ans. -7-. 



3.4.5.6 ' 4.5.6.7 ' , 18' 

9. Required the sum of the series |"+T+ iA + 9n + ^, 

3 1 

Ac, continued ad infinitum, ' Ans. -, or 1 - 

2 2 

•» 

10. It is required to find tl^ sum of n terAs of the series 
1 + 8a? + 27a^ + 64ar' + 125a;*, &c., continued ad infinitum, 

l + 4a;-fa»' 

Ans. . 

. (!-»)* 

1 2 

11. Required the sum of n terms of the series - + — + 

l + U'+t,^^ Ans._L_-.i^!!!±I^^ 

12. Required the sum of the series ^r-;; H 1 ^ + 

* 2.6 4.8 ^ 6.10 

-J-, &c., . . . H ^ • 

8.12 2n(l-f2n) 

A«o ^3 5n + 3n« 

Ans. S = — , 8 = ! 

16 32 -f 48n - L6n«- • 

13. Required the sum of the series 1 : — i u 

3.8 ^ 6.12 ^ 0.16 ^ 

1 . 1 

12.20'^^-' • • • 3n(4+4»y 

Ans. S = — ^, s = . 



,12 12+12II* 



• The symbol S, made use of in these and some of the following 
series, denotes the sum of an infinite number of terms, and S the sum 
of n terms. 

19* 
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ft ii #« 

14. Required the sum of the series --^ + —-- + ^r— r^ 

6 . , 6 

+ 17:22' ' • ' " +{5»-3).(5n-f 2)* . 

3 3n 

Ans. s= -, s 



5 2+5n 

15. Required the sum of the series _ — — + — - — 

T2T2 '*'' ^"^ '*'37i(4 + 2^' 

_ 1 __ n n 

Ans. ^-"2l'^ "2(3 + 671) 4 (6 + Gn)' 
2 3 4 

16. Required the sum of the series T5 — 57 + 79 "" 

6 1 +n 

_ -h, &c., . . . :±: (i^2«).(3+2»)- 

1 11 

Ans. B = 77:1 s :t= 



12' 12 4(3 -f4n)- 

5 6 



17. Required the sum of the series TlTT + 7rTT + 
* , 1..6.0 .6.0.4 

7 j^ 8 :^ . 44-n 



3.4.5 ' 4.5.6' ;» • • • ' -71(1 + w) . (2 + n)* 

3 3 2 ' 1 

Ans. E =~> s = + ■ ' * 

2' 2 H-n^2+n- 



OF LOGARITHMS. 

Logarithms are a set of numbers that have been computed 
imd formed into tables, for the purpose of facilitating many 
difficult arithmetical calculations ; being so contrived, that the 
addition and subtraction of them answers to the multiplication 

♦ The series h«lfe treated of are such as are usually called algebra- 
ical, which, of course, embrace only a small part of the whole doctrine. 
Those, therefore, who may wish for farther information on this abstruse 
but highly curious subject, are referred to the MisceWi'nea Analytiea of 
of Demoivre, Sterling's Method Differ.^ James Bernouilli's de Seri. 
IH/Ew., Simpson's Math. Dissert., Warin^'s Medii Anahjt., Clark's 
translation of Lorjgnd's Serus, the various works of Euler, and 
Lacroix Traite du Calcul. Diff. ct Int., where they will find nearly 
all the materials that have been hitherto collected respecting this 
branch of analysis. 
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and division of natural numbers with which they are made to 
correspond.* 

Oi:, when taken in a similar but more general sense, loga- 
rithms may be considered as the exponents of the powers to 
which a given or invariable number must be raised, in bjrder 
to produce all the common, or natural numbers. Thus, if 

a" = y, a^ = y', a*" = y", &c. . 
then will the indices x, x\ x'\ &c., of the several powers of a, 
b6 the logarithms of the numbers y, y', y", Ac, in the scalp,, 
or system, of which a is the base. 

So that from either of these formulae it appears, that the 
logarithm of any number, taken separately, is the index of that 
power of some other number, which, when involved in the 
usual way, is equal to the given number. 

And since the base a, in the above expressions, can be 
assumed of any value, greater or less than 1, it is plain that 
there niay be an endless variety of systems of logarithms, 
answering to the same natural number. 

It is likewise farther evident, from the first of these equa- 
tions, that when y = 1, a? will be = 0, whatever may be the 
value of a ; and consequently, the logarithm of 1 is always 0, 
in every system of logarithms. 

And if a; = 1, it is manifest ir^m the same equation, that 
the base a will be =• y ; which*base is therefore the number 
whose proper logarithm, in the system til which it Belongs, 
is 1. ■ 



* This mode of computation, which is on&'of the happiest and most 
useful discoveries of modern times, is due to Lord Napier, -Baron of 
Merchiston, in Scotland, who first published a table of these numbers 
in the year 1614, under the title of Canon Mirificum Logarilhmorum ; 
which performance was ea|»erly received by the learned throughout 
Europe, whose efforts were immediately directed to the improvement ' 
and extensions of the new calculus that had so unexpectedly presented 
itself 

sMt. Henry Briggs, in particular, who was, at that time, professor of 
geometry in Gresham College, greatly" contributed to the aavancement 
of this doctrine, not only by the very advantageous alteration which he 
first introduced into the system of these numbers, by malting 1 the 
logarithm of JO, instead of 2.5025S52, has had been done by Napier; 
but also by the publication, in 1624 and 1633, of his two great works, 
the Arithmetica Logarithinica and the Trigonometrica Briianica^ both 
of which were formed upon the principle abovementioned; as are, 
likewise, all our common logarithmic tables at present in use. 

See, for farther details on this part of the subject, thd Introduction to 
my TVeatise of Plane and Spherical TrigonoTnetry^ 8vo. 2d edit., 
1813'; and for the construction and use of the tables, consult those 
of Sherwin, Hulton, Taylor, Callet, and Borda, where- every necessary 
information of this kind may be readily obtained. 
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Also, because a* = y, and a*' = y', it follows from tlie 
multiplication of powers, that a* X (^\ or a* +*'= yy' ; and 
consequently, by the definition of logarithms, given above, 
« + ar' = log. yy\ or, 

log. yy' = log. y + log. y'. 
And, for . a like reason, if any nmnber of the equations 
a* = y, Of*' = y', a*" = y", &c., be multiplied together, we 
shall have «* + *' + ^", &c., = yy'y'\ &c. ; and conse- 
quently, a: + ac' + a", &c., = log. yy'yi' &c. ; or, 

Ipg. yy'y", &c. ; = log. y + log. y' + log. y", <fec. 
From which it- is evident, that the logarithm of t^ie product 
of any number of factors is equal to the sum of the logarithms 
^ of those factors. 

Hence, if all the factors of a given number, in any case of 

this kind, be supposed equal to each other, and the sum of 

them be denoted by 7w,the preceding property will then become 

log. y*** = m log. y. 

Erom which it appears, that the logarithm of the mth power 

of any number is equal to m times the logarithm of that 

' number. 

In like manner, if the equation oF ■=^ y be divided by 
a*' = y, we shall have, from the nature of powers, as before, 

— -, or a''^-^* i= ^, ; and, by the definition of logarithms laid 
down in the first part of this article, x^ x' =: log. — , or 

l<>gy = log y - log. y'. 

Hence, the logarithm of a fraction, or of the quotient 
wising from dividing one number by another, is equal to the 
logarithm, of the numerator minus the logarithm of the 
denominator. 

!And. if each member of the common equation a* = y be 

raased to ^e^fractionai power denoted by — , we shall have, 

n 

—« — 

in that case, a** = y** ; ^ 

And consequently, by taking the logarithms, as before, 

mm 

- ar = log. yw, or log. y« = - log. y. 

Where it appears that the logarithm of a mixed root, or 
• /powcig^ of any number, is found by multiplying the logarithm 
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of the given number by the numerator of the index of that 
power, and dividing the result by the denominator. 

And if the numerator m, of the fractional index, be in this 
case taken equal to 1, the above formula will then become 

log.y»=:-log,y.. 
n 

From which it follows, that the logarithm of the nth root 
of any number is equal to the nth part of the logarithm of that 
number. 

Hence, besides the use of logarithms, in abridging the 
operations of multiplkation and division, thc^y a re equally 
applicable to the raising of powers and extracting of roots ; 
which are performed by simply multiplying the given loga- 
rithm by the index of the power, or dividing it by the number 
denoting the root. 

But although the properties here mentioned are common. to 
every system of logarithms, it was necessary, for practical 
purposes, to select some one of them from the rest, and to 
adapt the logarithms of all the natural numbers to that par« 
ticular scale. 

And, as 10 is the base of our present system of arithmetic, 
the same number has accordingly been chosen for the base of 
the logarithmic system, now generally used. 

So that, according to this scale, which is that of the com- 
mon logarithmic tables, the numbers ' t 
. . . 10-^, 10-^, 10-*, 10-S 10«, 10*, 10«, 10^ 10*, &c. 

Or, , 

. . . ^ — ^ — , 1, 10,100, 1000, iOOOO, Ac, 

10000' 1000' 100' 10' ' ' ' ' 'C: ' 

have for their logarithms 

. . . . — 4, — 3, — 2, — 1, 0, 1, 2, 3, 4, <fc,c. 

Which are evidently a set of numbers in arithmetical pro- 
gression, answering to another set in geometrical progression; 
as is the case in every system of logarithms. 

And therefore, since the common or tabular lo^rithm of 
any number (n) is the index of that power of 10, which, " 
when involved, is equal to the given number, ft is plain, from 
the following equation, 

10* = n, or 10-* =i 
n 

that the logarithms of all the intermediate numbers, in the- 

above series, may be assigned by approximation, and made to 

occupy their proper places in the general scale. 

It is also evident, that the logarithms of 1, 10, 100, 1000, 
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Ac.y being 0, 1, 2, 3, Sie., respectively, the logarithm of any 
number, falling between and 1, will be and some decimal 
parts ; that of a number between 10 and 100, 1 and some 
decimal parts ; of a number between 100 and 1000, 2 and 
some decimal parts ; and so on, for other numbers of this 
kind. 

And, for a similar reason, the logarithms of — -, -—-. ^^^, 
' ' ^ 10' 100' 1000» 

&c., or of their equals .1, .01, .001, Sic, in the descending 

part of the scale, being — 1, — 2, — 3, &c., the logarithm 

of any number, facing between and 1, will be — 1, and 

some positive decimal parts ; that of a number between .1 

and .01, — 2, and some positive decimal parts ; of a number 

between .01 and .001,- — 3, and some positive decimal 

parts ; &c. , 

Hence, likewise, as the multiplying or dividing of any 
number by 10, 100, 1000, &c., is performed by barely increas- 
ing or diminishing the integral part of its logarithm by 1,2, 
8, &c., it is obvious that all numbers which consist of the 
same figures, whether they be integral, fractional, or mixed, 
will have, for the decimal part of their logarithms, the same 
positive quantity. 

So that, m this system, the Integral part of any logarithm,, 
which is usually called its index or characteristic, is always 
less by 1 than the number of integers which the natural num- 
Jber consists of; and for decimals^ it is the number which 
denotes the distance of the first significant figure from the 
place of unite. 

Thus, according to the logarithmic tables in common use, 
we have 



Numhtrs. 

1.^6820 

20.0500 

335.260 

.46521 

.06154 

&c. 



Logarithms: 
0.1361496 
1.3021144 
2.5253817 
1.6676490 
2.7891575 
&c. 



Where the sign — is put over the index, instead of before 
it, then that part of the logarithm is negative, in order to dis- 
tinguish it from the decimal part, wluch is always to be 
considered as +> or affirmative. 

Also, agreeably to what has been before observed, the 
logatithm of 38540 being 4.5859117, the logarithms of any 
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Other nun^bers, consisting of the same figures, will be as 
follows :~ 



lumbers. 
3854 
385.4 
38.54 
3.854 


Logarithms, 

3.5859117 

2.5859117 

1.5859117 

0.5859117 


.3854 


1.5859117 


.03854 


2.5859117 


.003854 


3.5859117 



Which logarithms, in this case, as well as in all others of a 
similar kind, whether the number contains ciphers or not, 
differ only in their indices,' the decimal, or positive part, 
being the same in them all.* 

And, as the indices, or integral parts, of the logarithms of 
any numbers whatever, in this system, can always be thus 
readily found from the simple consideration of the rule above- 
mentioned, they are generally omitted in the tables, being left 
to be supplied by the operator, as occasion requires. 

It may here, also, be farther added, that when the loga- 
• rithm of a given number in any particular system, is known, 
it will be easy to find the logarithm of the same number in 
any other system, by means of the following eqtWtions : — 
c^=n, and ^ = n, or log. n = x, and /. » = x\ 

"Where log. denotes^ the logarithm of n, in the system of 
which" a is the base, and /. its logarithm in the system of 
which e is the base. 

For, since a* = c*', or a*' = 6, and c* = a, wO shall have 

for the base a, -, = log. c, or oc = a/ log. e ; 

ar' 
. and for the base 6, - = /. a, or «' = « /. a, 

* The great advantages attending the common, or Briggean system 
of logarithms, above all others, arise chiefly from the readiness with ' 
which we can always find the characteristic or integral part of any 
logarithm from the bare inspection of the natural number to which it 
belongs ; and the circumstance, that multiplying or dividing any number 
by 10,. 100, 1000, &c., only influences the characteristic of its logarithm, 
without affecting the decimal part Thus, for instance, if i be made to 
denote the index or integral part of the logarithm of any number n, and 
d its decimal part, we shall have log. s = i + d\ log. 10»» X n = (t-|-i») 

+ d ; log. — = (i — m) + d ; where it is plain that the decimal part of 

. the logarithm, in each of these cases, remains the same. 
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Whence, by substitutioii from the fonner equations, 
log. n^ InX log. e ; or log. » = /. n X y— 

Where the multiplier, log. c, or its equal —, expresses the 

La 

constant relation which the logarithms ot n have to each other 

in the systems to which they belong. 

But the only system of these numbers deserving of notice, 
accept that above described, is the one that furnishes what 
have been usually called hyperbolic or Naperian logarithms, 
the base c of which is 2.718281828459 . . . 

Hence, in comparing these with the common or tabular 
logarithms, we shall have, by putting a in the latter of the 
above formula = 10, the expression 

log.n = InX ry-, or Z. n = log.n X I IQ. 

Where leg. in this case denotes the common tabular Ipga^ 
.rithm of the im^nber n, and I its hyperbolic logarithm; the con- 
stant factor, or multiplies, , which is , or its 

^ I.IO 2,3025850929 

equal .4342944819, being what is usually called the modulus 
of the common system of logarithms.* 

Problem 1. — To compute the logarithm of any of the 
natu^ 99iabers 1, 2, 3, 4, 5, i&c. 

Rule 1. — 1. STake the geometrical series 1, 10, 100,. 1000, 
10000, &c., and apply to it the arithmetical series, 0, 1, 2, 3, 
4, &c., as logarithms. 

2. Find a geometric mean between 1 atid 10, 10 and 100, 
or any other two adjacent terms of the series, betwixt which 
the number proposed lies. 

3. AIsq; between th^ mean, thus found, and the nearest 
extreme, find another geometrical mean in the same manner ; 



* Itinay here be remarked, that althousrh the common logarithms 
have<«iiperseded the use of hyperbolic or Naperian logarithms, in all 
the or(^D^ry operations to which these numbers are generally applied, 
yet the&tter are not without some advantages peculiar to themselves; 
being of frequent occurrence in the application of the Fluxionary Cal~ 
cuius, to many analytical and physical problems, where they are 
required for the finding of certain fluents, which could not be sO readily 
determined without. their assistance; on which account great pains 
have been taken to calculate tables of hyperbolic logarithms, to a con- 
siderable extent, chiefly for this purpose. Mr. Barlow, in a CoHeetion 
of Mathematical Tables lately published, has given them for the first 
10000 numbers. 
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and so on, till you are arrived within the proposed limit of the 
number whose logarithm is sought. 

4. Find, likewise, as many arithmetical means between the 
corresponding terms of the other series 0, 1^2, 3, 4, &c., iji 
the same order as you found the geometrical ones, and the 
last of these will be the logarithm answering to the number 
required. 

EXAMPLES. 

Let it be required to find the logarithm of 9. 

Here the proposed number lies between 1 and 10. 

First, then, the log. of 10 is 1, aqd the log. of 1 is 0. 

There V (JO X 1) =^v' 10 = 3.1622777 is the geomet- 
rical mean ; 

And i(l H- 0) = i = . 5 is the arithmetical mean ; 

Hence the log. of 3.1622777 is .5. 

Secondly, the log. of 10 is 1 , and the log. of 3.1622777 is J, 

Therefore v^ (10 X 3.1622777) = 5.6234132 is the geo- 
metrical mean ; 

And i (1 -f . 5) = . 75 is the arithmetical mean ; ' . 

Hence the log. of 5.6234132 is .75. 

Thirdly, the log. of 10 is 1, and the log. of 5.6234132 is 
.75; 

Therefore ^/ (10 X 5.6234132) = 7.4989422 is the geo- 
metrical mean ; * ■ 

And i (1 + .75) :=. 875 is the arithmetioal mean ; 

Hence the log. of 7.4989422 is .875. 

Fourthly, the log. of 10 is 1, and the log. of 7.498423 is 
875 * 

Therefore v'(10^X 7.4989422) = 8.6596431 is the geo- 
metrical mean ; 

And j- (1 + .875) = .9375 is the arithmetical m^in ; 

Hence the log. of 8.6596431 is .9375. 

Fifthly, the log. of 10 is 1, and the log. of 8.6596431 is 
.9375. 

Therefore V (10 X 8.6596431) = 9.3057204 is the geo- 
metrical mean. 

And i (1 + .9375) = .96875 is the arithmetical me«Q ; . 

Hence the log. of 9.3057204 is .96875. 

Sixthly, the log. of 8.6596431 is .9375, and the log. of 
9.3057204 is .96875 ; ' 

Therefore ^/ (8.6596431 X 9.3057204) = 8.9768713 is the 
geometrical mean. 

And i (.9375 + .96875) Si .953125 is the arithmeticfd 
mean ; < ^ 

.20 • 
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Hence the log.- of 8.9768713 is .953125. 

And, by proceeding in this manner, it will be found, aft^ 
25 extractions, that the logarithm of 8.9999998 is .9542425, 
which may be taken for the logarithm of 9, as it differs from 
it 80 little that it may be considered as sufficiently exact for 
aU practical purposes. 

And in this manner were the logarithms of all the prime' 
numbers at first computed. 

Rule 2. — When the logarithm of any number (n) ia 
known, the logarithm of the next greater number may be 
readily found from the following series, by calculating a 
sufficient number of its terihs, and then adding the given 
logarithm to their sum. 

Log. (» + 1) = log. n + m' \ 1 --— -4 - 

^^ ' ^ ^2ii+1^3(2n + l)'^5(2» + l)» 

1 1 1 . i 

"^. 7(2»+ 1)^ "^ 9(2n + 1)*^ "^ ri(2n + 1)"' ^' l ' 

Or, 

Log. (n + l) = log.n+$-^+ 1 + ^° + 

5 V T / S ^^2n+l 3(2n+l)»^5(2n + l)»^ 
5c 7d 9e ^ 

7(2« +iy "^ 9{2n+lY "^ 11(2^ + 1)^' ""'S 

Where. A, b, c, &c., represent the terms immediately pre- 
ceding those in which they are first used, and m' = twice the 
modulus = .8685889638 . . - . * 

EXAMPLES. 

4 1. Let it be required to find the c6mmpn logarithm of the 
number 2. 

Here, because n + 1 = 2, and consequently n = 1 and 
2n + 1 = 3, we shall have 

m' 8685889638 

^i^,'^—T— =.289529654 (.) 

A .289529654 



3{2» + l)" 3.3^ 



= .010723321 (b) 



• It may Ixere be remarked, that the difference between the loMrithms 
of any two consecutive numbers is so much the less as ihe numbers are 
greater; and consequently, the series which comprises the latter part 
of the above expression will in that case converge so much the faster. 

Thus, log. n and log. (?t+ 1), or its equal, log. n+log. (1 + - ), will 

obviously differ but little from each other when n is a larger number. 
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^\ == 3 X .010723321 ^ ^^^^^^^^ 

_5o_ 5 X. 000714888 ^ ^^^^ 

7(2n + l)* 7.3* ^ ' 

7d 7x .000056737 

ir — '^ 1 =r .000004903 («) 

9(2« + l)» 9.3* .uvwv^wo v«; 

9e 9 X .000004903 

n^i^ = iTF— = '''''''''' ('> 

^^^ = 11 X. 000000446^ 
13 (2«+l)« 13.3* .^v^i/v/vv^-fi ^o; 

13q - 13 X .000000042 ^^^^^^^^, , , 
^ = .000000004 (h) 



15(2»+1)« 15.3* 



Sum of 8 terms . . .301029995 
Add log. of 1 . \ .000000000 



Log. of 2 . . . ,301029995 

Which logarithm is true to the last figure inciusiyely. 

2. Let it be required to compute the logarithm of the num* 
ber 3. 

Here, since n + 1 = 3, and consequefitlyy » =9 2, ^aud 

2ii + L = 5, we shall have 

M* .868588964 ,«„«,««««.. 

= . . . = .173717793 (a) 

2n + 1 5 ^ ' 

A _ .173717793 ^^«o,^««« / x 

. . . = .002316237^(b) 



3(2n + l)* 3.5* 

3b 3 X .002316237 ;,^^^,,^^^ , , 

= -^ = .000055590 (c) 

5{2n+lf 5.5* ^ ' 

5c 5 X .000055590 ^^^^, ,^« , ^ 

r-T^ = ^ . -^ = .000001588 (d) 

7(27»+l)* 7.5* ^ ' 

7d 7 X .000001588 ^^^^^^^^^ , ^ 

= -Jl_-_ = .000000050 (e> 

9{2»+l)* 9.5* ^ '^ 

9e 9 X .000000050 . . 

if = ^ .VV/V/VWU^U _ QQQQQQQQ2 (?) 

ll(2»+l)* 11.5* ^' 



Sum of 6 terms . . .176091260 
Log. of 2 ... .301029995 

L6g. of3 . . . .477121255 
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Whick logarithm is also correct to the nearest unit in the 
last figure. 

And in same way we may proceed to find the logarithm of 
any prime number. 

Also, because the sum of the logarithms of any two numbers 
gives the logarithm of their product,, and thd difference of the 
logarithms me logarithm of their quotient, &c. ; we may 
readily compute, from the above two logarithms, and the loga- 
rithm of 10, which is 1, a great number of other logarithms, 
as in the following examples : — 

3. Because 2X2 = 4, therefore ^ .301029995 

Mult, by 2 2 

gives log. 4 .602059990 

4. Because 2 X 3.=: 6, therefbre J 301029995 

add log. 3 .477121255 

gives lo^. 6 .778151250 

5^. Because 2' = 8, therefore log. 2 .301029995 
Mult, by 3 a 



gives log. 8 .903089985 

6. Because 3' = 9, therefbre log. 3 .477121255 
Mult, by 2 2 



gives log. 9 .954242510 



r. Because ^ = J^^-fore | ^^^^^ 

take log. 2 .301029995 

gives log. 5 .698970005 



8. Because 3 X 4 = 12, there- > 
fore to log. 3 J 

add log. 4 .602059991 



.477121255 



gives log. 12 1.079181246 



And thus, by computing, according to the general formula. 
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the logarithms of the next succeeding prime numbers 7, 11, 
13, 17, 19, 23, &c., we can find, by means of the simple 
rules before laid down for multiplication, division, a^d the 
raising of powers, as many other logarithms as we please, or 
may speedily examine any logarithm in the table. 

^ MULTPILICATION BY LOGARITHMS. 

Take out the logarithms of the factors from the table, and 
add them together; then the natural number, answering to 
the sum, will be the product required. 

Observing^ in the addition, that what is to be carried from 
the decimal p^t of the logarithms is also afiirhiative, and 
must, therefore, be added to the indices, or integral parts, 
after the* manner of positive and negative quantities in- 
algebra. ♦ 

Which method will be fbund much more convenient, to 
those who possess a slight knowledge of this science, than 
ths^t of using the arithmetical complements. 

EXAMPLES. 

1. Multiply 37.153 by 4.086, by logarithms. 
Nos, Logs. 

37.153 .... 1.5699939 
4.086 . . '. . 0.6112984 



Prod. 151.8071 . 2.1812923 



2. Multiply 112.246 by 13.958, by logarithms. 
Nos. Logs. 

112.246 . . . . 2.0491709 
13.958 1,1448232 



Prod. 1563.128 . 3.1939941 



3. Multiply 46.7512 by .3275, by logarithms. 
Nos. Logs. 

46.7512 .... L6697928 
.3275 .... 1.5152113 



Prod. 15.31102 . 1.1850041 



Here, the + 1, that is to be carried from the decimals, 
cancel the — 1, and' consequently there remains 1 in the 
upper line to be set down. 

20* 
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4. Multiply, .37816 by .04782, by logarithms. 
Nos, Logs, 

.37816 . 1.5776756 

.04782 . . .. 2.6796096 



Prod.' .0180836 . 2.2572852 



.^ Here the + 1, that is to be carried from the decimals, 
destroys the — 1, i^ the upper line, as before, and there 
remains the ^ 2 to be set down. 

5. Multiply 3.768, 2.053, and .007693, together. 

iVb#. Logs. . 

7.768 .... 0.5761109 

2.053 .... 0.3123889 

.007^93 . . . 3.8860997 



Prod.^ .059511 . 2.7745995 



Here the + 1, that is to be carried from the decimals, when 
added to — 3, makes — 2 to be set down. 

6. Multiply 3.586, 2.1046, 8372, and 0294, together. 
Nos, Logs. 

3.586 .... 0.554610 
2.1046 ..... 0.323170 



.8372 . . . 
.Q294 . . . 


. 1.922829 
. 2.468347 


Prod. .1857618 


. T.263956 



Here the + 2, that is to be carrield, cancels the — 2, and 
there remains the — 1 to be set down. 

7. Multiply 23.14 by 5.062 by logarithms. 

Ans. 117.1347. 

8. Multiply 4.0763 by 9.8432, by logarithms. 

Ans. 40.12383. 

9. Multiply 498.256 by 41.2467, by logarithms. 

Ans. 20551.41. 

10. Multiply 4.026747 by .012345, by logarithms. 

Ans. 0497102.. 

11. Multiply 3.12567, .02868, and .12379, together, by 
logarithms. Ans. .01109705. 

12. Multrply 2876.9, .10674 .098762, and .0031598, by 
logarithms. Ans. .0958299. 
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DIVISION BY LOGARITHMS. 

From the logarithm of the dividend, as found in the tables, 
subtract the logarithm of the divisor, and the natural number 
answering to the remainder, will 6e the quotient required. 

Observing, if the subtraction cannot be made in the usual 
way, to add, as in the former rule, the 1 that is to be carried 
from the decimal part, when it occurs, to the index of the 
logarithm of the divisor, and then this result, with its sign 
changed, to the remaining index, for the index of the loga- 
rithm of the quotient. 

EXAMPLES. 

1. Divide 4768.2 t)y 36.954, by logarithms. 
Nos, ' Logs, 

4768.2 .... 3.6783545 
36.954 .... 1.5676615 



Quot. 11^9.032 . . 2.1106930 



2. Divide 21.754 by 2.4678, by logarithms. 
Nos. / Logs, 

21.754 .... 1.3375391 
2.4678 .... 0.3923100 



- Quot. 8.1518 . . 0.9452291 , 



3. Divide 4.6257 by .17608, by logarithms. 
Nos, J^ogs, 

4.6257 .... 0.6651725 
..17608. .... 1.2457100 



Quot. 26.2741 . . 1.4194625 



Here — 1, in the lower index, is changed into + 1| which 
is then taken for the index of the result. 
4. ^Divide .27684 by 5.1576, by logarithms. 
Nos, Logs, 

.27684 .... f.4422288 
5.1576 ... . . 0.7124477 



Quot .0536761 . 1.7297811 



Here the 1 that is to be carried from the decimals, is taken 
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a!s — 1, and then added to — 1, in tlie upper index, whicli 
gives — 2 for the index of the result. 

5. Divide 6.9875 by .075789, by logarithms. 
Nos. Logs, 

6.9875 .... 0.8443218 
.075789 . . ; . 2.8796062 



Quot. 92.1967 . •1.9647156 



Here the 1, that is to be carried from the decimals, is added 
to — 2, which makes'— 1, and this put down, with its sign 
changed, is + 1. '. 

6. Divide .19876 by .0012345, by logarithms. 
Nos. Logs. 

- .19786 .... 1.2983290 
;001.2345 . . . 3.0914911 



Quot. 161.0051 . 2.2068379 



Here — 3, in the lower index, is changed into + 3, and 
this added to — 1, the other, index, gives + 3 — 1 or 2. 

7. Divide 125 by 1728, by logarithms. Ans. 0723379.. 

8. Divide 1728.95 by 1.10678, by logarithms. 

' Ans. 1562.144. 

9. Divide 10.23674 by 4.96523, by logarithms. 

Ans. 2.061685. 

10. Divide 19956.7 by .048235, by logarithms. 

Ans. .413739. 

11. Divide .06785i9 by 1234.59, by logarithms. 

Ans. .0000549648. 



THE HULE OF THREE, OR PROPORTION, 
BY LOGARITHxMS. 

For any single proportion, add the logarithms of the second 
and third terms together, and subtract the logarithm of the 
first fioWr their sum, according to the foregoing rules ; then 
the natural number answering to the result will be the fourth 
term required. 

But if the proportion be compound, add together the loga- 
rithms of all the terms that are to be multiplied, and from the 
result take the sum of the logarithms of thp other ternls, and 
the remainder will be the logarithm of the term sought. 
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Or, the same may be performed most conveniently thus : — 
Find the complement of the logarithm of the first term of 
the proportion, or what it wants of 10, by beginning at the 
lefthand, and taking each of its figures from 9, except the last 
ftigi^ificant figure on the right, which must be taken from 10; 
then add this result and the logarithms of the other two termA 
together, and the sum, abating 10 in the index, will be the 
logarithm of the fourth term, as before. 

And if two or more logarithms are to be subtracted, as in 
the latter part of th)e. above rule, add their complements and 
the logarithms of the terms to be multiplied together, and the 
result, abating as many 10s in the index as there are loga- 
rithms to be subtracted, will be the logarithm of the term 
required ; observing when the index of the logarithm, virhose 
complement is to be taken, is negative, to add it, as if it were 
afiirmative, to 9 ; and then take the rest of the figures from 
9, as before. ^ 

EXAMFLES. 

1. Find a fourth proportion to 37.125, 14.768, and 135,279, 
by logarithms. 

Log. of 37.125 .... 1.5696665 

Complement 8.4303335 

Log. of 14.768 .... 1.1693217 
. Log. of 135.279 .... 2.1312304 

Ans. 53.81099 . . . 1.7308856 



2. Find a fourth proportional to .05764, .7186, and .34721, 
by logarithms. 

Log- of .05764 . . . . 2.7607240 



Complement .... 11.2392760 
Log. of .7186 . . , . T.8564872 
Log. of .34721 .... r.5405992 

Ans. 4.328681 . . . 0.6363554 



3. Find a third proportional to 12,796, and 3.24718, by 
logarithms. 

. Log. of 12.796 . *. . . 1.1070742 



Complement 8.8929258 

Log. of 3.24718 .... 0.5115064 



INVOLUTION BY LOGARITHMS. 
Log. of 3.24718 .... 0.5115064 



Ans. .8240216 .... 1.9159386. 



4. Find the interest of 279?. 5^. for 274 days, at 4 J per* 
cent, per annum, by logarithms. 

Comp. log. of 100 * . • .. 8.0000000 

Comp. log. of 365 . ... 7.4377071 

Log. of 279.25 2.4459932 

Log. of 274 ..... 2.4377506 

Log. of 4.5 .."..• 0.6532125 . 

Ans. 9.433296 . . . 0.9746634 



5. Find a fourth proportional to 12.678, 14.065, and 
100.979, by logarithms. . Ans. 112.0263. 

6. Find a fourth proportional to 1.9864, .4678, and 50.4567, 
by logarithms. Ans, 11.88262. 

7. Find a fourth proportional to . .09658, .24958, and 
.005967, by logarithms. . Ans. .02317234. 

8. Find a third proportional to .498621, and 2.9587, and a 
third proportional to 12.796, and 3.24718, by logarithms. 

Ans. 17.55623, and .8240216. 



INVOLUTION, OR THE RAISING OF POWERS 
BY LOGARITHMS. 

Take but the logarithm of the given number from the tables, 
and multiply it by the index of the proposed power; then the 
natural number answering to the result, will be the power 
required. 

Observing, if the index of the logarithm be negative, that 
this*patl of the product will be negative ; but as what is to be 
caqied from the decimal part will be afl5rmative,nhe index of 
the result must be taken accordingly. 

EXAMPLES. ~ 

1. Fvid the square of 21.7568, by logarithms. 

Log. of 2.7568 .... 0.4402477 



Square 7^599946 . . . 0.8804954 



2. Find the cube of 7.0851, by logarithms. 



INVOLUTION B7 LOGARITHMS. 230 

Log. 6f 7.0851 , . . . 0.8503399 

3 



. Cube 355.6475 .... 2.5510197 



3. Find the fifth power of .87451, by logarithms. 
Log. of .87451 .... f.9417648 

5 



Fifth power .5114695 . 1.7088240 

Where 5 times the negative index — 1, being — 5, and 
+ 4 to carry, the index of the power is 1. 
^4. Find the 365th power of 1.0045, by logarithms. 

Log; 1.0045* 0.0019499 

365 



97495 
116994 
58497 



Power 5.148888 . . 07117135 



5. Required the square of 6.05987, by logarithms. 

Ans. 36.72603. 

6. Required the cube of .176546, bf logarithms. 

Ans. 005502674. 

7. Required the 4th power of .076543, by logarithms. 

. Ans. 0000343259. 

8. Required the 5th power of 2.97643, by logarithms. 

Ans. 233.6031. 

9. Required the 6th power of 21.0576, by logarithms. 

Ans. 87187340. 

10. Required the 7th power of 1.09684, by logarithms. 

Ans. 1.909864. 



• The answer, 5.148888, though found strictly according >to the 
general rule, is not correct in the isisi forcr fibres, 8888 ; nor can the 
answers to such questions^ relating to very high powers, be generally 
found true to 6 places or figures by the tables of Log. commonUj 
used ; if any power above the hundred thousandth were required, ndi 
one figure of the answer here given could be depended on. The Log. 
of 1.0045 is 00194994108 true to eleven places, which, multiplied^ 
365, gives .7117285 trtie to 7 places, and the corresponding number 
true to 7 places is 5.149067. See Doctor Adrain*s edition of Hut, 
Math. Vol. 1. p. 169. ^ 
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EVOLlTTION, OR THE EXTRACTION OF ROOTS, 
BY LOGARITHMS. 

Take out the logarithm of the given number from the table, 
and divide it by 2 for .the square root, 3 for the cube root, 
&c., and the natural number, answering to the result, will be 
the root required. 

But if it be a compound root, or one that consists of both a 
root and a power, multiply the logarithm of the given number 
by the numerator of the index, and divide the product by the 
denominator, for the logarithm of the root sought. 

Observing^ in either case, when the index of the logarithm 
is negative, and- cannot' be divided without a. remainder, to 
increase it by s\ich a number as will render it exactly divisi- 
ble ; and then carry the units borrowed, as so many tens, 
to the first figure of the decimal part, and divide the whole 
accordingly. ' 

EXAMPLES. 

1. Find the square root of 27.465, by logarithms. 
Log. of 27.465 . . . 2)1.4387796 



Root 5.2407 7193S98 



2. Find the cube root of 35.6415, by logarithms. 
Log. of 35,6415 . . . 3)1.5519560 



Root 3.29093 5173186 

* . 

3.' Find the 5th root of 7.0825, by logarithms. 
Log. of 7.0825 . . . '5)0.8501866 

Root 1.479235 .... .1700373 



4. Find the 365th root of 1.045,. by logarithms. 
-' Log. of 1.045 . . . 365)0.0019116 

Root 1.000121 0.0000524 



. 5. Find the value of (.001234) ^^ by logarithms. 
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Log. of .001234 .... 3.0913152 

2 



. " 3)6.1826304 

' Ans. .00115047 . . . 2.0608768. 

Here, the dtvisor 3 being cpntained exactly twice in the 

negative index — 6, the index of the quotient, to be put down, 

will be — 2. 

- ' • jt 

6. Find the value of (.024554)^, by logaiithms* 

Log. of .024554 .... 2.3901223 



2)5.1703669 



Ans.' .00384754 . . . 3.5851834. 
Here 2 not being contained exactly in — 5, 1 is added to 
h, which gives — 3 for the quotient ; and the 1 that is bor- 
rowed, being carried to the next figure, makes 11, which, 
divided by 2, gives .58, <fec. 

7. Required the square root of 365.5674, by logarithms. 

Ans. 19.11981. 
S. Required the cube root of 2.987635, by logarithms. * 

Ans. 1.440265. 

9. Required the 4th root of .967845, by logarithms. . « 

Ans. .99186214. 

10. Required the 7th root of .098674, by logarithms. 

Ans. .718314B. 

11. Required the value of ( — \i, by logarithms. 

Ans. .1408^5. 

12. Required the value of ( — r~) > ^^ logarithnwi. 

Ans. .1937115. 



MISCELLANEOUS EXAMPLES IN LOGARrTHMS. 

2 
1. Required the square root of — , by logarithms. 

123 



2. Required the cube root of , by kgarithms. 

3.14159' -^^ ^ . - 



Ans. .I275U53. • 
M>garithm8. 
Ans. .6827849. 



21 



m PSCELLANEOUS QUESTIONS. 

3. Required the .07 power of .00563, by logarithms. 

Ans. .6958821. 

' 4. Required the value of >^^ ^*^ , by logarithms. 

Ans. .04279825. 

15 7 

5. Required the value of - \/~ X .012 'i/T-r, by loga- 

rithms. • Ans. .001165713. 

6. Required the value of ^^'^ X.03Vl5^ j 
rithms. Ans. .0009158638. 

7. Required the value/of — (^^ ^^ "^ 'y^^^V^ lo- 

^ 4 Vl4^f~TVV28|;' •" 

garithms. ; Ans. 49.38712. 

- MrsCELLANEOUS QUESTIONS. 

; 1. A person being asked what o'clock it was, replied that 
it was between eight and nine, and that the hour and minute 
hands were exactly together ; what was the time ? 

Ans. 8h. 43 min. 38^ sec. 
. 2. A certain number, consisting of two places of figures, 
.is equal to the difiTerence of the squares of its digits, and if 
36 be added to it, the digits will be inverted ; what is the 
number ? ^ ^ , Ans. 48. 

. :B. What two numbers are those, whose difference, sum, 
and~ product, are to each other as the numbers 2, 3, and 5, 
respectively? Ans. 2 and 10. 

4. A person, in a party at cards, bet three shillings to two 
upon every deal, and after twenty deals found he had gained 
five shillings ; how many deals did he win ? Ans.. 13. 
, 5.' A person wishing to enclose a piece of . ground with 
palisades, found, if he set them a foot asunder, that he should 
•nave too few by 150, but if he set ihem a yard asunder he 
should have too many by 70 ;. how many had he ? Ans. 180. 

6. A cistern will be filled by two cocks, a and b, running 
together, in twelve hour^, and by the cock a alone in twenty 
hours ; in what time, will it be filled by the cock b alone ? 

Ans. 30 hours. 

7. If three agents, a, b, c, can produce the effects, a, ft, c, 
in tfee times e, f, g, respectively ; in what time would they 
jointly produce the effect d. 
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8. What number isNhat, which being severally added 
to 3, 19, and 51, shall make the results in geometrical pro- 
gression ? f Ans. 1 3. 

9. It is required to,find two geometrical mean proportionals 
between 3 and 24, and four geometrical means between 3 
and 96. Ans. 6 and 12 ; and 6, 12, 24, and 48. 

10. It is required to find six numbers in geometrical pro- 
gression such, that their sum shall be 315, and the sum of the 
two extremes 165. Ans. 5, JO, ^0, 40, 80, and 160. 

11> The sura, of two numbers is a, and the sum of their 
reciprocals is b, required the numbers. 



Ans|±i^^t(ai-4)^. 



12. After a certain number of men had been employed on 
a piece of work for 24 days, and had half finished it, 16 
nien more were set on, by which the remaining half was com- 
pleted in 1 6 days ; how many men were employed at first ; 
and what was the whole expense, at Is. 6d. a day per man ? 

Ans. 32 the number of men ; and the whole 
expense 115Z. 4^. 

13. It is required to find two numbers such, that if the 
squares of the first be added to the second, the sum shall be 
62, and if the square of the second be added to the first, it 
shall be 176. ^ Ans. 7 and 13.- 

14. The fore wheel of a carriage makes six revoli^tions ^ 
more than the hind wheel, in going 120 yards; but if ibe cfr- 
cumfereiice of each wheel was increased by three feet, it 
would make only four revolutions more than the hind wheel 
in the same space ; what is the circumference of ^ch wheel ? 

Ans. 12 and 15 feet. 

15. It is required to divide a given number a into two such 

parts, X and y, that the sum of mx and ny shall be equal to 

some other given number b, 

b -^ an , am — 5 

Ans. X = and y = 

m — n m-^n' 

16. Out of a pipe V wine, containing 84 gallons, 10 gallons 
were drawn off, and the vessel replenished with 10 gallons 
of water ; after which 10 gallons of the mixture were again 
drawn off, and then 10 gallons more of water poured in ; and 
so on for a third 'and fourth time; which being done, it is 

.required to find how much pure wine remained in tile veasel, 

supposing the two fluids to have been thoroughly mixed each 

time ? Ans. 48*- gallons. 

17.' A sum of money is to be divided equally among a 



244 laSCELLANEOUS aC7ESTIOK8. 

Certam number of persons ; now, if there had been 3 claim^ts 
leas, each would have had 150/. more, and if there had been 6 
inore, each would have had 120/. less ; required the number 
efpersons and the sum divided. Ans. 9 persons ; sum 2700/. 
.18. From each bf 16 pieces of gold, a person filed the 
worth of half a crown, and then offered them in payment for 
their original value, but the fraud being detected, and the 
pieces weighed, they were found to be worth in the whole, 
na more than eight guineas ; what was the original value of 
each piece? Ans. ISs^ 

19. A composition of tin and copper, containing 100 cubic 
inches, was found to weigh 505 ounces ; how many ounces 
of each did it contain, supposing the weight of a cubic inch of 
copper to be 5 j ounces, and that of a cubic inch of tin 4f 
donees ? Ans. 420 oz. of copper, and 85 oz. of tin. 

20. A privateer, running at the rate of 10 miles an hour, 
discovers a vessel 18 miles ahead of her, making way at the 
rate of 8 miles an hour ; how many miles will the latter run 
before she is overtaken ? Ans. 72 miles. 

21. In how many different ways is it possible to pay 100/. 
with seven shilling pieces, and dollars of 4^. 6d. each? 

Ans. 31 different ways. 

22. Given the sum of two numberd = 2, and the sum oY 
their ninth powers = 32, to find the numbers^ by a quadratic 
equation. Ans. 1 ± i ^ (6 x/ 34 — 33). 

23. Given y« — ay = 666, and a? + ay = 406, to find x 
0^4 y. ' ~ Ans. » = 7, and y = 9. 

24. The arithmetical mean ef two numbers exceeds the 
geometrical mean by 13, and the geometrical mean exceeds - 
the harmonjcal mean by42 ; what are the numbers ? 

Ans. 234 and 104. 

25. Given a'y + y^x = 3, and a?' y* + f^a^ == 7, to find the 
values of flc and y. Ans. « = ^ ( y/5 + 1 ), y = J ( \/5 — 1). 

26. Given x + y + z = 23, xy + xz + yz = 1 67, and xyz = 
385, to find a?, y, and ar. Ans. a? = 5, y = 7, «r = 11. 

27. To find four numbers, x, y, ;;, and t&, having the |)ro- 
duct of every three of them given ; via: xyz = 231, xyw == 
420, yzw = 15 Jo, and xzw == 660. v 

Ans. OP = 3, y = 17, «r = 11, and w = 20. 

28. Given a; +y;&-r- 384, y + xz ^^237, and j& + a:y= 192, 
to find the values of x; y, and z, 

Ans. a; = 10, y = 7, and z = 22.- 

29. Givena;* + a;v = 108,y^+y^4=69,anda:" + a;;8r=580, 
to find the values of a?, y^ and z. 

Ans. a? = 9, y = 3, andar = 20. 
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30. Given ci^ + xy + y^=z5, and a:* + x'y' + y* — 11, to 
find the values of x and y by a quadratic. 

Ans. x-^y/l0+\y/5, y = |v'10-l^/5. 



31. Given the equation ar* — Gar* + 13x" — 12a: = 5, to find 

3 1 
the value of a? by a quadratic. Ans. - ± - \/ 13. 

32. It is required to find by what part of the population a 
people must increase annually, so that they may be double at 
the end of every century. Ans. By 144th part nearly, 

33. Required the least number of weights, and Ihe weight 
of each, that will weigh any number of pounds from one pound 
to a hundred weight. Ans, 1, 3, 9, 27, 81. 

34. It is required to find four whole numbers such, that the 
squares of the greatest may be equal to the sum of the squares 
of the other three. , Ans. 3, 4, 12, and 13. 

35. It is required to find the least number, which, being 
divided by 6, 5, 4, 3, and 2, shall leave the remainders, 5, 4, 
3, 2, and 1 , rBspectively, ^ Ans. 59. 

36. Given the cycle of the sun 18, t&e golden number 8, 
and the Roman indiction 10, to find the year. Ans/ 1717. 

37. Given 256a; — 87y = 1, to find the least possible values 
of X and y in whole numbers. Ans. x = 52, and y = 153. 

38. It is required to find two difiTerent isosceles triangles 
, such, that their perimeters and areas shall be both expressed 

by the same numbers. * 

Ans. Sides of the one 29, 29, 40 ; and of the other 37, 37, 24. 

39. It is required to find the sides of three ' right-angled 
triangles, in whole numbers, such, that their areas shall be all 
equal to each other. 

Ans. 58, 40, 42 ; 74, 24, 70 ; 113, 15, 112L 

40. Given a:* = 1.2655, to find a near approximate value 
ofa?. . * Ans. 3.82013. 

41. Given xy = 5000, and y* = 3000, to find the values of 
x and y. Ans. a? =4.691445, and y = 5.510132, 

42. Given a:* + yy = 285, and y*—.a:y= 14, to find the 
values of ar and y. Ans. x = 4.016698, and y = 2.825716, 

43. To find two whole numbers such, that if unity be added 
to each of them, and also to their halves, the sums, in both 
cases, shall be squares. Ans. 48 and 1680. 

44. Required the two least nonquadrate numbers x and y 
such, that 01^ + y' and ar* + y' shall be both squares. 

Ans. X = 364, and y = 273, 

45. It is required to find two whole numbers such,^ that 

21* 
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their sum- shall be a cube, and their product and quotient 
squares. Ans. 25 and 100, or 100 and 900, &c. 

46. It is required to find three biquadratic numbers such, 
that their siun shsiJl be a. square. Ans. 12*, 15*, and 20*. 

47. It is required to find three numbers in continued geo- 
metrical progression such, that their three differences shall 
be all squares. Ans. 567, 1008, and 1792. 

48. It' is required to find three whole numbers* such, that 
the sum of difference of any two of them shall be square 
numbers. Ans. 434657, 420968, and 150568. 

49- It is required to find two whole numbers such, that their 
sum shall be a square, and the sum of their squares a biquad- 
rate. Ans.. 4565486027761, and 1061652293520. 

50. It is required to find fouj whole numbers such, that the 
difference of every two of them shall be a square number. 

Ans. 1873432, 2288168, 2399057, and 6560657. 

1 '2 

51. It is required to find the sum of the series ~-| — . 

'34 ' 3 

^ u — , &c., continued to infinity. ' Ans. - 

^27^81 ^ ' 4- 

3 

52. It is required to find the sum of the infinite series j — 

9 , 27 " 81 . 243 . ' ,3 

— H — -» r • &c. Ans. - 

16^64 256^1024' , , ^"'•7. 

53. Required the sum of the series 5 + 6 + 7 + 8 + 9+, 

&c,, continued to n terms ^s-^- {n + 9). 

2 

54. It is required to find how many figures it would take to 
express the 25th term of the series 2* + 2^ + 2* + 2^ + 2", 
&c. Ans, 5050446 figures. 

55. It is required to find the sum of 100 terms of the series 
(1 X 2) + (3 X 4) + (5 X 6) + (7 X 8) + (9 X 10), &c. 

Ans. 1343300. 

56. Required the sum of 1* + 2* + 3* + 4* + 5^ &c., . . . . 
+ 50, which gives, the number of shot in a square pile, the side 
of which is 50. Ans. 42925. 

57. Required the sum of 25 terms of the series 35 + 36 
X 2 + 37^ 3 + 38 X 4 + 39 X 5, &c., which gives the 
number of shot in a complete oblong pile, consisting of 25 
tiers, the number of shot in the uppermost row being 35. 

Ans. 1^575; 



^ 



appendix: 



OF THE APPLICATION^ OF ALGEBRA TO 
GEOMiETRY. 

In the preceding part of the present performance, I have 
considered Algebra as un independent science, and confined 
' myself chiefly to the treating on such of its most useful rules 
and operations as could be brought within a moderate com- 
pass ; but as the numerous applications, of which it is sus- 
ceptible, ought not to be wholly overlooked,.! shall heire show, 
in compliance with the wishes of many respectable teachers, 
its use in the resolution of geometrical problem,^, refafring the 
reader to my larger work on this subject . for what relates 
more immediately to the general doctrine of curves;* 

For this purpose it may be observed, that when any prop- 
osition of the kind here mentioned is required to be resolved 
algebraically, it will,be necessary, in the first place, to draw 
a figure that shall represent the several parts, or conditions, of 
the problem under consideration, and regard it as the true one. 

Then, having properly considered the nature of the ques- 
tion, the figure ?o formed,- must, if necessary, be still farther 
prepared for solution, by producing, or drawing, such lines ia 
it as may appear, by their connexion or relations to each 
other, to be most conducive to the end proposed. 

This being done, let the unknown line, or lines, which it is , 
judged will be the easiest to find, together with those that are 
known, be denoted by the common algebraical symbols, or 
letters ; then, by means of the proper geome^trical theorenjs, 
make out as many independent equations as there are unknown 

* * The learner, before he can obtain a competent knowledge of the 
method of application abovementioned, must first make himself master 
of the principal propositions of Euclid, or of those contained in my 
Elements of Geometry ; in which work he will find all the essential 
principles of the science comprised within a much shorter compass tl^n 
m the former. 

And in sUQh cases where it may be requisite to extend this mode of 
application to^ trigonometry, mechanics, or-any other branch of mathe- 
matics, a previous knowledge of the nature and principles of these sub- 
jects will be equally necessary. 
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quantities employed ; and the resolution of these, in the usual 
manner, will give the solution of the problem. 
- But as no general rules can be laid down for drawing, the ' 
lines here an^ntioned,. and selecting the propereSt quantities to 
substitute for, so as to bring out the most simple conclusions, 
the best means of pbtaining experience in these matters will 
be to try the solution of the same problem in different ways ; 
and then to apply that which succeeds the best to other cases 
of the same kind, when they afterwards occur. 

The following directions, however, which are extracted, 
with some alterations, frqm Newton's Universal Arithmetic 
and Simpson's Algebra and Select Exercises, will often be 
found of considerable use to the learner, by showing him how 
to proceed in many cases of this kind, where he would other- 
wise be left to his pwn judgment : — • 

1st. In preparing the figure in the manner abovementioned, 
by producing or drawing certain lines, let them be either 
parallel or perpendicular to some other lines in it, or be so 
drawn as to form similar triangles ; and, if an angle be given, 
let the perpendicular be drawn opposite to it, and so as to fall, 
if possible, from one end of a given line. 

^2d. In selecting the proper quantities to substitute for, let 
those be chosen, whether required or not, that are nearest to 
the known or given parts of the figure, and by means of which 
the next adjacent parts may be obtained by addition or sub- 
traction only, without Using surds. 

3d. When in any problem there are two lines, or quantities, 
alike related to other parts of the figure, or problem, the best 
yfay is nf»t to make use of either of them separately, but to 
substiiute for their sum, difference, or rectangle, or the sum 
of their alternate quotients ; or for some other line or line in 
the figure, to which they have both the same relation. 

4th. When the area, or the perimeter, of a figure is given, 
or suck parts of it as have only a repfiote relation to the parts 
ihat are to be found, it will sometimes be of use to assume 
another figure similar to the proposed one, that shall have one 
of its sides equal to unity, or to some other known quantity ; 
as *the pther parts of the figure, in such cases, may then be 
determined by the known proportions of theii* like sides, or 
parts, and thence the riesulting equation required. 

These being the most general observations that have 
hitherto been collected upon this subject, I shall now proceed 
to eludicate them by {MPoper examples ; leaving such farther 
remarks as may arise out of the mode of proceeding here 
4ised, to be applied by the learner,^ occasion requires, to the 
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solutions of the miscellaneous problems -given at the end of 
the present article. 

Problem 1. — The base, and the sum of the hypothenuse 
and perpendicular of a right-angled triangle being given, it is 
required to determine the triangle. 




Let ABC, rigiit-§ngled at c,'be the proposed triangle ; and 
put Bc = b, and ac = x. , ^ 

Then, if the sum of ab and ag be represented by s, the 
h3rpothenuse ab will be expressed by s -^x. 

But, by the well-known property of right-angled triangles 
(Euc. I, 47,) 

AC* + BQ^ = AB*, or 

Whence, omitting as*, which is common to both sides of 
the equation, and transposing the other terms, we shall have 
2sx = V — 6», or 

X = , ....*- 

2s 

which is the value of the perpendicular ac ; where s and b 
may be any numbers whatever, providfed ^be greater than ^. 
In like manner, if the base and the difference between the 
hypothenuse and perpendicular be given, we shall have, 
by putting x for the perpendicular 'and d + k foT tht hjrpoth- 
enuse, ' ~ 

^ Jb*-h2(fa? + (? = &• + a*, or 

Where the base {b) and the given difference (d) may bcf 
any numbers as before, provided b be greater than d. 

Problem 2. — The difference between the diagonal of a 
square and one of its sides being given, to determine the 
square. 

• The edition of Euclid referred to in this and all the following 
problems, is that of Dr. Simsonf London, 1801 ; which mav. also be 
used in the geometrical construction of these problems, should the 
student be inclined to exercise his talents UtJon this elegant but more 
difficult branch of the subject. -The New York edition of Brewster's 
Legendre, or Playfair's Eudicj^ will answer the same purpose. a 



150 ^ IPPUCAllON OF ALGEBRA TO GEOMETRT. 




B C 

Let AC be the proposed square, and put tlie side bc, or cp, 
= «. , 

Then^ if the difference of bd and bc be put = d, the hypo- 
thenuse bd will he ■= x + d. 

But since, as in the former problem, bc* + cd', or 
•2bc* = BD% we shall have 

2a:^ = iB* + 2rfa? + (?, or 
- ir" — 2(ia; = d* ; . 
Which equation, being resolved according to the rule laid 
down for quadratics in the preceding part of the work, gives 
x=zd + dy/2, 
Which is the vahie of the side bc, as was required. 

■. Problem 3. — ^The diagonal of a rectangle abcd, and the 
perimeter, or sum of all its four sides, being given, to Sad 
Uie sides. 




Let the diagonal ac = d, half the perimeter ab + bc = a, 
and the base bc = a? ; then will the altitude ab = a — x. 

And since, as in the former problem, ab' + bc* ^ ac*, we 
shall have 

a* — 2ax + a*'4- «* = cP, or ' 
(P - a* 

05* -^ flfOf = • 

2 
Which last equation, being resolved, as in the former 
instance, gives / 

ir=^^a±•J^/(2<P-a*). . 
Where a must be taken, greater than d and less than dy/2. 

Problem 4. — The base, and perpendicular of any plane 
triangle abc being given to find the side of its inscribed 
square. 
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P D 

L^et EG be the inscribed square ; and put Bc = l^ kd =zp, 
and the side of the square eh or ef = a;. 

Then, because the triangles abc, aeh, are similar, we shall 
have 

AD : BC : ; ai ,: fh, or 
p : b : : {p -^ x) : X, 
Whence, taking the products of the means and extremei;, 
there will ailse 

• px := bp ^ bx, 
Which, by transposition and division, gives 

*p_ 

Where b and p may be any numbers whatever, either 
whole orvfractional. 

Problem 5. — Having the lengths of three perpendiculars, 
EF, Eo, Efi, drawn from a certain point e, within an equilateral 
triangle abc, to its three sides, to determine the sides. 

A 




Draw the perpendicular ad, and having joined ea, eb, and 
Kc, put EF = a, EG == b, EH = c, and bd (which is i bc) = x. 
Then, since ab, bc, or ca, are each = 2Xj we shall have, 
by Euc. I, 47, 

ad = ^/ (ab« - bd») = v^(4a» - «*) =V3a' = a; v^ 3. 
And because the area of any plane triangle is equal to half 
the rectangle of its base and perpendicular, it follows that 
A ABC = JBcXAD = a?X*^/3 = «'^/3, 
A BEC = ^ EC X EF — X X <* ' = aXf 
A AEC = i AC X EG = a? X ^ x= Jap, 

AAEB = J AB X EH = a? X C = CX. 

But the last three triangles bec, aec, aeb, are together equal 
to the whole triangle abc ; whence 

a^ y/ 3 =s ax + bx -{' cXf 
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And consequently, if each side of this equation be divided 
by X, we shall have 

a + b + c 



« = . 



V3 



Which is, therefore, half the length of either of the three 
equal sides of the triangle, 

CoR. — Since, from what is above shown', ad is =s: a?^/3, it 
follows, that the sum of all the perpendiculars, drawn from any 
point in an equilateral triangle to each of its sides, is equal to 
the whole perpendicular of the triangle. 

Problem 6. — ^Through a given point p, in a given circle 
▲CBD, to 4raw a chord en, of a given length. 




Draw the diameter apb ; and put cd = a, ap = h, pb = e, 
and cp = « ; then will pd = a — a:. 

But, by the property of the circle (Euc. iii. 35,) cp X *d = 
AP X PB ; whence 

« {a — ap) = &c,. or 

a" — aa = — be. 

Which equation, being resolved in the usual way, gives 

x=:ia±iy/{le^^bc)\ 
Wheiii X has two values, both of which are positive. 
Problem 7. — ^Through a given point p, without a giver 
circle abdc, to draw a right line so that ^e part cd, intercepted 
by the circumference, shall be of a given length. 




Draw PAB through the centre o ; and put cd = a, pa = ft, 
PB = c, and PC = a? ; then will pd = a? + a. 

But, by the property of the circle, (Euc. iii, 36, cor.,) 
PC X PD = PA X PB ; whence 

X i^ + a) = be, or 
ic* -f- aa? = ftc. 
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Which equation being resolved, as in the former problem, 
gives 

Where one value of x is positive and the other negative.* 

Problem 8. — The base of bc, of any plane triangle abc, 
the sum of the sides ab, ac, and the line ad, drawn from the 
vertex to the middle of the base, being given, to determine 
the triangle. 




Put BD or DC = a, AD = J, AB -f AC = Sy and ab = re; then^ 
will AC = 5 — ar. 

But, by my Geometry, B. ii, Prop. 19, ab* + ac* = 2bd* 
+ 2ad* ; whence 

aj* + (^ -«)« = 2a» + 26», or 

Which last equation, being resolved as in the former 
instances, gives 

a? = i ^ ± 5^/(a* + ^>' — i A 
for the values of the two sides >b and ac of the triangle; 
taking the sign + for one of them, and •— for the other, ajftd 
observing that a* + ft^ must be greater than J-^. 

Problem 9. — The two sides ab, ac,^ and the Sbe ad, 
bisecting the vertical angle of any plane triangle abc, being 
given, to find the base bc. 




* The two last problems, with a few slight alterations, may be 
readily employed for finding the roots of quadratic equations by con- 
struction ; but this, as well as the methods frequently given for con- 
structing cubic and some of the higher ord^^of equations, is a matter 
of little importance in the present state jpf mathematical science; 
analysis, in these cases, being genierally thought a more commodions 
instrument than geometry. 

22 
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Put AB = a, AC = 5, AD = c, and bc = re ; then, by Euc. 
VI., 3, we shall have 

AB (a) : AC (6) : : BD : DC. 
And consequently, by the compositions of ratios, (Euc. v, 18,) 

cue 
•a+ ^ : a : : ar: BD = — --7, and 
a+ p 

hx 

a+o \ 

But, by Euc. vi., 13, Bp x dc + ad* = ab X ac ; i^^ere- 
fore, also, 

— ^,+c« = ai,pr 

c^3^ = (a + hf X {ah - c«). 
From which last equation, we have ' 

a.=:(a + ft)^— ^— , 

Which is the value of the base bjc, as required. 

ProblSh 10. — ^Having given the lengths of (wo lines ad, 
BE, drawn from the acute angles of a right-angled triangle 
ABC, to the middle of the opposite sides, it is. required to 
determine the triangle. 

A 




D C 

Put AD = o, BE = 5, CD or i^cB = «, and ce or i ca = y i 
thex^ since (Euc. i, 47) cd* + ca*, = ad*, and ce* — cb* = 
BS*, we shall have 

f . . ar«+4y* = a:*, 

y^ + Ax^^l^, 
. WhencS, taking the second of these equations from four 
tiknes the first, there will arise 

15y* = 4a* — &*, or 
4a* -5* 

And, in like, manner, taking the first of the same equations 
. from four times the second, there will arise 
15«*=r4i*-a*, or 
4ft* - a* 

X = V — - — *— . 

15 ' 



APPLICATION OF ALGEBRA TO GJBOMETRT. 



266 



Which values of x and y are half the lengths of the base 
and perpendicular of the triangle ; obsermg that b must be 
less than 2a and greater than i a. 

Problem 11. — Having given the ratio of the two sides of 
a plane triangle abc,' and the segments of the base, made by 
a perpendicular falling from the vertical angle, to determine 
the triangle. 




Put BD = a, DC == b, AB = XyAC = y, and the ratio of the 
sides as m to n. 

Then, since by the question, ab : ac : : m : n, and by B. 
II, Prop. 16, of my Elements oj Geometry^ ab*, — ac" =; bd" 
— DC*, we diaU have 

xiffiifnin, and ' 
jr* -. y* = a* - i*. 

But, by the first of these expressions, nx = my, or y = — ; 

whence, if this be substituted for y in the second, there will ^ 
arise , ' . , . 

tt* . - 

V 5aj'=a"^ft*, or 

m 

(m*--.n*)a:* = m*{a*-.^). ^ 

And consequently, by division and extracting the square 
root, we shall have > . • i 

x=:m y/ — r ^ and 

which are the values, of the two sides ab, ac, of the triangle, 
as was required. 

Problem 12. — Given the h3rpothenuse of a "right-angled 
triangle abc, and the sides of its in|cribed square dc, to find ^ 
the other two sides of the triangle. 
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A 



S C 

Put AB = A, DB or DF ='S, AC = X, and cb = y ; then, by 
similar triangles, we shall have 

AC (x) : CB (y) :.: af (a? — j) : fd {sJ. 
And consequently, by multiplying the means and extremes, 
xy — sy7=i sx, or 

4 = *(^ + y)' • • • • (!)• 

But since, by Euc i, 47, ac* + cb* = ab* we shall like- 
wise have a:«+y» = A« (2). 

Whence, if twice equation (1) be added to equation (2), 
there will arise 

«« + 2ay + y» = A« + 2* (« + yX or 

. which equation, being resolved after the manner of a 
quadratic, gives 

x + y.=zsdzy/(h* + ^\0T 

y = 5 ^ x idb ^/ (A« + ^). 
Hence, if this value be substituted for y in equation (1), 
there will arise ^ 

X'^\szk,y/(h^ + s'\x=:''S\s:hy/{h'+S^)\, 

And consequently, by resolving this last equation, we shall have 
- and 

Which are the values of the perpendicular ao and base bo, 
as was required. 

Problem 13.=— Having given the perimeter of a right- 
angled triangle abc, an'd the perpendicular ^d, falling from they 
right angle on the hypothenuse, to determine the triangle. 
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▲c = Xj and bc = y ; then 



CD^ a, 



Put p = perimeter, 
.AB==;> — (x + y). 

But, by right-angled triangles (Euc. i. 47,) ac* + bc* = 
ab2 ; whence a^ -f y' = p^ — 2p (x -fy) + a^ + 2xy + y*. 
Or, by transposing the terms and dividing by 2, 

?(«+y) — i/>' = a:y (1). 

And since, by similar triangles, ab : bc : : ac : cd, we shall 
also have, by multiplying the means and extremes, 

AB X CD == BC X AC, or 

op*— a (a: -+■ y) = a?y (2). 

Whence, by comparing equation (1) with equation (2), 
there will arise (a + p) X (•» + y) = flp + ip"- 
Whence, 



y = 






• X. 



And if these values be now substituted for » + y and y in 
equation (2), the result, when simplified and reduced, will give 
(a +p) ac* — p (a + i p) a? = — i flp*. 

From which last equation, and the value of y above found, 
we shall have 



»or Ac = 



2(a+p) 



■2(a+i>) 
and 



y or BC 



_ i>(g + i;>) p 



f|(a-xp)»^ 



2a« 



2{a-^p)'^2{a^^p) , ^ - . 

And if the sum of these two sides be taken from p, the 
result will ^ve 

XB=p-(x + y) = ^^j. 

Which expressions are, therefore, respectively equal to the 
yalues of the three sides of the triangle. 

Problem 14, — Given the perpendicular, base, and sum of 
the sides of an obtuse angled plane triangle abc, to determine 
the two sides of the triangle. 




1> » 
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Let the perpendicular ad = p, the base bc = fe, the sum of 
AB and AC = 5, and their difference = ^. 

Then, since iialf the difference of any two quantities added 
to half their sum, gives the greater, and, when subtracted, the 
less, we shall have 

AB^= ^ {s 4- a?), and ac = ^ (5 — ac). 

But, by Euc. i, 47, cd' •— ac* •— ad", or cd = ^/ j ^ (5 — ocf 

— p^^; and, by B. 11, 12, ab' = Bc* + ac^ + 2bc X cd; 
whence 

And if each of the sides of this last equation be squared, 
there will arise, by transposition, and simplifying the^ result, 
(^ - ^>3) ^ == z>2 (^ _ j3) _ 4^,2^2^ or 

Whence, by addition and subtraction, we shall have 
s . b ,._ 4p^ 



.B = --+-^(l 






;, and 



" = 2-2^(^-^-6^ 



5) 



Which are the sides of the triangle, as was required. 
, Problem 15. — It is required to draw a right line bfe from 
one of the angles b of a given square bd, so that the part v e, 
. intercepted by db and dc, shall be of a given length. 




Bisect FE in o, and put ab or bc = a, fo or ge ^ h, and 
bo = ap ; then will be = ap + ^ and bf = a? — ft. 

But since, by right-angled triangles, ae* = be* — ab*, we 
shall have 

ae = vK^ + *)''-«"! • 

And because the triangles ^f, eab, are similar, 
BF : BC : : BE : ae, t)r 
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Whence, by squaring each side of this equation, and 
arranging the terms in ordei, there will arise 

" a* - 2 (a^ 4- A^) ar» = h^ (2a2 - }?). 
Which equation, being resolved after the manner of a 
quadratic, will give 

a: = v' )a2 + i^ ± a v^ (a* + 452)( . 
And consequently, by adding 'h to, or subtracting it from, - 
this last expression, we shall have 

Which values, by determining the point e, or f, will satisfy 
the problem. 

Where it may be observed, that the point o lies in the cir- 
cumference of a circle, described from the centre d, with the 
radius fg, or half the given line. 

Problem 16.— The perimeter of a right-angled triangle • 
ABC, and the radius oif its inscribed circle being given, to 
determine the triangle. 




- Let the perimeter of^the triangle = /?, the radius on, or oe, 
of the inscribed circle = /*, ae = a:, and bd ::= y. 

Then, since in the right-angled triangles aeo, afo, o^, is 
equal to of, and oa is common, af will also be equal ae, or x. 

And in like manner it may be shown, that bf is equal to 

But by the- question, and Euc. i, 47, we have 
[x -f r) + (y + r) -f (« + y) ■=;>, and 
(x + r)^ + (y + r)» = (a: + y)^. 
Or, by adding the terms of the first, and squaring those of 
ihe i^econd, 

a + y =r ^^ -^ r, and 
r (a? + y) =» xy — i^. 
Hence, since, in the first of these equations, y = (i-i) — r) 
— iT, if this value be substituted for y in the second, there 
■^ill arise « , 

Which equation, being resolved in the usual manner,- gives 
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and 
y=-^(ip-r)=F'V\i(ip-ry-ipr\: 
And consequently, if r be added to each of tlieso last 
expressions, we shall have 

JLC^i{ip + r)dby/ \f{ip - r)2 - ipr\, and 

for the values of the perpendicular and base of the tnangle, 
as was required. 

^ROBLEM 17. — From one of the extremities a, of the 
diameter of a given semicircle adb, to draw a right line ae, 
so that the part de, intercepted by the circumference and a 
perpendicular drawn from the other extremity, shall be of a 
given length. 




B ' ■ 

Let the diameter ab es d, de >= a, and ae «= a; ; and join bo. 
Then, because the angle aob is a right angle, (£uc. iii, 
31,) the triangles ABE, ABD, are similar. 

And consequently, by comparing their like sides, we shall 
have 

^E : AB : : AB ; ad, or 
X : d : :)i : X ,-^ a. 
Whence, multiplying the^ means and extremes of these 
proportionals, there will arise 

ac* -- a* = (P, 
Which equation, being resolved after the usual maimer, 
gives 

Problem 18.-r— To describe the circle through two given 
points A, By that shall touch a right lino cd given in position. 
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Join AB ; and through o, the assumed centre of the required 
circle, draw fe perpendicular to a.b ; which will bisect it in 

Xy (£UC. Ill, 3.) 

Also, join OB ; and draw eh, og, perpendicular to cd ; the 
latter of which will fall on tl\^e point of contact a, (Euc. iii. 18.) 

Hence, since a, e, b, h,^ f, are given points, put eb =5 a, 
EF == ft, EH = c, and BO = a; ; which will gtve bF «? 6 — «. 

Then, because the triangle oeb is right-angled at s, we 
ahallhave . 

OB* ■= Eo* -f ^b*, or 
OB = ^/ (it' + a'). 

But, by similar triangles, fe : Ek j : Fo: 00 or ob; or 
6 : c : : ft — OP : OB ; whence, also, 

OB=^(ft-ar). 

And consequently, if these two values of ob be put equal to 
each other, there will arise, 

' -/(x* + a«)='^(ft-«). 

Or, by squaring each side of this equation, and simplif3ring' 
the result, 

(ft2 _ c») rr" + 2ftc»a? « ft« (c» - a»). 

Which last equation, when resolved in the usual manner, 
gives 

*"" "" ft^ - c^"'' *^ ^(ft^"?)i + ^33?S' 
for the distance of the centre o from the chord ab ; where ft 
must evidently be greater than c, and c greater than a. 

Problem 19. — The three lines ao, bo, go, drawn from the 
angular points of a plane triangle abc, to the centre of its 
inscribed circle, being given, to find the radius of the circle 
and the sides of the triande. 




4b He c 

Let be the centre of the circle, and, on ao produced, let 
fall the perpendiculars cd ; and draw oe, of, 00, to the points 
i5f contact, F, F, o. 

Then, because the three angles of the triangle abc are, 
together, equal to two right angles, (Euc. i, 32,) the sum of 



# 



362 APPUGITION OF ALGEBRA to OEbMETRT. 

their halves oac + oca + obe will be equal to one right 
angl^. 

But the sum of the two former of these, oac + ocA/is equal 
to the eictemal angle doc ; whence the sum of doc + obe, 
as also of doc + ocd, is equal to a right angle : and con* 
sequendy, obe bbocd. 

Let, therefore, ao »» a, bo «» b, co as c, and the radius os, 
or, or oo =» jp. - 

Then, sinoe the triangles boe, cod, axe similar, bo : os 
:: coiODfOT b:x::p:oD; which gives 
ex s 1?^ c 

CD =-p and CD = v^(c« — -^), or ^-^/(^ — a^. » 

Also, because the triangle aoc is obtuse angled at o, we 

shall have (£uc. ii, 12,) 

AC* ssB AO* + CO* + 2ao X od ; or 

• . ^^'. ,fi((^ + c') + 2acx^ 
, AC = ^/((l» + c»+-— ),or^/( ^ ^ ^' ). 

But the triangles acd, aof, being likewise similar, 

AC : CD : : AO : of, or , 

bJ^J^ + 2acx c ,^., „ 

Whence, multiplying the means and extremes, and squaring 
the result, there will arise 

bx'lbia' + c') +2acar( = aV (^ -V). ' 

Or, by collecting the terms together, and dividing by the ^ 
^coefficient of the highest power of a;, 
* , /ab ^ ac . Jc \ . abc 

From which last equation x may be determined, and thence' 
the side of the triangle.* 

PttOBLBfll. 20. — Given the three sides ab, bc, cd, of a 
trapezium abcd, inscribed in a semicircle, to find the diameter, 
of remaining side ad. 




*. Tl^is, and the following problem, cannot be constructed geomietri* 
cally, or by means only of right lines and a circle, heia^ what the 
iici^ts usually denominated solid problems, from^fthe circumstance of 
" t^eir involving an equation of more than two diimensions ; in which 
cases tkey generally en:^loyed the conic sections, or some o£ the higher 
orders of curves. 
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Let AB = «, Bc = b, CD = c, and ad = « ; tlie,n, by Euc. vi, 

Prop. D, AC X BD = AD X BC +AB X CD = iflP + «C. 

But ABJ», ACD, being right angles, (Euc. iii, 31,^ wo shall 
have 

AC = ^/ (ad* — DC*), or ^/ (a:* — c*), and 
BD = v^ (ad^ — AB*), or ^/ (a:* -- a*). 
Whence, by substituting these two values in the former 
expressions, there will arise 

^(jp* 1. c*) X ^/(a:' - <^) = ^« + ac. 
Or, by squaring each side, and reducing the result, . 

jc3 — (a* + i* + c*) a? =r 2abc, 
From which last equation the value of a may be found, aa 
m«the last^problem.* 

MISCELLANEOUS PROBLEMS. 

PROBLEM I. 

To find the side of a square, inscribed in a given semicircle, 

whose diameter is d, * 1 j ^ c 

Ans. jdi/5. 

PROBLEM n. 

Having given the hypothenuse (13) of a right-angled tri- 
angle, and the difference between the other two sides (7), to 
find these sides.f Ans. 5 and 12. 

PROBLEM m. 

To find the side of an equilateral triangle, inscribed in a 
circle whose diameter is d ; and that of another circumscribed 
about the same circle. Ans. ^d ^/ 3, and <2 ^/ 3. 

PROBLEM TV. 

To find the side of a regular pentagon, inscribed in a circle, 
whose diameter is d, Ans. ^^dV (10 — STV 5). 

PROBLEM V. 

To find the sides of a rectangle, the perimeter of which 
shall be equal to that of a square, whose side is a, and its 
area half that of a square. Ans. a + ^ o V 2 and a — -j- a V 2. 

♦ Newton, in hw Universal Arithmetic, Engjish.editiali^ 1728, has 
fesolved this problem in a variety of different wajrs, in orde^tq show 
that some methods of proceeding, in cases of this kind, treqnem4y tea4t 
to more elegant solutions than others; and that a r^ady knowledge of 
these can OBkly be obtained- by practice. 

• t Such of these equations a^ are proposed in numbers, -shonM fifrt 
be resolved generally, by means of ihe usual symbols, and then reduced 
to the answers above given, by substituting the numeral valued (rf the 
letters in the results thus obtained. 
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^ pboblem' VI. 
Having given the side (10) of an equilateral triangle, to 
find the radii of its inscribed and circumscribing^ circles. 

Ans. 2.8868 and 5.7736, 

PROBLEM VII. 

Haying given the perimeter (12) of a rhombus, aad the sum 
(8) of its two diagonals, to find the diagonals. 

Ans. 4 + V2 and 4 — -^2. 

i * PROBLEM VIII. 

Required the area of a right-angled triangle, whose hypoth- 
€nuse is a?'*, and^the base and perpendicular a^* and ac*. 

Ans. 1.029085. 

PROBLEM IX. 

Having given two contiguous sides (yi, h) of a parallelo- 
gram, and one of its diagonals (d), to find the other diagonal. 

Ans. V '2a« + 2^ - tP). 

PROBLEM X. 

Having given the perpendicular (300) of a plane triangle, 
the sura of the two sides (1150), and the difference of the 
segments of the base (495), to find the base and the sides. 

Ans. 945, 375, and 780. 

PROBLEM XI. 

The length of three lines drawn from the three angles of a 
plane triangle, to the middle of the. opposite sides, being 18, 
24, and 30. respectively : it is required to find the sides. 

Ans. 20, 28.844, and 34.176. 

PROBLEM XII. 

In a plane triangle, there is given the base (50), the area 
(796) and the difference ol the sides (10), to find the sides 
and the perpendicular. Ans. 36, 46, and 33.261. 

PROBLEM XIII. 

Given- the base (194) of a plane triangle, the line that 
bisects the vertical angle (f)6), and the diameter (200)^of the 
isircumscribing circle, to find the other two sides. 

Ans. 81.36587 and 157.43865.' 

PROBLEM XIV. 

The lengths of two lines that bisect the,, acute angles of a 
right-angled plane triangle being 40 and 50 respt^ctively, it is 
required to determine the three sides of jthe triangle. 

Ans. 35.80737, 47.40728, and 59.41143 
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PROBLEM XV. 

Given the altitude (4), the base- (8), and the sum of the 
sides (12), of a plane* triangle to find the sides. 

Ans. 6 + -V5 and6 — -V5. 
o o 

PROBLEM XVI. 

Having given the base of a plane triangle (15), its area ' 
(46), and the ratio of its other two sides ad 2 to 3, it is 
required to determine the lengths of these sides. 

Ans. 7.7915 and 11.6872. 

PROBLEM XVn. 

Given the perpendicular (24), the line bisecting the base 
(40), and the line bisecting the vertical angle (25), to deter- 
mine the triangle. \ ^^^ ^^^ ^^ 250 ^ ^ 

7 
From which the other two sides may be readily found. 

PROBLEM XVm. 

Given the hypothenuse (10) of a right-angled triangle, and 
the difference of two lines drawn from its extremities to the 
centre of the inscribed circle (2), to determine the base and 
perpendicular. Ans. 8.08004 and 5.87447. 

PROBLEM XIX. X 

Having given the lengths (a, b) of two chords, cutting each 
other at right angles, in a circle, and the distance (c) of their 
point of intersection from the centre, to determine the diameter 
of a circle. Ans. V | ^(0* + ^) + 2c« ( . 

PROBLEM XX. 

Two trees, standing on a horizontal plane, are 120 feet 
asunder ; the height of the highest of which is 100 feet, and 
that of the shortest 80 ; whereabouts in the plane must a 
person place himself so that his distance from the top of each 
tree, and the distance of the tops themselves, shall be all 
equal to each other. 

Ans. 20 V2i feet from the bottom o"f the shortest, 
aiid 40 V 3 feet from the bottom of the other. 

PROBLEM XXL 

Having given the sides of a trapezium, inscribed in a circle, 
equal to 6, 4, 5, and 3, respectively, to determine the diameter 
of the circle. . 1 ' 

Ans. _ v(130 X 153) or 7.051595. 

23 
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PROBLEM XXII. 

Supposing the town a to be 30 miles from b, b 25 miles 

from c, and c 20 miles from a ; whereabouts must a house be 

erected that it shall be at an equal distance from each of them ? 

Ans. 15.118556 miles from each. 

PROBLEM xxm. 
Given the area (100) of an equilateral triangle abc, whose 
base Bc falls on the diameter, and vertex a in the middle of 
the arc of a semicircle ; required the diameter of the semi- 
circle. Ans. 20 V 3. 

PROBLEM XXIV. 

' In a plane triangle, having given the perpendicular (p), 

and the radii (r, r) of its inscribed and circumscribing circles, 

to determine the triangle. 

r«, , 2r V (2»R — , 4rR — r*) 

Ans. The base ^-^ -'. 

p — 2r 

PROBLEM XXV. 

Having given the base of a plane triangle equal to 2a, the 
perpendicular equal to a, and the sum of the cubes of its 
other two sides equal to three times the cube of the base ; 
to determine the sides. 

Ans. a(2 + § V6) and a(2 - ^ V 6). 
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A New Method of Resolving Numerical EqufUioni* 



As the solution of equations by approximation is one of the 
niost useful, and, at the same time, one of the most tedious 
operations in modern algebra; several analysts of the fir^t 
celebrity ha^e turned their attention to this branch of mathe- 
matics. Lagranoe has written a complete work on this 
subject; and if the method which he has there proposed 
were as practical as it is beautiful and complete in theory, 
nothing further could possibly be desired. But, unfortunately, , 
the number of operations to be performed is so great, that the 
certainty of the result by no means compensates for the labour 
of obtaining it, and recourse would always be had to some 
more expeditious, although less perfect instrument. 

Of late, however, two methods have been proposed, nearly 
at the same time, by Messrs. Hobrotd and Horner ; which 
are possessed both of great facility and practical convenience, 
and are held, on that account, in deserved estimation. Of 
these, the latter appears decidedly the most perfect, and is, 
without doubt, by far the best method of approximation that 
has hitherto been published ; it is, nevertheless, open to two 
material objections, the analysis from which it^s derived is 
too high for the subject,* and sufficient provision is not made 
for determining all the roots in succession. * •♦ 

For these reasons, I have been induced to propose the mode 
of solving numerical equations that is here treated of; and 
which possesses the advantage of finding all the roots, whether 
real or imaginary, by a continuous process ; whilst its prin- 
ciples are the same as those commonly employed in the 
doctrines of algebraic equations. 

♦ In deriving his rules, Mr. Horner has unfortunately made use cX 
an analysis much more transcendental than was required ; they may be 
demonstrated from the simplest principles of the differential calculus; 
but it certainly is to be wished that the rules for approximating to alge- 
braic equations should be demonstrated from antecedent principles; 
more especially as it is only in the case of these equations that even 
Mr. Horner's method is of any use. 
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From the theoiy of these, laid flown in the body of the 
work, it appears that they are produced by the multiplication 
of certain simple factors, which, when known, immediately 
give all the roots of the equation : it is our present object to 
discover these factors by. a process of division differing but 
little from that commonly used, and which may be illustrated 
as follows : 



Let the expression 

A^ + Ax' + Ax + A 

1 S 3 4 



be divided by or — r. 

Proceeding by the usual method, 
a?-r iAa:34-Aa:*+Aa;^A{ Aa:*+ (A+Ar)a:+(A-f Ar+Af*)+ 

*^l a 3 4»l 2 1 32 1 



Aar'-Ara;* 


A + Ar + Ar» + Af^ 

4 3 9 I 


1 •! 


g; .i. f 


(A + Ar]a? + Aa! - 
a 1 3 

^ (A + Ar)««^(A + Ar)r« * 





. (A + Ar+Ar»)a;+A 
3 a 1 4 

(A + At -f Af4) ar-(A + Ar + Ar»)r 
1 ' % 1 3 a 1 

^ A + Ar+Ar« + Ar». 

When it appears that the several terms in the quotient, are 
performed b;^ adding to the same power of ac in the dividend, 
the coefficient of^^he preceding term in the quotient, mul- 
tiplied by r. And this law Will evidently hold good, how- 
ever many terms there may be in the jdivideud. 

We might therefore have arranged the division as follows : — 
. . A A A A 

' 1 % 8 4 

,0 Pr Pr Pr 

I 3 8 

* F P P P 

. . • 1 2 8 4 

When P, P, &c., are the several coefficients of the povei 

of a ; the omission of this letter, greatly facilitating the ^ 
process, as will be more directly seen in the following 
•xanlple: — 
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Let the expression 

af^-^Ax^ + ex + lO- 
be divided by a; — 2. 

Arranging the coefficients, and proceeding 
1 4 6 
2 12 


as above, 
10 
36 


1 6 ' 18 
And the result is 

«« + 6x+18+ ^^^. 


46 



X'-2 

To adapt this mode of division to the object we have in 
view, it will be necessary to modify it, so as to proceed 
figure by figure, when r contains more thjin one : and this we 
may accomplish as follows : — 

Let r contain two figures, and be represented thus, 

Then since from the preceding operations it appears that 
any coefficient P, of the quotient^ is equal to 
•» A + P.r 

n »— I \ 

it follows that 

P = A + P.r = A + P. (/ + r") 

n n— I n »— l ' 

= A + P.r' + Py'. 

n n— I fir-i 

And as the two first terms of this result, or A + P.r', are 

n flr-l 

the same as before, with the exception of r' being substituted 
for r, it is evident that the division will commence in the same 
manner ; that is to say, if 

Aci? + Aafi + Ax + A 

1 S 8 4 

is to be divided by jc — (r' + r"), the first part of the operation 
will stand thus, 

A A A "^ A 

1 - 3 8 4 

W P/ w 

1 ^ a 8 

P P P P • 

19 8 4 

The next step requires a little more attention : it is Evident 

that P, P, Slc, are less than the complete coefficients of the 

1 s 
quotient, which we will term F P', &c., by aS that part of 

1 8 

the latter, that depends on r"; and expressing P', as 
before, by 

F = A + PV + P.V', 

fi n n—i «»— 1 
23* 
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it appears that this part of P' may be separated into two 
others, one PV", which has been wholly neglected ; and the 

rir-l 

other consisting of that portion of PV, which contains r" : 

»— 1 
now this last is evidently equal to (P' — P)/, for P' is the 

n^l n— I n— 1 

complete quotient, and P is the quotient when r, only, is 
taken into account ; their difference, therefore, must express 
that part of P', which depends on r". 

Whence for the next step in the division, add up every 
column, as it is found, both without its first term, and with it ; 
multiply the first of these sums by r', and the second by r", 
and the results added to the next coefhcient in the preceding 
division, will give the new coefficient sought. 

The operation is as follows : — 

A A A A' 

1 2,3 -4 • 

P/ . Pr' Pr' 

. 18 3 



p 


P 


P 


p 


1 

a 




s 
Qr 

PV 


9 - 


4 

Pr" 




1 


3 


8 


Q 

1 


Q 

9 


, Q 

s 


Q 

4 



p* p' p/ * p» 

1 3 3 4 

Where Q, Q, <Sz;c., are the sums, of the columns they stand 
1 s 

under, without their first, terms P, P, <Stc. 
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EXAMPLE. 



Divide ptP + So^ + Sx —140, by a? — 4.2. 



1 , 


3 




3 


-140 


' 




4 - 


28 . 


124 


' 1 


7 








-16 













8 


8 


96 






2 


1 


44 


6 


648 





2 


2 


24 


15|608 


1 


7 


2 


33 


24 


- 


392 



And the result is 



a« + 7.2a? + 33.24 — 



_.392^ 
X — 4.2' 
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If the quantity r ccgitains three figures, and is represented by 
r^r' + r^ + r"'; 
we shall have in the same way 

A A A A 

12 3 4 

W Pr' P/' 

1 8 8 



p 


p 


P 


P 


1 
. 


3 


s 


Q/ 





PV" 


#r" 


8 

Pr" 




1 


2 


3 


Q 


Q 


Q 


Q 


1 


S 


8 


4 


P' 


F 


F 


P' 


1 




QV 


QV 


QV 





QV ' 


QV" 


QV 





FV" 


FV" 


P'V" 




1 


2 


s 


Q' 


Q' 


•Q' 


Q' 


1 


8 


8 . 


4 



p// p// p/' p// 

1 2 8 4 

To apply what has been here said to the solution of equa- 
tions, it is necessary to observe, that if r is a root of the 
equation, the last column'must converge to zero ; for this last 
column is what remains after dividing by a: — r, and r being 
a root, ar — r is a divisor of the given equation, and, therefore, 
can leave no remainder. 

-From which we obtain this practical rule ; having deter- 
mined at what distance from the place qf units, the' first 
figure of the root stands, substitute in that place ^very 
integer successively, and divide as above, until the greatest 
number is found that does change the sign of the remainder 
in the last column ; set this down as the first figure of &e 
root : and proceed ' in a similar manner with every figure, 
until the root is determined with a sufficient accuracy; ob- 
serving, that whenever nought enters into the result, it will 
be necessary to examine the preceding figure, in order to 
determine' whether a smaller number wo\ild not have left a 
less remainder. 
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EXAMPLE I. 

Required a root of the equation 
1000 = 
r=. 9455148243. 



ai» + 60a;«+1000« — 



6 



60 
60 


9 

9 
4 

94 

. 5 

945 
5 


1000 
54 

1054 
' 2 


81 
81 

36 
4376 

4736 


5 
7 

2 


60 


1057 


:^836 
45 
2 
304725 


60 


9455 

1 


60 


94551 

4824 


309425 




J 057 


593025 
45 
2 
2 
30472' 






30945 




9 
609 








618 






105T 


624588 
243 






lt)57 


624831 
48 






1057 


624879 
1 




60 


945514824 


^057 


624880 





1000 




949 


329 


— 50 


671 


2 


22624 


42 


291344 ; 


44 


517584 


— t 


153416 




2784825 




123770 


5 


■2879651 


5 


5788246 


«_ 


5745914 




278505 




12376 




1545 




5288119 




5580545 




6562 




244 




30 




3 




105762 




111601 




-53768 




2187 




. 96 




10 




1 




• 42304 



44598 




Carried Forward. 
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873 



Brought forward. 
-264 
9 
210 



219 



—45 
42 



-3 
3 



Although the number of figures in this example is much 
greater than is necessary, as we shall see when we come to 
speak of the contractions that may be used, yet it affords a 
sufficient proof of the advantage attending our method ; the 
root is obtained by a process so simple as to be easily remem- 
bered, and the result not only gives the root in question, but 
also the coefficients of the reduced equation, which contflns 
the other two roots ; this equation is evidently 

x* + 60.945514824a; + 1057.-624S8 = 0. 

In the next example we shall extract all the roots in one 
continuous operation, and this advantage will then be more 
distinctly seen. 

EXAMPLE n. 

Required all the roots of the equation 
ir^ — 9a; + 9 = 0. 

Here, it being evident that one root is nearly equal to 1, it 
will be advantageous to subtract unity from all the roots,, 
which is accomplished "by putting x-=.z + 1, the resulting 
.equation is s^-^r 3;8* — 6;3r + 1 =^« 

Whence by the rule, 



184791 



-6h 
31 



—5 



—5 



1 



69 

8 
2544 



2624 

4276 
4 
32 
12736 



13456 



569 . 

431 

2624 
434208 



23032 
13456 
10764 

216565 



19234 



Carried forward. 



m 



iM»aa)iL 



Brought forwwd. 








1 




-5 


414144 
7 


3798 




, 235 








56 


188 








2 


9 




» 




2226 


-3787 






2354 


-2355 






-^ 


411786 

9 

7 

286 


443 
30 
24 

487 








302 


433 


. 


^ 


411484 


10 








3 




3 


184791 


-5 


411483 








4 


184791 
^26692 




* *^ 


164791 






2 




2 


- 




384791 




876958 






2 


.T 


076958 


^ 


"4 


404791 


149734 




• 


6 




2 

4 
88094 

112095 

-3730 
6 • 






410791 . 
6 


f 




411394 






• 


8 








411471 




12 


m 




4 




12 
26464 ' 






411475 




' 


f 


^ 


33784* 






- • 


3855 




»« 




6 








12 


- 


- ■ • * 




12 


• 


_ " / 




3 » 




4 




264t5 
3381 






-474 




. 




8 












Caraied forwaid. 



APDSKDA. 
Brought forward. 



And the three roots of the reduced equation are 
1.184791 
1.226684 
.-4.411475 
from whiph those of the proposed equations may be obtain^, 
by adding the unit that was subtracted. 

These examples will sufficiently illustrate the rule for 
approximating to the real roots of equations ; but when the 
imaginary roott are the objects of research, another and 
perhaps less commodious method must be employed. Ifl this 
case the divisor is trinomial, and consequently, two figures 
Me to be determined at each operation instead of one ; which 
leayes a wider scope for ambiguity, and renders the ten'tadve ' 
part of the process more fatiguing. 

On this account the following method of extracting quad- 
ratic divisors may require some further addition ; but even in ' 
its present state, it is miKh more practical and commodious* 
than tbat-given by Lagrange ; which, as an instrument of 
calculation, may be considered as almost useless. 

The theory^ is derived, m before, from the common rules 
of division : for if * ^ 

be divided by the quadratic divisor a^ — rx^s, the operaticfll 
^ill stand as follows : — i _ .. 

ar> -. rx -J J a* + Ase" + Aa^ + Aa? + A^ a^ + (A + r) « + 

12 8 4 * 1 ». 

l{A+*) + (A+#)r^ 

(A + r) aP+ (A + r) ro;* - (A + r)sx 

. Carried forward* 



m ADDENDA. 

J(A + «) + (A+r)r(a?+ |A + (A + r)*(« + A 

|(A + *) + (A+r)r(^- |(A+i)+(A + r)rj 

rx-HA + s) + (A*+r)r|* 

^, 8 1 1 2 ' 



SA + (A + *)^ + (A+r)rj( 

f 4 1 S . 

Where it is evident that any coefficient in the quotient, 
except the last, is obtained, by adding to that of the like 
power of a? in the dividend, the penultimate coefficient in the 
quotient multiplied by r ; and to that of the preceding power 
of X in the dividend, the antrpcnultimate coefficient in the 
quotient multiplied by s : but in the last term, the preceding 
coefficient multiplied by r, is omitted. 

Following this rule, the operation might be arranged thus:— 
A A A A 



Pf 


2 

Pr 


8 

Pr 


4 

Pr 


1 



3 
P5 


8 

P^ 


8 



. ' p p p p p 

I S 8 4 6 

When r and s contain more than one figure each, this rule 
may be modified, so as to proceed figure by figure, in a 
similar way to that before explained, and the formula will 
then be as follows : — 

A A A A A 



-1 


Pf' 


8 


h 


py 


, • 




1 


. P/ 








9 


8 




p 


P . 


P 


P 


p 


• • 


PV' 


8 

0/ 


4 


5 






1 
P^ 


hr' , 


W 






1 

PV 


PV 


8 

• 






s 

• 


8 


• 


. 


Q 


. Q 


Q 


Q 




1 


* 


8 


4 


F 


F 


F 


F 


F 




* 8 


8 


Carried forward. 



Brought forwiurd. 



"ptf^tf 
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QV 
QV" 

FV" 

9 



m 



dv" 

FV" 

a 



QV 
QV 

p-v 



Q' 

1 



Q' 

S 



Q' 

8 



Q' 

4 



p" p" p" p" p" 

I , « 8 4 5 

The quantities Q, Q, &c., being, as before, the sums.of 

1 s 
the columns they stand under, omitting the first terms P, P, 

^c, and the quantities P, P, P, <S&c., the sums of the same 

12 3 

columns including the first terms. 

EXAMPLE. 

Divide x^ + Saf" + 5a^ + 7x + 9 

by the quadratic divisor 



x' - 2.45aj - 3.46. 
3 5 7 

2 3 15 

10 36 



9 
54 



1 


5 




18 




58 




63 


f 








4 




8 


1 


2 


10 


08 












4 


6 


72 


8 


544 










2 


16 


2 
8 


16 
544 . 








' 1 


4 


^ 


36 


18 


624 


18 


624 


1 


5 


4 


21 


36 


76 


624 


81 


624 








05 




10 




15. 


1 


3575 


1* 




— . 


05 




2 - 




2 




1810 






it 


Tk 




6 




905 


1 


30875 










27.25 


1 


181 
327 
090625 


2|84725 
84|47125 








45.25 






21 


61.25 










2 


673625 








79 


297625 





24 
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When the remainders in the two last columns vanish, the 
trinomial is a complete divisor, and consequently, if the 
dividend is put under the form of an equation, the quadratic 
divisor will contain two of its roots ; whence we have the 
following rule for finding a trinomi^ divisor to any given 
equation : — 

Determine at what distances from the place of units, the 
first figures in the coefficients of the binomial stand, and set 
down, in those places, the greatest integers, that, when sub- 
stituted for T and s ^ in the preceding formula, leave the signs 
of the last columns unchanged. Proceed in a similar way 
with the next and succeeding figures, until the coefficients 
are determined with as much accuracy as is required. 
Observing that when nought enters into either of these num- 
bers, the preceding figure should be examined, in order to try 
whether the next less digit would not have left a smaller 
remainder. 



EXAMPLE. 



Find'a trinomial divisor of the equation 
a* - 36a;* -f 72a; - 36 == i 
r = 2.1409 




2 


-36 

— 1 

4 


^=1.1067 
72 
-2 

-66: 


i-36 
33 




2.1409 


-t3 

3 
2 

C 






-33 
-32 


2 

1 
21 

31 
69 

8 
4 

856 

1696 


4 
-3 


1 

62 
21 
269 


31 
269 

959 




41 

1696 
-1696 




—2 


959 




1 
-1 


041 
04 . 

4 
3392 

1696 
300816 


22756 
6 
6 
195158 




-32 


5204 
-6 


201758 




— 


988656 


-25802 






-6 




052344 

- 


—3153 
- 315 

arried forward. 




-32 


5264 
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Brought forward. 



—32 



5264 
18 

9 
. 36 

—7 . 
1926 



3152 



—321523248 





052344 

-12 
-6 
-24 

-1284 

-2568 


- 


26664 

-9 

-9 

-5 

-1498 

6306 

315 

126 

-29271 


' 


—25017 




1647 



-315 

-18 

22766 

^1928 

-6522 



Whence the required trinomial is 

a" - 2.1409a; + 1.1067. 

This example sufficiently proves that no great difficulty is 
to be apprehended in guessing at the successive figures, as the 
imperfect divisors lead us to the correct integers in nearly 
every division ; thus, to approximate towards the value of r', 
we divide 72 by 36, the result of which, 2, is correct ; tP 
obtain the next figure, we divide 4 by 33, and the result 1 is 
also correct; and proceeding in the same way with the 
remaining figures, the required digits are always obtained 
within a unit of what they should be : to arrive at the first 
approximation to /, — 36 is to be divided by 36, and the 
result — 1, is the number sought; for the second figure, — 3 
is to be divided by 33, and —.09, the quotient differs but little 
from — .1, the figure in the coefficient. 

It cannot be expected that, in every case, the successive 
figures will be so readily found, but afler a little practice they 
may be guessed at without much difficulty ; more especially 
if the equation be properly reduced before the operation is 
commenced. 

It has been remarked in a former part of the Addenda, that 
the process for extracting the real roots is capable of being 
abridged, and the same remark equally applies to file extrap* 
ion of the imaginary roots ; the nature oC this abridgment I 
shall now explain. 
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Fronr the formula in page 303, it appears that 
F=^A+A(2r+r')jr^ 

P"= I A + A (2r' + 2r" + O^', &c. 

8 . S 1 

and consequently P', P", dtc, may be fbund by doubling the 
addition which was made at ^e preceding st^ to A, adding 

the last^gure of the root, and multiplying by that figure : a 
process the same as that employed to extract the square root. 

With this alteration, the example at page 306 would staad 
as follows :««— 

13 _6 1 

.1 31 



3.ia4791 



3.184791 
%^ 

5.184791 
226689 

5.411460 ^ 



-5 


69 
2624 


-5 


4276 
13456 


-5 


414144 
235 


—5 


41179 
28 


—5 
4 


41151 
18479 


-1 
1 


22672 
07695 


-^ 


14977 
11209 




3768 
3378 




-390 




338 



45 



569 

431 
2624 



45724 
43428 



23032 
13456 
10764 



25454 
21656 



3798 

235 

188 

9 



4230 
3787 



443 
28 
22 



493 
486 



And the three roots are 

1.184791 

1.226689 

-4.411480 ^ 

It should be observed that in this example, after finding the 

root, the resulting quadratic is reduced to another whose roots 

are less by unity, with a view of facilitating the remsimiig 



AINQENDA. tSl 

process. Also, ^at in the third column, the additions h^ltt|r 
partly negative, and partly positive, the quantities witli unlike 
signs have been added up separately ; but it would be sfiM 
better, in a case of this kind, to use the arithmetic comple- 
ments as is done in logarithms. 

It only remains for me to remark, that the case in which the 
usual rules of approximation fail, is when the equation con- 
tains two roots that are nearly equal, in which insumce the 
results approximate alternately to these roots; and if their 
Camber be even, no unit can be obtained by the usual criteri- 
on of the change of sign, since, the parts of the roots between 
these units being equal, the results are always positive : and 
this difficulty wSl continue until the substitutions be pushed 
so far as to exhaust the figures which are common to the'roots, 
an operation, in some cases, equivident to that of resolving 
the equation. 

In an instance of this kind, however, we may always be 
guided by the convergency of the resnhs, unless the equation 
contains a pair of imaginary roots whose real parts are near- 
ly equal to the root sought. When this is the case, I am^ not 
aware of any method but that of Lagrange that can be em- 
ployed, and it is only in this instance, and then too, when the 
equation is of small dimensions, that his beautiful but im* 
practicable theory, can be used with advantage. 

ON THE SOLUTION OF EXPONENTIAL 
EQUATIONS. 

It has been observed in the body of the work, that no di- 
rect method exists for resolving the equation 

and the solution of numeral equations of this kind, is there 
obtained, by applying the rule of double position, to the re- 
sults of successive substitutions. , ^ 

But this very general process is liable to the same objec- 
tions in this case, as in that^f algebraic equations ; the pfog- 
ress of the approximation is not seen, and the operations are 
not continuous. 

Neither of these objections apply to the' following very am? 
pie mode of solution ; which however, unfortunately, does not 
extend beyond six figures, the range of the compion tables of 
logarithms. 

Since ' , 

«• = a, 
taking the logarithms on each side of the equation 
x.lx = ^ ; 
24* 
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aad repeating the operation 

or putting 2x = j7, and l?a =^.d 

z + lz =^ a' f 

Whence we have this rule. 

Reduce the equation as above, and seek in the tables, the 
greatest number, >vhich, added to its logarithm, (both being taken 
to one place only,), will produce a sum less than the first sig- 
nificant figure in a. Subtract this sum from a' and call the 
result a" ; seek, in like manner, the second figure of the num- 
ber, which, added to the second figure of its logarithm, does not 
produce a greater sum than the first significant figure in a". 
Subtract this sum from c^' ; and proceeding as before, we shall 
at length obtain a number, which, when added to its loga- 
rithm, gives a result equal to o^ ; this number is the loga- 
rithm of X. 

EXAMPLE. 

Required the root of the equation 
af = 100. 
Here by the given formula 

jr 4- /.i? = .3010300 
Let z=zz^+2^'\-!^ +z^+, &c. 
U = J^ + P + P'\-l^+, &c. 
Then in the present case z^ = .5, (for .6 -f log. (.6) = .6 
-I- T.77 = .37 is evidently too great,) and proceeding accord- 
ing to the rule. 



^'+l^ = 


5 + t6. 


= 


.3010300 
.1 


««.fp= 


5 + 


14= 


2010300 
19 


;^ + r=. 


5 + 


4= 


110300 
9 


**.+ /• = 


9 
7 
3 


9= 

15= 
3 


20300 
18 




2300 
22 


100 
6 



40 



And = .555973 =log. at, or x s= 3.59728. 
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